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PEEFACE TO THE FOUETH IMPEESSION 


T he present impression is substantially a repnnt of the original 
work. Since the book was first published a few errors have 
been corrected, and one or two paragraphs rewritten. Among the 
friends and correspondents who kindly drew my attention to 
desirable changes were Mr A S. Ramsey of Magdaler'e College, 
Cambridge, who suggested the revision of § 6 , and the late R J. A 
Barnard of Melbourne University, whose influence was partly 
responsible for my initial interest in the subject. 

The demand for the book, since its first appearance twenty years 
ago, has justified the writer's belief in the need for such a vectorial 
treatment. By the use of vector methods the presentation of the 
subject 18 both simplified and condensed, and students are 
encouraged to reason geometrically rather than analytically. At a 
later stage some of these students will proceed to the study of 
multidimensional differential geometry and the tensor calculus. 
It 18 highly desirable that the study of the geometry of Euclidean 
3 -space should thus come first, and this can be undertaken with 
moat students at an earlier stage by vector methods than by the 
Eicci calculus. A student's appreciation of the more general case 
will undoubtedly be enhanced by an earlier acquamtance with 
differential geometry of three dimensions 

The more elementary parts of the subject are discussed in 
Chapters I~XI. The remainder of the book is devoted to differ¬ 
ential invariants for a surface and their applications. It will be 
apparent to the reader that these constitute a powerful weapon for 
analysing the geometrical properties of surfaces, and of systems of 
curves on a surface. The unit vector, n, normal to a surface at the 
current pomt, plays a prominent part in this discussion The first 
curvature of the surface is the negative of the divergence of n; 
while the second curvature is expressible simply in terms of the 
divergence and the Laplacian of n with respect to the surface. 
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Extensive applications of these invariants to the geometry of 
surfaces are given in the second volume of this book. Applications 
to physical problems connected with curved surfaces have been 
given elsewhere* by the author, 

* 1. On difTerential invariants m geometry of surlaoes, with some applloationa to 
matbemaboal physios Quarterly Journal of MathematicSf Yol 60, pp. 280-69 
(Oambrldge, 1926). 

2 On small deformation of snifaces and of thin elastic shells. Ibtd,, Yol. 60, 
pp. 272-96 (1925). 

8. On the motion of an extensible membrane m a given curved surface. Phil 
Mag , Yol 23, pp 678-80 (1937). 

4 On transverse vibrations of cur\ ed membranes. Phil Mag , Yol 28, pp 632- 
34 (1989). 

0 E. W. 

University op W A, 

Perth, 

Western Australia, 

22 JantLory, 1947. 
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INTRODUCTION 


VECTOR NOTATION AND FORMULAE 

SiNOE elementary vector methods are freely employed throughout 
this book, some space may be given at the outset to an explana¬ 
tion of the notation used and the formulae required*. Vectors are 
denoted by Clarendon symbols f. The position vector r, of a point 
P relative to the origm 0, is the vector whose magnitude is the 
length OP, and whose direction is from 0 to P. If a?, y, z are the 
coordinates of P relative to rectangular axes through 0, it is 
frequently convement to wnte 

y, z\ 

as, y, z being the resolved parts of r in the directions of the co¬ 
ordinate axes. The point, whose position vector is r, is referred to 
as “ the point r.” If n is a unit vector, that is to say a vector of 
unit length, and if 

n = (Z, m, n), 

then I, m, n are the direction cosines of n. The module or modulus 
of a vector is the positive number which is the measure of its 
length. 

The law of vector addition is a matter of common knowledge. 
If three points 0, P, Q are such that the vectors OP and PQ are 
equal respectively to a and b, the vector OQ is called the sum of a 
and b, and is denoted by a -h b. The negative of the vector b is a 
vector with the same modulus but the opposite direction. It is 
denoted by — b. The difference of two vectors a and b is the sum 
of a and — b. We write it 

a-b = a+(-b). 


* For proofs of the vanous fonnnlae the reader is referred to the author’s 
Elementary Vector Analysis (G. Bell & Sons), of which Arts 1—8, 12, 16—17, 
28—29, 42—46, 49—61, 65—67 would constitute a helpful companion course of 
reading (Beferenoes are to the old edition ) 
t In MS. work Greek letters and script capitals will be found convenient. 

W. 


1 



INTRODUCTION 


The commutative and associative laws hold for the addition of any 
number of vectors. Also the general laws of association and dis¬ 
tribution for scalar multipliers hold as in ordinary algebra. Thus 
if p and q are scalar multipliers, 

p{gT)=pqr = q(pr), 

(p + q)r=pr-{-qr, 

(r-i-s) —pr-\-pB, 

If r is the position vector of any point on the straight Ime 
through the point a parallel to the vector b, then 

r = a + <b, 

where Hs a number, positive or negative. This equation is called 
the vector equation of the straight line. 

Products op Vectors 

Ifa,b are two vectors whose moduli are a, b and whose direc¬ 
tions are inclined at an angle the scalar product of the vectors 
IS the number ah cos 6, It is written a • b Thus 
a*b = a&cos0 = b*a. 

Hence the necessary and sufficient condition that two vectors be 
perpendicular is that their scalar product vanish 

If the two factors of a scalar product are equal, the product is 
called the square of either factor. Thus a*a is the square of a, 
and is written a®. Hence 

a® — a * a ” 

so that the square of a vector is equal to the square of its modulus. 

If a and b are unit vectors, then a*b = cos 0 Also the resolved 
part of any vector r, in the direction of the unit vector a, is equal 

to r«a. 

The distributive Icm holds* for scalar products. Thus 
a«(b + c-|- .,.) = a«b-l-a«c-f 
and so oil Hence, m particular, 

(a -t-b)® = a=* + 2a«b -f b®, 

(a + b) • (a - b) = a* - b“. 

* Elem. Vect. AnaUt Art. 26. 
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Also, if we write a = (oi, Og, ag), 

b =s (6i, 6a, &s), 

the coordinate axes being rectangular, we have 
a • b = Ctrl cia ^2 ”1“ ^ ^8 

and a* = ai*4*a9"+ a 3 * 

The last two formulae are of constant application. 

The umt vector n perpendicular to a given plane is called its 
wiit norvial If r is any point on the plane, r«n is the projection 
of r on the normal, and is therefore equal to the perpendicular p 
from the origm to the plane The equation 

r«n=p 

is therefore one form of the equation of the plane. If a is any other 
point on the plane, then a«n = p, and therefore 

(r-a).n=0. 

This is another form of the equation of the plane, putting in 
evidence the fact that the line j'oimng two points r and a m the 
plane is perpendicular to the normal. 

The positive sense for a rotation about a vector is that which 
bears to the direction of the vector the same relation that the 
sense of the rotation of a right-handed screw bears to the direction 
of its translation. This convention of the nght-handed screw plays 
an important part in the following pages 

Let OA, OB be two mtersectmg straight lines whose directions 


axb 



Fig. A. 


are those of the two vectors a, b, and let ON be normal to the 
plane OAB By choosmg one direction along this normal as posi- 
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tive we fix the sense of the rotation about OHF which must be 
regarded as positive. Let 0 be the angle of rotation from OA to 
OB in this positive sense Then if a, b are the moduli of a, b the 
vector product of a and b is the vector aismOn, where n is the 
unit vector in the positive direction along the normal. This is 
denoted by a x b, and is often called the cross product of a and b 
Thus 

a X b = sin 

It should be noticed that the result is independent of the choice 
of positive direction along the normal For, if the opposite direc¬ 
tion is taken as positive, the direction of n is reversed, and at the 
same time 6 is replaced by — 0 or 2*77 - 6, so that ah sm 6n remains 
unaltered. Hence the vector product a x b is a definite vector. 

It is important, however, to notice that b x a is the negative of 
axb For, with the above notation, the angle of rotation from 
OB to OA in the positive sense is 27r — 0, so that 
b X a = sin (27r — 0) n = — a x b. 

Thus the order of the factors in a cross product cannot be changed 
without altering the sign of the product. 

If a and b are parallel, sin 0 = 0, and the cross product vanishes, 
flence the necessary and sufficient condition for pa/rallelism of two 
vectors is that their cross product vanish. 

A nght-handed system of mutually perpendicular unit vectors t, 
n, b (Fig. 8, Art. 3) is such that 

t = nxb, n = bxt, b = txn, 
the cyclic order of the factors being preserved throughout. We 
shall always choose a nght-handed system of rectangular coordinate 
axes, so that unit vectors m the directions OX, OY, OZ satisfy the 
above relations. 

The distributive law holds* also for vector products; but the 
order of the factors in any term must not be altered. Thus 
ax(b + c + ...) = axb + axc + ... 
and (bH-cH-...)xa = bxaH-cxa4«.... 

And if we write a = (oi, Og, a^, 

b = ( 6 i, 62 , 6 g), 


* JElem, Vect, Aiial , Art. 28. 
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then, in virtue of the distributive law, and the fact that the co¬ 
ordinate axes form a nght-handed system, we have 
axb = (aa&8-"a869, (hbi-(hb^, — 

This formula should be carefully remembered. 

If a vector d is localised in a line through the point whose 
position vector is r relative to 0, the moment of d about 0 is the 
vector r X d. Thus the moment of a vector ohout a point is a 
vector, sometimes called its "vector moment.’* It will, however, be 
seen shortly that the moment of d about an axis is a scalar 
quantity. 

The scalar triple product a«b x c is the scalar product of a 
and b X c Except as to sign it is numerically equal to the volume of 
the parallelepiped whose edges are determined by the three vectors*. 
Its value IS unaltered by mterchanging the dot and the cross, or by 
altenng the order of the factors, provided the same cyclic order is 
maintamed Thus 

a»b xc = axb«c = cxa«b, 
and so on. The product is generally denoted by 

[a, b, c], 

a notation which indicates the three vectors involved as well as 
their cyclic order If the cyclic order of the factors is altered, the 
sign of the product is changed Thus 

[a, c, b] = -[a, b, c] 

In terms of the resolved parts of the three vectors, the scalar triple 
product is given by the determinant 

[a, b c] = I Oi 02 <h • 
b\ 

C\ 0^ 

It is also clear that, if the three vectors a, b, c are coplanar, 
[a, b, c] = 0, and conversely. Thus the necessary and sufficient 
condition that three vectors he coplanar is that their scalar triple 
product vanish 

If one of the factors consists of a sum of vectors, the product 
may be expanded according to the distributive law. Thus 
[a, b, c + d] = [a, b, c] + [a, b, d], 
and similarly if two or all of the factors consist of vector sums. 

* EUm. Vect. Anal , Ait;. 48. 
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The vector triple product a x (b x c) is the vector product of 
a and b x c. It is a vector parallel to the plane of b and c, and 
its value 18 given by* 

ax(bxc) = a.cb-a.b o. 

Similarly (bxc)xa=b*ac-c«ab. 

Both of these expansions are written down by the same rule Each 
scalar product in the expansion contains the factor outside the 
brackets, and the first is the scalar product of the extremes. 

The scalar product of four vectors, (a x b) • (c x d), is the 
scalar product of a x b and c x d. It may be expandedf as 
(axb).(cxd) = a.c b.d-a.db.c. 

The vector product of four vectors, (a x b) x (c x d), may be 
expanded in terms either of a and b or of c and d ThuaJ 
(a X b) X (c X d) == [a, c, d] b -[b, c, d] a 
= [a, b, d]c-[a, b, c] d. 

On equating these two expressions for the product we see that any 
vector d is ewpressible m terms of any three non-coplanar vectors 
a, b, o by the formula 

[a, b, o] d= [d, b, c] a + [d, c, a] b + [d, a, b] c. 

If a vector d is localised in a line through the point r, its moment 
about an acds through the origin 0, parallel to the unit vector a, 
is the resolved part in this direction of its vector moment about 0. 
It is therefore equal to 

jJf == a • r X d = [a, r, d]. 

Thus the moment of a vector about an axis is a scalar quantity. 
The mutual moment of the two straight lines 

r = a H-rt>, 
r = a' +th\ 

with the positive senses of the unit vectors b and b' respectively, 
is the moment about either line of the unit vector localised in the 
other. Thus, bemg the moment about the second bne of the unat 
vector b localised m the first, it is given by 
Jl/ = V.(a-aO xb 
= [a-a', b, b']. 

The condition of intersection of two straight lines is therefore 
[a- a', b, V] = 0 

* Mlem. Vect AnaL, Art. 44. t Md., Art 45. 


t Ibid,, Art. 46. 
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This IS also obvious from the fact that the two given lines are then 
coplanar with the line joining the points a, a', so that the vectors 
b, b', a — a' are coplanar 


Differentiation of Vectors 


Let the vector r be a function of the scalar variable 8, and let Sr 
be the increment in the vector correspondmg to the increment Ss 
m the scalar. In general the direction of Sr is different from that 
of r. The limiting value of the vector Sr/S«, as Ss tends to zero, is 
called the derivative of r with respect to s and is written 

When the scalar variable s is the arc-length of the curve traced out 
by the point whose position vector is r, the denvative is frequently 
denoted by r'. Its direction is that of the tangent to the curve at 
the pomt considered (Fig 1, Art, 1). 

The denvative is usually itself a function of the saalar variable 
Its derivative is called the second derivative of r with respect to 5, 
and is written 

d /^\ _ // 

ds xds) “ d8^~^ * 

and so on for denvatives of higher order. If 

r = (a?, y, z\ 

then clearly r' = (a?', y\ s!) 

and = 

If 5 is a function of another scalar variable ty then, as usual, 

^ _dv ds 
dt ~~ ds dt' 


The ordinary rules of differentiation hold for sums and products ol 
vectors*. Thus 


d . . . V dr ds . 


dt 


d , V dr ds 

^^(r«B)—d^ dt' 

d , .dr ds 

^(rx.) = 3jX, + rX5j. 


Elffn ^ Vect . AncU ,, Art. 66. 
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If r is the modulus of r, then r® = r*. Hence on differentiating 
this formula we have 

dr dr 

which IS an important result In particular if n is a vector of 
constant length, but variable direction, we have 

dn ^ 

Thus a vector of comtant length is perpendicular to its derivative 
This property is one of frequent application. 

To differentiate a product of several vectors, differentiate each 
m turn, and take the sum of the products so obtained. For instance 


J,[a,b.c] = 


da . "I r 1 r 

^ ’ b’ cj + [a. ,cj + l^a. b, . 


Suppose next that r is a function of several independent variables 
w, -y, w/, .... Let the first vanable increase from u to w + Su, while 
the others remain unaltered, and let Sr be the corresponding incre¬ 
ment in the vector. Then the limitmg value of Sr/Sw, as Sw tends 
to zero, IS called the partial derivative of r with respect to u, and 
Sr 

is written Similarly for partial derivatives with respect to the 
other variables 

These derivatives, being themselves functions of the same set of 
vanables, may be again differentiated partially, yielding second 


Sr 

We denote the derivatives of ^r- with 

ou 


order partial derivatives. 

respect to u and v respectively by 

S=r S^r 
du^ dudv^ 

and, as m the scalar calculus, 

S»r ^ S^r 
dudv dvdu ’ 

Also, m the notation of differentials, the total differential of r is 

given by the formula 

dr = |^ dw + |^dt;-h.... 
oio dv 

And, if n IS a vector of constant length, n® = const., and therefore 

n • dn = 0. 

Thus a vector of constant length is perpendicular to its differential 
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In the geometry of surfaceSy the vanous quantities are usually 
'unctions of two independent variables (or parameters) it, v. Partial 
lenvatives with respect to these are frequently indicated by the 
ise of suflBxes 1 and 2 respectively. Thus 

9r 0r 


_a»r _ a*r _a’r 

^'‘~dudv' *’““aD»’ 

Liad so on. The total differential of r is thus 
dr = ridit + radt;. 


SHORT COURSE 

In the followiDg pages the Articles marked with an asterisk 
nay be omitted at the first reading 

The student who wishes to take first a short course of what is 
aost essential m the development of the subject should read the 
ollowing Articles • 

1 —6, 8, 18—17, 22—48, 46—53, 54 (first part), 

56—57, 67—75, 84—86, 91—101. 

The reader who is anxious to begin the study of Differential 
nvanants (Chap, xil) may do so at any stage after Chap, VL 
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CURVES WITH TORSION 

1. Tangent. A curve is the locus of a point whose position 
vector r relative to a fixed ongm may be expressed as a function 
of a single variable parameter. Then its Cartesian coordinates 
a?, y, z are also functions of the same parameter When the curve 
is not a plane curve it is said to be skew, tortuous or twisted We 
shall confine our attention to those portions of the curve which are 
fi:ee fi:om singularities of all kmds. 

It is usually convenient to choose as the scalar parameter the 
length a of the arc of the curve measured from a fixed point A on 
it. Then for points on one side of A the value of s will be positive, 
for points on the other aide, negative. The positive direction along 
the curve at any point is taken as that correspondmg to algebraical 
increase of 5. Thus the position vector r of a point on the curve is 
a function of regular within the range considered. Its successive 



derivatives with respect to s will be denoted by r', r", r"', and so on. 
L®t P, Q be the points on the curve whose position vectors are r, 
r + Sr corresponding to the values s, s + Ss of the parameter, then 
Sr is the vector PQ, The quotient Sr/Ss is a vector in the same 
direction as Sr; and in the limit, as Se tends to zero, this direction 
becomes that of the tangent at P. Moreover the ratio of the lengths 
of the chord PQ and the arc PQ tends to umty as Q moves up to 
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coincidence with P. Therefore the limiting value of Sr/Bs is a unit 
vector parallel to the tangent to the curve at P, and in the positive 
direction We shall denote this by t and call it the unit tangent 
at P. Thus 


t= Lt r = ^==r' 
08 08 


.( 1 ). 


The vector equation of the tangent at P may be written down at 
once. For the position vector R of a current point on the tangent 
is given by 

R = r + tft, 


where it is a variable number, positive or negative. This is the 
equation of the tangent. If a?, y, z are the Cartesian coordinates of 
P referred to fixed rectangular axes through the same ongm, and 
i, J, k are unit vectors in the positive directions of these axes, 
r = ^ + yj +^k 

and t = r' = fl?'i + y'J + ^rk. 

The direction cosines of the tangent are therefore a>\ y', The 
normal plane at P is the plane through P perpendicular to the 
tangent. Hence its equation is 

(R-r).t = 0. 

Every line through P m this plane is a normal to the curve. 


2. Principal normal. Curvature. The curvature of the 
curve at any point is the arc-rate of rotation of the tangent. Thus 
if Bd is the angle between the tangents at P and Q (Fig. 1), BOjBs 
is the average curvature of the arc PQ; and its hmiting value as 
Ss tends to zero is the curvature at the point P. This is sometimes 
called the first curvature or the arcula/r curvature. We shall 
denote it by k. Thus 


Tf 




The unit tangent is not a constant vector, for its direction changes 
from point tp point of the curve. Let t be its value at P and t + St 
at Q, If the vectors BE and BF are respectively equal to these, 
then St is the vector PPand Bd the angle EBF, The quotient Bt/Bs 
is a vector parallel to St, and therefore m the limit as Be tends to 
zero its direction is perpendicular to the tangent at P. Moreover 
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since BE and BF are of unit length, the modulus of the limiting 


F 



value of is the limiting value of which is tc. Hence 
the relation 

dt ^ St 

^ = Lt^ = «n.(2). 

where n is a unit vector perpendicular to t, and in the plane of the 
tangents at P and a consecutave point This plane, containing two 
consecutive tangents and therefore three consecutive points at P, 
13 called the plane of mrvature or the osculating plane at P If R 
is any pomt m this plane the vectors R — r, t and n are coplanar. 
Hence the relation 

[R-r, t, n] = 0, 

which is the equation of the osculating plane. It may also be 
expressed 

[R-r,r',r"] = 0. 

The unit vectors t and n are perpendicular to each other, and 
their plane is the plane of curvature The straight hne through P 
parallel to n is called the principal normal at P. Its equation is 
clearly 

R = r + wn, 

R being a current point on the line The vector n will be called 
the vmt (prmcipal) normal. It may be assigned either of the two 
opposite directions along the principal normal. If we give it that 
from P toward the concave side of the curve it follows from (2) 
that K must be regarded as positive, for t has also this direction. 
But it IS sometimes convement to take n as being directed from 
the curve toward its convex side. In this case k is negative, for t' 
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and n have then opposite directions*. Writing (2) in the form 

and observing that n is a unit vector, we see that its direction 

X** V z'* 

cosines are squaring (2) we find the formula 

for determining the magnitude of the curvature, though not its 
sign. 

The drole of curvature at P is the circle passing through three 
points on the curve ultimately coincident at P. Its radius p is 
called the radius of {circular) curvature, and its centre (7 the centre 
of curvature. This circle clearly lies in the osculatmg plane at P, 
and its curvature is the same as that of the curve at P, for it has 
two consecutive tangents in common with the curve. Thus 

1 _^__ 

P~d8~*‘* 

so that the radius of curvature is the reciprocal of the curvature, 
and must be regarded as having the same sign as the curvature 
The centre of curvature 0 lies on the principal normal, and the 
vector PO is equal to pn or n//c. The direction cosines of n as found 
above may now be written px'\ pf\ pz'\ and the equation (2) given 
the alternative form 

n = pi/ = ptf', 

3. Blnormal. Torsion. Among the normals at P to the 
curve that which is perpendicular to the osculating plane is called 
the hinormal. Being perpendicular to both t and n it is parallel 
to t X n. Denoting this unit vector by b we have the trio t, n, b 
forming a nght-handed system of mutually perpendicular unit 
vectors, and therefore connected by the relations 

t*n = n«b = b*t = 0 

and txn = b, nxb = t, bxt = n, 

the cyclic order being preserved m the cross products. We may 
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call b the unit hinornicd. The positive direction along the binoimal 
is taken as that of b, just as the positive direction along the principal 
normal is that of n. The equation of the hinormal is 

R = r + wb, 

or, since b = t x n == pr' x r'\ we may write it in the form 
R =: r f X r'". 


n 

A 



The direction cosines of the biuormal, being the resolved parts of 
b, are the resolved parts of pr' x r", and are therefore 
piy'z'-^y"), p{s'a)"-a/z"), p(afy"-y'a/') 

Since b is a vector of constant length it follows that b' is per¬ 
pendicular to b. Moreover by differentiating the relation t*b = 0 
with respect to s we find 

/cii«b + t«b' = 0. 


The first term vanishes because n is perpendicular to b, and the 
equation then shows that b' is perpendicular to t But it is also 
perpendicular to b, and must therefore be parallel to n We may 
then write 


db 

ds 


=—Tn 


( 3 ). 


Just as in equation (2) the scalar k measures the arc-rate of turmng 
of the unit vector t, so here t measures the arc-rate of turning of 
the unit vector b. This rate of turning of the hinormal is called 
the torsion of the curve at the point P. It is of course the rate of 
rotation of the osculating plane. The negative sign in (3) indicates 
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that the torsion is regarded as positive when the rotation of the 
binomial s increases is in the same sense as that of a right- 
handed screw travelling in the direction of t. It is clear from Fig. 3 
that in this case b' has the opposite direction to n. 

The derivative of n may now be deduced from those of t and b 
For 


dn 

di 


^b X t = 
as 


— rn X t + b X ( ku ) 


= rb — /ct . (4), 

The equations (2), (3) and (4) are the vector equivalents of the 
Serret-Frenet formulae. They will be much used in the following 
pages, and the reader should commit them to memoiy. We may 
gather them together m the form 

tf = Kn \ 

n' = Th^Hit[ .( 5 ). 

b'ss —m ; 


As given by Serret (1861) and Frenet (1862) these were formulae 
for the derivatives of the direction cosines of the tangent, the 
principal normal and the binormal. 

A formula for the torsion in terms of the derivatives of r may 
now be found. For 

r' = t, r" =1 /cn, 

and therefore r"' = /c'n + /c (rb ~ «t). 

Forming then the scalar triple product of these three derivatives 
and neglecting those triple products in the expansion which contain 
a repeated factor, we have 

[r', r"'] = [t, /cn, /c'n + k (rb — /ct)] 

= K^T [t, n, b] 

= /C®T. 

Hence the value of the torsion is given by 

T = l[r'.r",r"1 .(6). 

An alternative formula, giving the square of the torsion, may be 
deduced firom the expression for r"' found above. On squarmg this 
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and dj.'vidmg ■fchronglioufc by a? ■we obtain the result 

.w 

By analogy with the relation that the radius of curvature 
equal to the reciprocal of the curvature, it is customary to spes 
of the reciprocal of the torsion as the radius of toraim, and 
denote it by <r. Thus <r = 1/t But there is no circle of torsion « 
centre of torsion associated with the curve m the same way as tl 
circle and centre ol curvature. 

Ex. 1. The circvZaT AeZia?. This is a curve drawn on the surface of 
circular cylinder, cutting the generators at a constant angle jS Let a be t 
radius of the cylinder, and let its axis be taken as the axis of ;; The pla 
through the axis and the point y, z) on the helix is inclined to the zx pla 
at an angle 6 such that,»=a cos B and y =a a sin d, while z=a6 cot jS. The positi 
vector r of a point on the curve may then be expressed 
r^a (cos d, sm d, 6 cot ^). 

Differentiating with i*espect to a we have 

t=r'=*a(-sin d, cosd, oot/S) d'. 

But this IS a unit vector, so that its square is unity, and therefore 

a^d'® <=sin2/3 

Thus B' IS constant. To find the curvature we have, on differentiating t, 

Kn=r" = - a (cos d. Bin d, 0) B'K 
Thus the principal normal is the unit vector 

n= — (cos d, sm d, 0), 

and K =ad'2 = 1 siu® fi. 

a ^ 

To find the torsion we have 

(sin d, - cos d, 0) d's, 

and therefore t" x r"'=(0, 0, 1) d'® 

Hence r", cot jSd^. 

On substituting the values of jc and B' we find 

Tsaisin j3cos3. 

d 

Thus the curvature and the torsion are both constant, and therefore their i 
IB constant. The principal normal interseots the axis of the cyhnder or 
gonally; and the tangent and binormal are inclmed at constant angles to 
fixed direction of the generators. 




Ex, 2. For the curve 


fihow that 


a7=»a(3tt-ti®), y—Zau\ a=a(3w+tf®), 
1 


4. Locus of centre of curvature. Just as the arc-rate of 
turning of the tangent is called the curvature, and the arc-rate of 
turning of the hinormal the torsion, so the arc-rate of turning of 
the principal normal is called the sorew cwrvatwre. Its magnitude 
is the modulus of n'. But we have seen that 


n' = rb — «t. 


Hence the magnitude of the screw curvature is This 

quantity, however, does not play such an important part in the 
theory of curves as the curvature and torsiom 

The centre of curvature at P is the pomt of latersection of the 
prmcipal normal at P with that normal at the consecutive point 
P' which lies in the osculating plane at P. Consecutive prmcipal 
normals do not in general intersect (cf. Ex. 8 below). It is worth 
noticmg that the tangent to the locus of the centre of curvature 
hes in the normal plane of the original curve For the centre of 
curvature is the pomt whose position vector c is given by 


c = r + pn 


The tangent to its locus, being parallel to ^ , is therefore parallel 


to t -h p'n -h p (rb —Act), 

that is, to p'n + prb. 

It therefore hes in the normal plane of the original curve, and 
IS mclmed to the principal normal n at an angle /S such that 

tan y9 = ^ = -T-. 

P 

If the original curve is one of constant curvature, p = 0, and the 
tangent to the locus of G is then parallel to b. It will be proved in 
Art 6 that the locus of C has then the same constant curvature as 
the original curve, and that its torsion varies mversely as the 
torsion of the given curve. (Cf also Ex. 19 below.) 
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EXAMPLES I 

1. Prove that 

r"'=K'n-Ac®t+Krb, 

and hence that icT2)n-3Kic't+(2#cV+T^ic)b. 

2. Prove the relations 

r'-r"=o, r'-r^^^-Sfcic', 

r".r""=K(K"-KS-iCTa), 

== k'k" + 2ic3#c' + kW + KK'r3. 

3. If the nth denvative of r with respect to s is given by 

ant+6nn+c„b, 

prove the reduction formulae 

+1 “ V + 

®n+l = <Jn+'>’&n 

4. If <ic is 2 ero at all points, the curve is a straight line If r is zero at all 
points, the curve is plane. The necessary and sufficient condition that the 
curve be plane is 

[r^, r", r'^ao. 

6- Prove that for any curve t'«b'= - kt 

6- If the tangent and the binormal at a point of a curve make angles d, <f> 
respectively with a fixed direction, show that 

SID 6 d$ K 

sin (fidej} T' 


7 • Coordlnatss in terms of s If «is the aro-length measured from 
a fixed point A on the curve to the current point /*, the position vector r of 
P is a function of s; and therefore, by Taylor’s Theorem, 

r=ro+*ro'+ |^ro"+ ^ ro"'+. 

where the suffix zero indicates that the value of the quantity is to be taken for 
the point A, If t, n, b are the umt tangent, principal normal and bmorma] 
at A, and k, t the curvature and torsion at that point, we have 

ro'=t, ro"=Kn, 


while the values of and Tq'"' are as given in Ex. 1. Hence the abov< 
formula gives 


^ «3 

r=To+«t + 7^ Kn + T;r (k n — K*t+Krby 
E {£ 

+ g{(ic" - «»- Kr») ll-3icic't+(2K'T+KT') b}+... 
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Lf then A is taken as ongin, and the tangent, principal normal and binormal 
jd as coordinate axes, the coordinates of P are the coefficients of t, n, b in 
the above expansion. Thus since Tq is now zero, we have 






*=g*:T«*+^(2K'T + KT')**+. ... 

From the last equation it follows that, for sufficiently small values of 
e changes sign with s (unless k or r is zero). Hence, at an ordinary point of the 
curve, the curve crosses the osoulatmg plane On the other hand, for suffioiently 
small values of y does not change sign with s (K=t=0). Thus, m the 
neighbourhood of an ordinary point, the curve hes on one side of the plane 
determined by the tangent and binormaL This plane is called the rectifying 
plane. 


8 . Show that the prmcipal normals at consecutive points do not intersect 
unless ra*0. 

Let the consecutive pomts be r, r+dr and the umt prmcipal normals 
n, n + ^Z1 For intersection of the principal normals the necessary condition 
IS that the three vectors n, n+c^n be coplanar that is, that r', n, n' be 
coplanar. This reqmres 

[t, u, Tb-fct]=0, 

that is T[t, n, b]=0, 

which holds only when r vanishes 

O, Prove that the shortest distance between the principal normals at 
consecutive points, distant« apart, is sp/ and that it divides the radius 

of curvature in the ratio p® • v*. 


10. Prove that 

b"=r(Kt-rb)-7^n, 
n"=/b-(K®+r2)n-K't, 
and find similar expressions for b'" and n'". 


11 • Parameter other than 8. If the position vector r of the current 
point is a function of any parameter w, and dashes denote differentiatioDs with 
respect to w, we have 


r 


r dr ds 
“ ds du 




- K V») t+ K V) n + fcr«^ 


2—2 
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Hence prove that 


b^r'xr'V/cfi'®, 

Ka=(r^'2-«''8)/^4 
r^Lr', f \ 

12 . For the curve 

^ss4aBm^u, ^a3ccos2«f, 
prove that n=(sin u, cos w, 0), 

and «= “ . 

e(a®+c®)sm2ti 

13. Fmd the curvature and torsion of the curve 

a7=a (tt—sm-w), y«=»a(l-cosw), B=:hiL 

14. Find the curvature, the centre of curvature, and the torsion of the 
curve 

008 24, y*=a8ini4, «=acoa224 

15. If the plane of curvature at every point of a curve passes through a 
fixed point, show that the curve is plane {r=0). 

16. If ni], nia, ma are the moments about the ongin of umt vectors 
t, n, b localised m the tangent, principal normal and binormal, and dashes 
denote differentiations with respect to «, show that 

m/B/cma, ma'^b-icmi+Tma, in3'=-n“rma. 

If r is the current pomt, we have 

mi=arxt, m2=rxn, ms^rxb. 

Therefore mi'«=txt+rx (Kn)=#cm 2 , 

and similarly for the others 

1 7. Prove that the position vector of the current point on a curve satiafios 
the differential equation 

d( d f d^\\,d /<rdr\ .pcPr ^ 

Sr* V'’ c?a»j| Vp dt) (T 
(Use the Serret-Frenet formulae) 

18. If IS the arc-length of the locus of the centre of curvature, show 

19. In the case of a (ni/rve of constant ourvatiire find the curvature and 
torsion of the locus of its centre of curvature 0. 

The position vector of (7 is equal to 

c=r-hpn 

Hence, since p is constant, 

dc = <t+/)(rb-id:)}*=-b* 


'W 


i 

in 
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Let the suffix unity distinguish quantities belonging to the ioous of C, Then 
:i?C=ti dsi. We may take the positive direction along this locus so that ti »b 
Fhen it follows that 

dsi r 
ds K ' 

'Text diffierentiatmg the relation ti»b we obtain 

ds 

icjiii—rn^=-«n. 

liepafore the two principal normals are parallel. We may choose 

ni=-n, 

nd therefore 

'bus the locus of 0 has the same constant curvature as the given curve. The 
mt binormal bi is now fixed; for 

bi=tixiii=bx(-n)=t. 

•ifferentiatmg this result we obtam 

da K* 

-r,ni=«n^^--n, 

id therefore 


20. Prove that, for any curve, 

it, t", n-[r", r"', 

idalso that [b', b",b"']=T»(ieV-.:T')='Hs^0V 


*6, Spherical cunrature. The sphere of closest contact with 
e curve at P is that which passes through four points on the 


n 



ve ultimately coincident with P. This is called the osculating 
lere or the sphere of curvdture at P. Its centre S and radius R 
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are called the centre and radius of sphenoal curvature. The cen 
of a sphere through P and an adjacent point Q on the curve (Fig 
lies on the plane which is the perpendicular bisector of PQ ; a 
the limiting position of this plane is the normal plane at P. T1 
the centre of spherical curvature is the limiting position of \ 
intersection of three normal planes at adjacent points. Now 1 
normal plane at the point r is 

(8-r)«t = 0 .(i) 

s being the current point on the plane The limiting position 
the Ime of intersection of this plane and an adjacent normal plfi 
is determined by (i) and the equation obtained by diflferentiati 
it with respect to the arc-length 5 , viz, (cf Arts. 15, 19) 
ic(B-r)«n-l=0 

or its equivalent 

(B-r)»n = p . (ii) 

The limitmg position of the point of intersection of three adjoce 
normal planes is then found from ( 1 ), (li) and the equation obtain 
by differentiating (ii), viz. 

(s — r)»(Tb — /ct) = p' 
which, in virtue of (i), is equivalent to 

(b — r)*b = o-p'.(lii) 

The vector b — r satisfying ( 1 ), (ii) and (iii) is clearly 

a-r = pn-f<rp'b . (8) 

and this equation determines the position vector s of the centre 
spherical curvature Now pn is the vector PO, and therefore ctj 
IB the vector CS Thus the centre of spherical curvature is on 1 
axis of the circle of curvature, at a distance crp' from the centre 
curvature. On squaring both sides of the last equation we ht 
for determining the radius of spherical curvature 

i2“-p“ + <7y».(9) 

Another formula for 22“ may be deduced as follows. On squar 
the expansion for r'" we find 

= ic^(l+r“i2“),by(9). 
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Hence the formula 

which IS, however, not so important as (9). 

For a curve of constant curvature, p^ = 0, and the centre of 
spherical curvature comcides with the centre of circular curvature 
(cf. Art 4). 


6. liOCUB of centre of spherical curvature. The position 
vector B of the centre of spherical curvature has been shown to be 

B = r + pn + (7pl3. 

Hence, for a small displacement ds of the current point P along the 
onginal curve, the displacement of S is 

dB = |t + p'n + p (rb — /ft) + ap'h + o-p"b — p'n] ds 
= dfi + a p' + <7/)" j b. 


Thus the tangent to the locus of S is parallel to b (Fig. 4). We 
may measure the arc-length Si of the locus of S in that direction 
which makes its unit tangent tj have the same direction as b. 

Thus tj = b, 

and, since ds = tid^i, it follows that 




<rp 




To find the curvature of the locus of S differentiate the equation 
ti = b, thus obtaining 


db da da 

/Cl Ui = -j- ^ - Tn . 

ds dsi d/Si 


Thus the principal normal to the locus of 8 is parallel to the 
principal normal of the original curve. We may choose the direction 
of Di as opposite to that of n Thus 


Hi = - n. 

The umt bmormal bi of the locus of 8 is then 
bi = ti X Ui = b X (- n) = t, 

and is thus equal to the unit tangent of the original curve. 
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The curvature tci as found above is thus equal to 

ds 

The torsion ti is obtained by differentiating bj = t Thus 

cZit ds ds 

TiHi — ds^ ’ 

so that 

d8\ 

From the last two results it follows that 

fCK-i = TTi, 

so that the product of the curvatures of the two curves is equal to 
the product of their torsions The binormal of each curve is parallel 
to the tangent to the other, and their principal normals are parallel 
but m opposite directions (Fig, 4). 

If the original curve is one of oonstant cuTvatwrey p = 0, and S 
coincides with the centre of circular curvature. Then 

dsi _ p _ T 

ds a K* 

and /Ci = K 

Thus the locus of the two centres of curvature has the same 
(constant) curvature as the original curve Also 

n = 

80 that the product of the torsions of the two curves is equal to the 
square of their common curvature The circular helix is a curve of 
constant curvature. 

Ex. 1. If ^ IS such that show that 



ds 



Bz. 22. Prove that 



6, 7] INTBINSia EQUATIONS OE A OUBVB 

ESx. 3. Prove that, for curves drawn on the surface of a sphere, 
2 + ^(o-p')=0; 
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that is 
where dyj^’^rds, 

£iZ. 4- If the radius of spherical curvature is constant, prove that the curve 
either lies on the surface of a sphere or else has constant curvature. 

Ex. 5. The shortest distance between consecutive radii of spherical 
curvature divides the radius in the ratio 

'dR\^ 


'■■'■(f)' 


EXi 6 - Show that the radius of sphenoal curvature of a circular helix is 
equal to the radius of circular curvature 


7. Theorem. A curve is uniquely determined, eoocept as to 
position %n space, when its curvature and torsion are given functions 
of its arc-length s, 

Oonfiider two curves having equal curvatures k and equal torsions 
r for the same value of s. Let t, n, b refer to one curve and tj, rii, b^ 
to the other. Then at points on the curve determined by the same 
value of s we have 

A (t • ti) = t • («ni) + Kn*ti, 

~ (n • Di) = n • (rbi — /cti) + (rb — /ct) • n^, 


ds 


(b •bj) = b • (- nil)+(- m) -bi. 


Now the sum of the second members of these equations is zero. 


Hence 


^(t*1^ + n«ni + b«bi) = 0, 


and therefore t • ti + n • iii -1- b -bi = const. 

Suppose now that the two curves are placed so that their initial 
points, from which s is measured, coincide, and are then turned 
(without deformation) till their prmcipal planes at the initial point 
also comcide Then, at that point, t = ti, n = ni, b = bi, and the 
value of the constant m the last equation is tS. Thus 
t»tx + n«ni+ b»bx = 3. 
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But the sum of the cosines of three angles can be equal to 3 only 
when each of the angles vanishes, or is an integral multiple of 27r. 
This requires that, at all pairs of corresponding points, 
t = ti, n = ni, b = bi, 

so that the principal planes of the two curves are parallel. Moreover, 
the relation t =tj may be written 

d V /V ^ 

3;(r-r0-0. 

SO that r — Ti = a const, vector. 

But this difference vanishes at the initial point; and therefore it 
vanishes throughout Thus r = Tj at all corresponding pomts, and 
the two curves coincide. 

In making the initial points and the principal planes there 
coincident, we altered only the position and orientation of the 
curves in space; and the theorem has thus been proved. When a 
curve is specified by equations giving the curvature and torsion as 
functions of 8 

fc=f{s\ r = F(s), 

' these are called the intrinsic equations of the curve. 

8 . Helices, A curve traced on the surface of a cylinder, and 
cutting the generators at a constant angle, is called a helve. Thus 
the tangent to a hehx is inclined at a constant angle to a fixed 
direction If then t is the unit tangent to the helix, and a a constant 
vector parallel to the generators of the cylinder, we have 

t«a = const. 

and therefore, on differentiation with respect to 

>cii*a = 0. 

Thus, since the curvature of the helix does not vanish, the principal 
normal is everywhere perpendicular to the generators. Hence the 
fixed direction of the generators is parallel to the plane of t and b; 
and since it makes a constant angle with t, it also makes a constant 
angle with b. 

An important property of all helices is that the curvature (md 
tarpon are in a constant i atio. To prove this we differentiate the 
relation n«a = 0, obtaining 

(rb — /ct) • a s Q. 
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Thus a is perpendicular to the vector rb — «t. But a is parallel to 
the plane of t and b, and must therefore be parallel to the vector 
rt + /cb, which is inclined to t at an angle tan“^ /t/r. But this angle 
is constant. Therefore the curvature and torsion are m a constant 
ratio. 

Conversely we may prove that a curve whose curvatwre and 
toi^sion are in a constant ratio is a helix. Let t = c« where c is 
constant. Then since 

t' = /cn, 

and b' = — rn = — CAcn, 

it follows that ^ (b + ct) = 0, 

and therefore b + ct = a, 

where a is a constant vector. Forming the scalar product of each 
side with t we have 

t • a — c 

Thus t IS inclined at a constant angle to the fixed direction of a, 
Euid the curve is therefore a helix. 

Finally we may show that the curvature and the torsion of a 
helix are in a constant ratio to the curvature /Co of the plane section 
of the cylinder perpendicular to the generators. Take the ^-axis 



parallel to the generators, and let s he measured from the inter¬ 
section A of the curve with the coy plane. Let u be the arc-length 
of the normal section of the cylinder by the coy plane, measured 
from the same pomt A up to the generator through the current 
point (co, y, e). Then, if /8 is the constant angle at which the curve 
cuts the generators, we have 

« = « sin /3, 
u' = sin/3. 


and therefore 
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The coordinates x, y are functions of u, while ar = « cos /3, Hence for 
the current point on the helix we have 

r=(a;, y,sca&^), 

so that r' = sin yS, ^ sin jS, cos yS j, 



Hence the curvature of the helix is given by 


SO that « = /Co sin® ^8. 


sin‘*y9 = /Co’sin^/S, 


For the torsion, we have already proved that 

^ = tan"^ ic/r, 

so that T=/ccot ^ = /co8inj8coSjS. 

From these results it is clear that the ovly curve whose owrvature 
cmd torsion are both constant is the (nrcwlar helix. For such a curve 
must be a helix, since the ratio of its curvature to its torsion is also 
constant. And since k is constant it then follows that /cq is constant, 
so that the cylmder on which the helix is drawn is a circular 
cylinder. 


EiZ. Show that, for any curve, 


This expression therefore vanishes for a helix and conversely, if it vanishes, 
the curve is a helix. 


O. Spherical Indlcatriz. The locus of apomt, whose position 
vector is equal to the unit tangent t of a given curve, is called the 
spherical indicatrix of the tangent to the curve Such a locus hes 
on the surface of a unit sphere, hence the name. Let the suffix 
umty be used to distinguish quantities belonging to this locus. 


Then 

and therefore 



ri = t, 

dt ds _ ds 


showing that the tangent to the spherical mdicatrix is parallel to 
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tho principal normal of the given curve. We may measure so 
that 

ti = n, 

and therefore ^ = /c. 

08 

For the curvature of the indicatrix, on differentiatmg the relation 
ti = n, we find the formula 

duds 1 . ^ 

/Cj ^ “ )• 

Squaring both sides we obtain the result 

a:i®=(/^ + t=)/a:S 

so that the curvature of the mdicatnx is the ratio of the screw 
curvature to the circular curvature of the curve. The umt bmormal 
of the indicatrix is 

Tt + ZCb 

— ti X , 

The torsion could be obtained by diflerentiating this equation; but 
the result follows more easily from the equation [of. Examples I, 
( 11 )] 

= AC* (act' — Ac't), 
which reduces to Ti = . 

AC(/C*+ T*) 

Similarly the spherical indicatrix of the binormal of the given 
curve is the locus of a point whose position vector is b. Using the 
suffix unity to distinguish quantities belonging to this locus, we have 

ri = b, 


which reduces to 


and therefore 


^ ” dfi rfsi ’’ ctei ■ 


We may measure Sj so that 


and therefore 


ti = -n, 
dsi 


To find the curvature differentiate the equation ti = — n. Then 
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giving the direction of the principal normal. On squaring this result 
we have 

Thus the curvature of the indicatrix is the ratio of the screw 
curvature to the torsion of the given curve. The unit hinormal is 


bi = t, X Hi = 


tt + /cb 

TKi ’ 


and the torsion, found as in the previous case, is equal to 

TK — KT 


Ex. 1 p Find the torsions of the spherical indioatnoes &om the formula 
where jB*= 1 and pi = 1/ki is known. 

Ex. 2. Eiamme the sphenoal indioatnx of the prmcipal normal of a given 
curve 


10 - Involutes. When the tangents to a curve 0 are normals 
to another curve Gi, the latter is called an involute of the former, 
and G is called an evolute of Gi. An involute may be generated 



Fig. 6. 

mechanically in the following maimer Let one end of an inex- 
tensible strmg be fixed to a pomt of the curve (7, and let the string 
be kept taut while it is wrapped round the curve on its convex 
side. Then any particle of the string describes an mvolute of 0, 
since at each instant the free part of the string is a tangent to 
the curve G, while the direction of motion of the particle is at 
right angles to this tangent. 

From the above definition it follows that the pomt Xi of the 
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involute which hes on the tangent at the point r of the curve 0 is 
given by 

ri = r+wt, 

where is to be determined. Let dsi be the arc-length of the 
involute corresponding to the element ds of the curve G, Then the 
unit tangent to Gi is 

. ^^1 diS tM- t f\ A. t 1 

To satisfy the condition for an involute, this vector must be per¬ 
pendicular to t. Hence 

l + w' = 0, 

so that -M = c — 5, 

where c is an arbitraiy constant Thus the current point on the 
involute IS 

ri = rH-(c-s)t, 
and the umt tangent there is 

t. = (c-s)*gn. 

Hence the tangent to the involute is parallel to the principal 
normal to the given curve. We may take the positive direction 
along the mvolute so that 

ti = n, 


and therefore 




To find the curvature of the mvolute we differentiate the 
relation ti == n, thus obtaining 

rb — Kt 

Therefore, on squaring both sides, we have 

~ K'{c-sy’ 

The unit prmcipal normal to the mvolute is 

rb — /ct 


and the umt bmormal 


fCKi (C — S) * 


bi = ti X III = 


/icb-J- rt 
KKi (c — fi)' 



82 


CURVES WITH TORSION 


[I 

Since the constant c is arbitrary, there is a single mfinitnde of 
involutes to a given curve; and the tangents at corresponding 
points of two different involutes are parallel and at a constant 
distance apart. 

Ex. 1 • Show that the torsion of an involute has the value 

icr'-K'r 

ic(ic2+t«) 

Ex. 2 . Prove that the involutes of a mroular helix are plane curves, whose 
planes are normal to the axis of the cylinder, and that they are also mvolutes 
of the circular sections of the cylinder. 


*11. Evolutes. The converse problem to that just solved is 
the problem of finding the evolutes of a given curve 0. Let Vi be 
the pomt on the evolute (7i corresponding to the pomt r on 0, 
Then, smce the tangents to Oi are normals to 0, the point Vi lies 
m the normal plane to the given curve at r. Hence 

ri = r+ uJX-\-vb, 

where u, v are to he determined. The tangent to the evolute at 
is parallel to dx^jds, that is, to 

(1 — uic)t + (u — t;T)n + {ur + w')b 
Hence, in order that it may be parallel to un + vb we must have 

1 —= 0 , 

u'^VT UT~\- x! 


The first of these gives w = i = p, and from the second it follows 
that 


vp -pv 
v^ + p^ ‘ 


Integratmg with respect to s and wntmg yfr= f rds, we have 

Jo 

^Ir+c — tan“^ , 


so that v = — p tan (^fr + c). 

The pomt on the evolute is therefore given by 
ri = r + p {n —taji(>|r + c)b}. 

It therefore hes on the axis of the circle of curvature of the given 
curve, at a distance — p tan + c) from the centre of curvature. 
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The tangent to the evolute, bemg the line joining the points r 
and Ti, IS in the normal plane of the given curve 0, and is inclined 
to the principal normal n at an angle (^jr + c). 

Let the suflSlx umty distmguish quantities referring to the 
evolute Then on differentiating the last equation, remembering 
that dyir/ds = t, we find 
ds dir 

da ds - tan (Vr + c) b}. 


Thus the unit tangent to the evolute is 

ti = cos (-v/r + c) n - Bin ('i/r + o) b 


and therefore 


dsi _ ACT sin + c) — K cos (yfr + c) 
ds ” cos® (yjr + c) 


The curvature of the evolute is obtained by differentiating the 
vector ti. Thus 


dsi dti . . 

^ ds 


The principal normal to the evolute is thus parallel to the tangent to 
the cuA've G, We may take 

Ill = — t, 

ds 

and therefore fCi=> k cos ^ 

_ AC® cos® (y/r + c) 

ACT sm 4 c) — x cos + c) ’ 

The unit binormal to the evolute is 

bi = ti X Hi = cos (i/r + c) b + sm (^/r + c) n. 

The torsion is found by differentiating this. Thus 

— TiHi — AC sm 4 c) t 

and therefore 

Ti = — AC sm “1" ^ 

/c® sin (yfr 4 c) cos® (yjr 4 o) 

ACT sm (^/r + c) — K cos {yfr 4 c) * 

Thus the ratio of the torsion of the evolute to its curvature is 
- tan {yfr + c). i 

Since the constant c is arbitrary there is a smgle infimtude of 

W. 3 



34 OtmVBB WITH TORSION [l 

evolutes The tangents to two dififerent evolutes, corresponding to 
the values 0 i and Ca, drawn from the same point of the given curve, 
are inclined to each other at a constant angle Ci — Cj. 

EjX. 1. The loous of the centre of curvature is an evolute only when the 
curve IS plane. 

Sx. Hm a plane curve has only a single evolute m its own plane, the locus 
of the centre of curvature All other evolutes are helices traced on the right 
cylinder whose base is the plane evolute. 

*12. Bertrand curves. Saint-Venant proposed and Bertrand 
solved the problem of finding the curves whose principal normals 
are also the principal normals of another curve. A pair of curves, 
0 and Oi, having their prmcipal normals in common, are said to be 
conjugate or associate Bertrand curves. We may take their prin¬ 
cipal normals in the same sense, so that 

Uj =n. 

The point rj on Oi correspondmg to the point r on <7 is then given 
by 

ri = r+ <in.(i), 

where it is easily seen that a is constant. For the tangent to Gi ie 
parallel to drj/cfe, and therefore to 

t + + a(Tb- «t) 

This must be perpendicular to n, so that a' is zero and therefon 
a constant. Further, if symbols with the suABz unity refer to th( 
curve Cl, we have 

J ^ o 

_ (t. ti) =/cn. t, +1 . (ki n)= 0, 
showing that t • ti = const. 



Fig. T, 
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Thus {he tangents to the two curves are inclined at a constant angle 
But the principal normals coincide, and therefore the bmormals of 
the two curves are inclined at the same constant angle. Let a be 
the inclination of bj to b measured from b toward t. Then a is 
constant 

On differentiatmg the above expression for we have 

ta^^ = (l-a«)t + aTb .(li). 

Then, forming the scalar product of each side with b^, we obtain 
0 = (1 — aic) sm a + ar cos a. 

Thus there is a linear relation with constam^ coefficients between the 
cv/rvature and torsion of 0; 

T=^K — ^tmCL 

Moreover it is obvious from the diagram that 
ti = t cos a — b sin cit 

On comparing this with (u) we see that 

d, ■ 

sm a = — ar T- 


Now the relation between the curves G and Oi is clearly a recip¬ 
rocal one The point r is at a distance — a along the normal at 
Tn and t IS inclined at an angle - a to ti Hence, correspondmg to 
(lii), we have 

cos a = (1 + arci) V 

.<■’>• 

--OT.JJ J 

On multiplying together correspondmg formulae of (lii) and (iv) 
we obtain the relations 

1 n 1 


TTi = -iSm-a 

a 


(1 - aK) (1 + a/ci) = COB* a) 

The first of these shows that the torsions of the two curves have 
the same sign, and their product is constant. This theorem is due to 
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Schell. The result contained in the second formula may be ex¬ 
pressed as follows: If Pi are correspondvng points on two con¬ 
jugate Bertrand cwrveSj and 0, Oi their centres of curvature, the 
cross ratio of the ra/nge (POPiOi) is constant and equal to sec® a. 
This theorem is due to Mannheim. 

EiX. 1 . By differentiatiug the equation 

(1 —aic) Bin a+ar cos a=0, 
deduce the following results: 

For a curve of oonatant curvature the conjugate is the locus of its centre of 
curvature. 

A curve of constant torsion coincides with its conjugate. 

ESx. 2. Show that a plane curve admits an i nfini ty of conjugates, all 
parallel to the given curve 

Prove also that the only other curve which has more than one conjugate is 
the circular helix, the conjugates being also circular helices on coaxial 
cylinders 


EXAMPLES II 

1. The principal normal to a curve is normal to the locus of the centre of 
curvature at points for which the value of k is stationary 

2. The normal plane to the locus of the centre of circular curvature of a 
curve C bisects the radius of spherical curvature at the corresponding point 
of 0^ 

3 . The bmormal at a point P of a given curve is the limiting position of 
the common perpendicular to the tangents at P and a consecutive point of 
the curva 

4. For a curve drawn on a sphere the centre of curvature at any point is 
the foot of the perpendicular from the centre of the sphere upon the osculating 
plane at the pomt 

5 • Prove that, in order that the prmcipal normals of a curve be bmormals 
of another, the relation 

a(K* + T®)«« JC 

must hold, where a is constant 

6, If there is a one-to-one correspondence between the pomts of two 
curves, and the tangents at corresponding pomts are parallel, show that the 
prmcipal normals are parallel, and therefore also the bmormals. Prove also 
that 

Ki __ _ rj 

K ” T ' 

Two curves so related are said to be deducible from each other by a Combes- 
cure tranaformatwn. 
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7. A curve is traced on a right circular cone so as to out aU the generating 
linos at a constant angle. Show that its projection on the plane of the base is 
an equiangular spiral 

8. Find the curvature and torsion of the curve in the preceding exampla 

Q. A curve is drawn on a right circular cone, everywhere inclined at the 
same angle a to the axis. Prove that k =»r tan a. 

10- Determine the curves which have a given curve C as the locus of the 
centre of spherical curvature 

If Cl is a curve with this pioperty then, by Art 6, Ti hes m the osoulatmg 
plane of € at r. Thus 

ri=r+?t+?nn 

Further, the tangent to Oi is paiollel to b Hence show that 

V 1, 

— kI 

Integrate the equations, and show that there is a double infimtude of curves 
with the required property. 

11. On the binormal of a curve of constant torsion r a pomt Q is taken at 
a constant distance c from the cur\ o Show that the binormal to the locus 
of Q is inclined to the binormal of the given ouiwe at an angle 

+ -1 ^ 
tan 1 , _ 

K s/c^T^ + l 


12. On the toungent to a given curve a pomt Q is taken at a constant 
distance c from the pomt of contact Prove that the curvature kj of the locus 
of Q IS given by 

Kl^ (1 kM (1 + K^) + (k 

13. On the binormal to a given curve a pomt Q is taken at a constant 
distance o from the curve. Prove that the curvature ki of the locus of Q is 
given by 

Ki^ ( 1+(1 

14. Prove that the curvature ki of the locus of the centre of (circular) 
curvature of a given curve is given by 



where the symbols have their usual meanmgs. 
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13- SurflELceB. We have seen that a curve is the locus of a 
point whose coordinates cs, y, e are functions of a single parameter. 
We now define a surface as the locus of a point whose coordinates 
are functions of two %ndependent parameters u, v. Thus 

a? =/i (u> v), y =/b (u, v), - 2 ? ==/8 {u,v) .(1) 

are parametric equations of a surface In parbicular oases one, or 
even two, of the functions may involve only a single parameter. 
If now 21 , V are elimmated from the equations (1) we obtain a 
relation between the coordinates which may be written 

F{a),y,z)^Q .( 2 ), 

This is the oldest form of the equation of a surface. The two- 
parametric representation of a surface as given in (1) is due to 
Gauss. In subsequent chapters it will form the basis of our in¬ 
vestigation. But for the discussion in the present chapter the 
form (2) of the equation of a surface will prove more convenient. 


14. Tangent plane. Normal. Consider any curve drawn 
on the surface 

y, £^) = 0 

Let 8 be the arc-length measured from a fixed pomt up to the 
current point {x, y, z). Then, smce the function F has the same 
value at all points of the surface, it remains constant along th( 
curve as s varies. Thus 


dFdx dF dy dF dz 
dx ds^ dy ds^ dz ds^ * 
which we may write more briefly 

F^x 4 " Fyy' + Fj^z^ = 0 . 

Now the vector (x', y\ d) is the unit tangent to the curve at th 
point {x, 2 /, z)] and the last equation shows that it is perpendicula 
to the vector (F^, Fy, Fg), The tangent to any curve drawn on 
surface is called a tangent line to the surface Thus all tanger 
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hues to the surface at the point (a?, z) are perpendicular to the 
vector {Fa, Fy, Fg), and therefore lie in the plane through (a?, y, si) 
perpendicular to this vector. This plane is called the tcmgent plane 
to the surface at that point, and the normal to the plane at the 
point of contact is called the normal to the surface at that point. 
Since the line joining any point {X, F, Z) on the tangent plane to 
the point of contact is perpendicular to the normal, it follows that 

+ = « . 

This is the equation of the tangent plane. Similarly if (Z, Y, Z) 
IS a current point on the normal, we have 

X-CO _ Y-v _ Z-z 

^ ^ dF dj^ . 

da dy dz 

These are the equations of the normal at the point {as, y, z), 

EiX. 1. Prove that the tangent plane to the surface and the 

coordinate pianos, bound a tetrahedron of constant volume. 

15x. 2. Show that the sum of the squares of the intercepts on the co¬ 
ordinate 8:^66 made by the tangent plane to the surface 

is constant. 


ESx« 3. At points common to the surface 
a (y0-H £a? 4-™ 

and a sphere whose centre is the origin, the tangent plane to the surface 
makes intercepts on the axes whose sum is constant. 


EiZ. 4. The normal at a point P of the ellipsoid 


meets the coordinate planes m (?i, C?a, Prove that the ratios 

PQ^.PG^'PG^ 

are constant. 


Ez. 5. Any tangent plane to the surface 

a(a?2 4-y®)+.ry£:^0 

meets it again m a oomo whose projection on the plane of ay is a rectangular 
hyperbola. 
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One-pabameter Family of Surfaces 

16. Envelope. CharacteiiatlcB. An equation of the form 

. (5), 

in 'which a is constant, represents a surface. If the value of the 
constant is altered, so in general is the surface. The infinitude of 
surfaces, which correspond to the infinitude of values that may be 
assigned to ct, is called a family of surfaces with parameter a. On 
any one surface the value of a is constant; it changes, however, 
from one surface to another. This parameter has then a different 
significance itom that of the parameters % v in. Art. 13 These 
relate to a single surface, and vary firom point to point of that 
surface They are curvilinear coordmates of a pomt on a single 
surface. The parameter a, however, determines a particular mem¬ 
ber of a family of surfaces, and has the same value at all points of 
that member. 

The curve of intersection of two surfaces of the family corre¬ 
sponding to the parameter values a and a-^ha is determined by 
the equations 

F{m, y, z, a) = 0, F (a?, y, a + Sa) = 0, 
and therefore by the equations 

m which, for the sake of brevity, we have written F (a) instead of 
F(x, y, z, a), and so on. If now we make Sa tend to zero, the 
curve becomes the curve of mtersection of consecutive members of 
the family, and its definmg equations become 

J?’(a) = 0. .(6). 

This curve is called the characteristic of the surface for the para¬ 
meter value a. As the parameter varies we obtain a family of such 
characteristics, and their locus is called the envelope of the family 
of surfaces. It is the surface whose equation is obtained by elimi¬ 
nating a from the two equations (6). 

Two surfaces are said to touch each other at a common point 
when they have the same tangent plane, and therefore the same 
normal, at that point. We shall now prove that the envelope touches 
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each mevtber of the family of smfaces at all points of its character- 
istic 


The characteristic corresponding to the parameter value a hes 
both on the surface with the same parameter value and on the 
envelope Thus all points of the characteristic are common to the 
surface and the envelope. The normal to the surface 

F {as, y, a, a) = 0 

is parallel to the vector 

(dF ^ dj\ 

V^as’ dy’ dz) . 

The equation of the envelope is obtamed by eliminatmg a from 
the equations (6). The envelope is therefore represented by 
F {as, y, z, a) = 0, provided a is regarded as a function of as, y, z 
given by 

0 

^^F{x, y, z, a) = 0. 


The normal to the envelope is then parallel to the vector 

f^.S_Fda dF ^^a dF^ dFia\ 

1,3® da dx’ dy dady’ dz da ‘ 

which, in virtue of the preceding equation, is the same as the 
vector (i) Thus, at all common pomts, the surface and the en¬ 
velope have the same normal, and therefore the same tangent 
plane; so that they touch each other at all pomts of the charac¬ 
teristic. 


Elx. 1. Tbo envolopo of the family of paraboloids 
IS the circular cone 

Ex. 22. Spheres of oonatanfc radius b have their centres on the filed circle 
0 = 0 . Prove that their envelope is the surface 
+y2+*3 4. ^3 „ 62)2 = 4a3 + fy 

Ex, 3. The envelope of the family of surfaces 
F(a!, y, z, a, 6)=0, 

in which the parameters a, 6 are connected by the equation 

/(a, 6)=0, 

IB found by eliminating a and 6 from the equations 

Fa n 
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16. Edge of regression. The locus of the ultimate intersec¬ 
tions of consecutive characteristics of a one-parameter family of 
surfaces is called the edge of regression. It is easy to show that 
each characteristic touches the edge of regression, that is to say, the 
two curves have the same tangent at their common pomt. For if 
il, jB, (7 are three consecutive characteristics, A and B intersecting 
at P, and B and 0 at Q, these two points are consecutive points 
on the charactenstio B and also on the edge of regression. Hence 
ultimately, as A and 0 tend to coincidence with B, the chord PQ 
becomes a common tangent to the charactenstic and to the edge 
of regression. 



The same may be proved analytically as follows. The character¬ 
istic with parameter value a is the curve of intersection of the 
surfaces 


F (a) = 0, 




( 6 ). 


The tangent to the characteristic at any pomt is therefore per¬ 
pendicular to the normals to both surfaces at this point. It is 
therefore perpendicular to each of the vectors 


'dF dF dF\ , / d^F d^F d^F\ 
,05? ’ dy^ dej [dmda^ dyda^ dzda) 


.(7). 


The equations of the consecutive charactenstic, with the parameter 
value a + da, are 


rr ^F y ^ 0P dt^F 7 — 

*>■ K+w*-"- 


Hence, for its pomt of intersection with (6), since all four equations 
must be satisfied, we have 

F{a)^0, = 0 .(8). 

The equations of the edge of regression are obtained by eliminating 
a fi:om these three equations. We may then regard the edge of 
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egression as the curve of intersection of the surfiices (6), in which 
i is now a function of a?, y, z given by 

^^(a) = 0. 

?bu3 the tangent to the edge of regression, being perpendicular 
o the normals to both surfaces, is perpendicular to each of the 
■^ectors 

\9flj da 0a? * dy da 0y * dz da dz) 

/ d^F d^Fda d^F d^Fda^ \ 

^ \0a?0ci 0tt“ 0a? * dyda da^ dy* ./ ' 

vhich, in virtue of the equations (8), are the same as the vectors 
7). Thus the tangent to the edge of regression is parallel to the 
angent to the characteristic, and the two curves therefore touch 
bb their common point. 


Sx. 1 • Find the envelope of the family of planes 
So^a?—3a;y+a«= a®, 

ind show that its edge of regression is the ourve of intersection of the surfaces 
xy=z 

£jX. 12. Find the edge of regression of the envelope of the family of planes 
X smd—yco3^+jef=*ad, 

► "being the psurameter. 

XjX. 3. Fmd the envelope of the family of cones 

(aa7+a7+y+£P-1) (ay+ 2 )=flW7 (^r+y+«-1), 
t "being the parameter. 

ESx. 4. Prove that the charaoteristios of the family of osculating spheres 
a twisted ourve are its circles of curvature, and the edge of regression is the 
>urve itself. 

Sx. 5. Find the envelope and the edge of regression of the spheres which 
>as8 through a ^ed point and whose centres he on a given curve. 

Sx. 6. Fmd the envelope and the edge of regression of the family of 
dlipsoids 



vtiere c is the parameter. 


17- Developable Burfbces. An important example of the 
precedmg theory is furnished by a one-parameter family of planes 
[n this case the characteristics, bemg the mtersections of oonsecu- 
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tive planes, are straight lines. These straight lines are called the 
generators of the envelope, and the envelope is called a developable 
surface, or briefly a developable. The reason for the name lies m 
the fact that the surface may be unrolled or developed into a 
plane without stretching or tearing. For, since consecutive gene¬ 
rators are coplanar, the plane containing the first and second of 
the family of generators may be turned about the second till it 
comcides with the plane containmg the second and third, then 
this common plane may be turned about the third till it comcides 
with the plane containing the third and the fourth; and so on. 
In this way the whole surface may be developed into a plane. 

Smce each plane of the family touches the envelope along its 
characteristic, it follows that the ta/ngent plane to a developable 
suiface is the same at all points of a generator. The edge of re¬ 
gression of the developable is the locus of the intersections of 
consecutive generators, and is touched by each of the generators. 
Moreover, smce consecutive generators are consecutive tangents to 
the edge of regression, the osculating plane of this curve is that 
plane of the family which contams these generators But this 
plane touches the developable. Hence the osculating plane of the 
edge of regression at any point is the tangent plane to the developable 
at thatpuiJit. 

Suppose the equation of a surface is given m Mongers form, 

J/) .(9). 

and we require the condition that the surface may be a develop¬ 
able The equation of the tangent plane at the point (od, y, z) is 

and, in order that this may be expressible m terms of a single 
parameter, there must be some relation between/„ and fy, which 
we may wnte fdf\ 

(sy) ■ 


On differentiation this gives 

(^f\ IL 

djb^ ^ \dj/) dxdi/’ 
dxdy ^ \dy)dy^’ 
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and from these it follows that 


^d2f_ f 9Yy 


( 10 ). 


This is the required condition that (9) may represent a develop¬ 
able surface. 

EXs Prove that the surface o)^ is a developable. 


Developables associated with a Curve 

18. Osculating developable. The principal planes of a 
twisted curve at a current point P are the osculating plane, which 
is parallel to t and n, the normal plane, which is parallel to n and 
b, and the rectifying plane, which is parallel to b and t The 
equations of these planes contain only a single parameter, which is 
usually the arc-length s; and the envelopes of the planes are 
therefore developable surfaces. 

The envelope of the osculating plane is called the osculating 
developable. Since the intersections of consecutive osculating planes 
are the tangents to the curve, it follows that the tangents are the 
generators of the developable. And consecutive tangents intersect 
at a point on the curve, so that the curve itself is the edge of 
regression of the osculating developable. 

The same may be proved analytically as follows. At a point r 
on the curve the equation of the osculating plane is 

(R-r).b = 0 .(]1), 

where r and b are functions of s. On differentiating with respect 

to 5 we have -t.b - t (R - r).n = 0, 

that IS (R-r)«n = 0 .(12), 

which IS the equation of the rectifying plane. Thus the character¬ 
istic, being given by (11) and (12), is the intersection of the oscu- 
latmg and rectifying planes, and is therefore the tangent to the 
curve at r. To find the edge of regression we differentiate (12) 
and obtain (R - r). (rb - /ct) = 0 . (13). 

For a point on the edge of regression all three equations (11), (12) 
and (13) are satisfied. Hence (R — r) vanishes identically, and the 
curve itself is the edge of regression 

EiX. Find the osoulatmg developable of the circular helix. 
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19. Polar developable. The envelope of the normal plane 
of a twisted curve la called the polar developable, and its generators 
are called the polar lines. Thus the polar line for the point P is 
the intersection of consecutive normal planes at P. The equation 
of the normal plane is ^ ^ . v 

where r and t are functions of s. Differentiating with respect to s 

we find i i A 

A;(B-r)*n-t.t = 0, 


which may be written (R — r — pn) •n = 0 .(16). 

This equation represents a plane through the centre of curvature 
perpendicular to the principal normal It intersects the normal 
plane in a straight line through the centre of curvature parallel to 
the binormal (Fig 4). Thus the polar line is the aaris of the circle 
of Qurvojtu/re. On differentiating (16) we obtam the third equation 
for the edge of regression, 


(R — r)»(Tb — yd:) = p'. 


which, in virtue of (14), may be written 

(R-r).b=o-p' . (16). 

From the three equations (14), (15) and (16) it follows that 
R —r = pn+ o-p'b, 

so that the point R comcides with the centre of spherical curva¬ 
ture. Thus the edge of regression of the polar developable is the 
locus of the centre of spherical curvatu/re. The tangents to this locus 
are the polar lines, which are the generators of the developable. 


20. Rectifying developable. The envelope of the rectifymg 
plane of a curve is called the rectifymg developable, and its gene¬ 
rators are the rectifying lines. Thus the rectifying line at a pomt 
P of the curve is the intersection of consecutive rectifymg planes. 
The equation of the rectifying plane at the pomt r is 

(R-r).n = 0 .(17), 

where r and n are functions of s. The other equation of the recti- 
fyong line is got by differentiatmg with respect to s, thus obtainmg 

(R-r).(Tb-/ct):=0 .(18). 

From these equations it follows that the rectifying line passes 
through the pomt r on the curve, and is perpendicular to both n 


L 


t 

T 


I 
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and (rb — /ct). Hence it is parallel to the vector (rt + «b), and is 
therefore inclined to the tangent at an angle ij> such that 

tan^ = ^.(19). 


n 

A 



To find the edge of regression we differentiate (18) and, in 
virtue of (17), we obtain 

(R-r).(T'b-«'t) + « = 0 .(20). 

Further, since the rectifying line is parallel to rt + fch, the point 
R on the edge of regression is such that 

(R-r) = Z(Tt + /^b), 

where I is some number. On substitution of this m (20) we find 

I- " 

Thus the point on the edge of regression corresponding to the 
point r on the curve is 

R = .(21). 

« T — 

The reason for the term “ rectifying ” applied to this developable 
lies in the fact that, when the surface is developed into a plane by 
unfolding about consecutive generators, the original curve becomes 
a straight hne. The truth of this statement will appear later when 
we consider the properties of ” geodesics ” on a surface. 

We may notice m passing that, if the given curve is a helix, 
/tf/r is constant, and the angle ^ of (19) is equal to the angle ^ of 
Art. 8. Thus the rectifying hnes are the generators of the cylinder 
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on which the helix is drawn, and the rectifying developable is the 
cylinder itself 

Prove that the rectif^ng developable of a cur^e is the polar develop¬ 
able of its involutes, and conversely. 


Two-pabameter Family of Surfaces 


21. Envelope. Characteristic points. An equation of the 
form 

F{x,y,z,a,h)=0 . (22), 

in which a and h are independent parameters, represents a doubly 
infinite family of surfaces, corresponding to the infinitude of values 
of a and the infinitude of values of b On any one surface both a 
and b are constant. The curve of intersection of the surface whose 
parameter values are a, b with the consecutive surface whose para¬ 
meter values are a + da, 6 -f db is given by the equations 

F (a, 6) = 0, jF(a + da, b + db) = 0, 
or by the equations 

F{a, b) = 0, F{a, h) + ^F{a,b)da-^^F(a, b)db — 0. 

This curve depends on the ratio da db; but for all values of this 
ratio it passes through the point or points given by 

F(a,h) = 0, ^-^F(a,h) = 0, ^ J’(a, 6) = 0 .. (23). 


These are called charactei'isPio points, and the locus of the charac¬ 
teristic pomts IS called the envelope of the family of surfaces. The 
equation of the envelope is obtained by ehmmating a and b from 
the equations (23) 

Each characteristic point is common to the envelope and one 
surface of the family; and we can prove that the envelope toiiohes 
each surface at the characteristic point (or points). The normal to 
a surface of the family at the point (x, y, z) is parallel to the vector 


^ dJF\ 

* dy* dz) 


.(24) 


The equation of the envelope is got by eliminating a and b from 
the equations (23). We may therefore take F(x, y, a, 6)= 0 as 
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21 ] 


the equation of the envelope, provided we regard a, 6 as functions 
of a?, y, z given by 




(25) 


Then the normal to the envelope is parallel to the vector 

^ \ 

Kdoo^dadx dbdx^ dyda dy^ db dy* 

which, in virtue of (25), is the same as the vector (24). Thus the 
envelope has the same normal, and therefore the same tangent 
plane, as a surface of the family at the characteristic point. The 
contact property is thus established. 


Ex. 1 • Show that the envelope of the plane 

^cos^sin<^ f ^sm</>+^oos <^=1, 

where 0 are independent parameters, is the ellipsoid 


Ex. 2. Prove that the envelope of a plane which forms with the co¬ 
ordinate planes a tetrahedron of constant volume" is a surface const 

Ex. 3. The envelope of a plane, the sum of the squares of whose inter¬ 
cepts on the axes is constant, is a surface 

const. 

Ex. 4. The envelope of the plane 

(u - v) (1+wv) cay -I- (1 — uv) ahz — ahc {u -f-v), 
where «, v are paiameters, is the hypei'boloid 


Ex. 6. Prove that the envelope of the surface F(x^ y, <, a, b, c)«0, 
where a, 6, c are parameters connected by the relation f(a, o)«i0, is obtained 
by eliminating a, b, o from the equations 


/= 0 , 


fa fb ft 


. Ex. 0. The envelope of the plane where 

pa =5 + £2 ^2 + 


IS an ellipsoid. 


w. 


4 
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EXAMPLES III 


1. Find the envelope of the planes through the centre of an ellipsoid an( 
cutting it in sections of constant area. 

2. Through a fixed point on a given circle chords are drawn Find th 
envelope of the spheres on these ohords as diameters. 

3. A plane makes intercepts c on the coordinate axes such that 

Prove that its envelope is a comooid with equi-conjugate diameters along tb 
axes. 


4 . A fixed point 0 on the ay-axis is joined to a variable poiut P on th 
ya-plane Find the envelope of the plane through P at right angles to OP. 

5 • Fmd the envelope of the plane 


^ +_ 1 

6+14 0+14 ’ 


where u is the parameter, and determine the edge of regression. 

3. The envelope of a plane, such that the sum of the squares of i 
distances firom n given pomts is constant^ is a conicoid with centre at tl 
centroid of the given points 

A fixed point 0 is joined to a variable point P on a given sphenc 
surface. Fmd the envelope of the plane through P at nght angles to OP. 

8 . A sphere of constant radius a moves with its centre on a given twist- 
curve, Prove that the charaotenatio for any position of the sphere is its gre 
circle by the normal plane to the curve. Show also that, if the radius 
curvature p of the curve is leas than a, the edge of regression consists of 
branches, on which the current point is 

T^pn±Ja^--p^h 

The envelope is called a ccmal surface 


9. Show that the radius of curvature of the edge of regression of t 
rectifying developable (Art. 20) w equal to c®®*®i wh. 

tan^=^, and that the radius of torsion is equal to 
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CHAPTER III 


CURVILINEAR COORDINATES ON A SURFACE, 
FUNDAMENTAL MAGNITUDES 

22. Curvilinear coordinates. We have seen that a surface 
may be regarded as the locus of a point whose position vector r is 
a function of two independent parameters v. The Cartesian 
coordmates ob, y, z of the point are then known functions of w, , 
and the elimination of the two parameters leads to a single rela¬ 
tion between m, y, z which is usually called the eqication of the 
surface. We shall confine our attention to surfaces, or portions of 
surfaces, which present no singularities of any kind 
Any relation between the parameters, say f(u, v) == 0, represents 
a curve on the surface. For r then becomes a function of only one 
independent parameter, so that the locus of the point is a curve 
In particular the curves on the surface, along which one of the 


^2 
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parameters remains constant, are called the parametric mrves 
The surface can be mapped out by a doubly infinite set of para¬ 
metric curves, corresponding to the infinitude of values that can 
be assigned to each of the parameters. The parameters u, v thus 
constitute a system of curvilinea/r coordinates for points on the 
surface, the position of the pomt bemg determined by the values 
of u and v, 

4—2 


4 
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Suppose, for example, that we are dealing with the surface of a 
sphere of radius a, and that three mutually perpendicular diameters 
are chosen as coord mate axes The latitude X of a pomt P on the 
surface may be defined as the mclination of the radius through P 
to the oay plane, and the longitude ^ as the mclination of the plane 
containing P and the -af-axis to the zsc plane. Then the coordinates 
of P are given by 

x = a cos X cos y= Cl cos X sin </>, sin X. 

Thus X and ^ may be taken as parameters for the surface. The 
parametric curves X = const, are the small circles called parallels 
of latitude; the curves const, are the great circles called 
meridians of longitude. As these two systems of curves cut each 
other at right angles, we say the parametric curves are orthogonal. 
As another example consider the osculating developable of a 
twisted curve. The generators of this surface are the tangents to 
the curve. Hence the position vector of a point on the surface is 
given by 

R =r+^4t, 

where u is the distance of the pomt from the curve measured 
along the tangent at the point r. But r, t are functions of the 
arc-length s of the given curve Hence 5 , u may be taken as para¬ 
meters for the osculating developable. The parametric curves 
s = const, are the generators; and the curves = const cut the 
tangents at a constant distance from the given curve. 

If the equation of the surface is given m Mongers form 

the coordmates x, y may be taken as parameters In this case the 
parametric curves are the intersections of the surface with the 
planes a? = const, and y = const 

Ex. 1 • On the surface of revolution 

a?=«wcos<^, y=wsin0, z=f{u\ 

what are the parametric curves const, and what are the curves </)=coiist % 
Ex. 2. On the nght helicoid given by 

x=UGoacl)f 

show that the parametno curves are circular helices and straight Imes, 
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Sx. 3. On the hyperboloid of one sheet 

X+/i- y _1 —X/A z fjL 

Cb l+X/A* b 1+XjLt* C 1+X/A* 

the parametrio our7es are the generators, "What curves are represented by 
X=a/Lt, and by X/i=const ? 

23. First order magnitudes. The suffix 1 will be used to 
indicate partial differentiation with respect to u, and the suffix 2 
partial diflferentiation with respect to v. Thus 

9r 9r 

Ti = ^, Ta = ^ , 

9u dv 

_ 9^r _ 9®r 0®r 

and so on. The vector r^ is tangential to the curve t;=! const at 
the point r, for its direction is that of the displacement dr due to 
a variation du m the first parameter only. We take the positive 
direction along the parametric curve v = const, as that for which u 
increases This is the direction of the vector Ti (Fig 10) Similarly 
r, 18 tangential to the curve u = const in the positive sense, which 
corresponds to mcrease of v. 

Consider two neighbouring points on the surface, with position 
vectors r and r H- dr, corresponding to the parameter values u, v 
and u + du, v + dv respectively Then 

dr = ^du~\-^dv 

du ov 

= r^du + T^dv. 

Since the two points are adjacent points on a curve passing through 
them, the length ds of the element of arc joining them is equal to 
their actual distance | dr | apart. Thus 

dfi® = dr* = (rjdw + rgdi;)* 

= ri*dw* + 2ri*rfldt6di; + rg^dv*. 


If then we write E = v^t jF=ri«ra, ..(1), 

we have the formula 

d^* = Edu^ H- 2Fdudv + ff d-u® .(2), 


The quantities denoted by E, F, 0 are called the fmdamental 
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magnitudes of the first order. They are of the greatest import^^ 
and will occur throughout the remainder of this book. The 
tity EQ — is positive on a real surface when u and v are 
For a/E and are the modules of ri and rg, and, if co den.o'b^ t 
angle between these vectors, F = V EG cos cd, and therefore E& — 
is positive. We shall use the notation 

H^-EG-F^ . .C 3 > 

and let H denote the positive square root of this quantity. 

The length of an element of the parametric curve v = cons'^ 
found from (2) by putting dv — 0. Its value is therefore 
The unit vector tangential to the curve v = const, is thus 


O - 1 


Similarly the length of an element of the curve m = 001131;. 
fOdVj and the unit tangent to this curve is 


. 1 dr ^-1 

The two parametric curves through any point of the surfaoo 
at an angle to such that 

- ri*ra F ^ 

cos C() = a • D = ■ ,—c = 

^EG ^EG 


Therefore* 

/EQ-F* E , 

V EQ Vie 

.C4: 

and 

, H 

tan Q) = -= 

F > 


Also since 



it follows that 

lrxXr,| = J3' . 

.(6 


The parametric curves will cut at right angles at any poir 
jF = 0 at that point, and they will do so at all points if == O < 
the surface. In this case they are said to be orthogonaL T 
jF=0 is the necessa/ry wnd sufficient condition that the para^rrte 
cwrves may form an orthogonal system. 

* See also Note I, p. 263. 
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Z. 1 • For a surface of revolution (of. Ex. 1, Art. 22) 
r= cos V, u am f{u)\ 

Ti =(cos V, sm u, /' (ti)), 
r2=(-wsmi;, lAcoa v, 0); 
j^=ri2=l+/'2, 
i^=ri«ra=0, 

B the parametric curves are orthogonal, and 

cfo®=(1 +/^^) tfw*+ u^di^. 
lx. 22. Calculate the same quantities for the surface in Ex. 2 of the 
edmg Art. 

t4. Directlona on a surfkce. Any direction on the surface 
n a given point (w, v) is determined by the increments du, dv 
the parameters for a small displacement in that direction. 
, ds be the length of the displacement dr corresponding to 
increments du, dv , and let Ss be the length of another dis- 
lement Sr due to increments Su, Sv. Then 
dr = Tidu + Fadt;, 

L Sr = ri8w + raS?; 

3 inclmation yfr of these directions is then given by 
ck&cos^/r = dr»Sr 

= EduSu + F (duBv-\-dvSu) + OdvSv, 

I* dfi8ssini|r = |drx 8 r| 

= I duSt; — dvSu | | Fi x Fg | 

H \duBv ^ dvBu\, 

e two directions are perpendicular if cos ^ = 0, that is if 

. 

is an important particular case, the angle d between the dureo- 
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tion d% dv and that of the curve v = const, may be deduced 
from the above results by puttmg &; = 0 and 8^ = Thus 


cos 




and 




dv 


( 7 ) 


Similarly its inclination ^ to the parametric curve w = const, is 
obtained by putting 8w = 0 and 8s = Vff 8t;. Thus 


cos^ 


and 


H du 


.( 8 ). 


The formula (6) leads immediately to the differential equation 
of the orthogonal trajectones of the family of curves given by 

PSu+ QSv= 0, 

where P, Q are functions of % v. For the given family of curves 
we have 

Q 

SH P’ 


and therefore from (6), if du/dv refers to the orthogonal trajectories, 
it follows that 

(PQ--FP)du + (FQ-GP)dv^O ...(9). 
This is the required differential equation. If, mstead of the differ¬ 
ential equation of the original family of curves, we are given their 
equation m the form 

0(w, v) = o, 

where c is an arbitrary constant, it follows that 

= 0 , 

the suffixes as usual denoting partial derivatives with respect to u 
and V, The differential equation of the orthogonal trajectories is 
then obtained from the preceding result by puttmg P = <f>i and 
Q = <f>a 3 which gives 

(P<f >2 — ^ + {Fcf )2 — G<j>i) dv = 0 .(10). 

An equation of the form 

Pdu* + Qdudv + Rdv^ = 0 


r 
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etermines two directions on the surface, for it is a quadratic in 
ufdv. Let the roots of the quadratic be denoted by dujdv and 
im/Sv, Then 

dv"^ Sv'^ P' 

' dll Su _B 

dv^^P' 

•n substituting these values m (6) we see that the two directions 
ill be at right angles if 

ER-FQ + GP = 0 .(11). 

Ez. 1.. If IS the angle between the two directions given by 
Fdu^ + Qdudv+jRdv^=0^ 

4.U 4. 4 1 jB's/Q^-4.PR 

LOW that 

Ex. £2. If the pai’ametric curves are orthogonal, show that the differential 
[nation of hnes on the surface cutting the curves 14=const, at a constant 
igle jS is 

du. ^ . /Q 

Ex. 3« Prove that the differential equations of the curves which bisect 
le angles between the parametric curves are 

•J~Bdu’-'JOdv=0 and sTSdu-^-'JOd/o^O. 

25, The normal. The normal to the surface at any point is 
Brpendicular to every tangent line through that point, and is 

n 



Fig. 12* 
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therefore perpendicular to each of the vectors and Tj. Hence it 
IS parallel to the vector ti x Fa; and we take the direction of this 
vector as the positive direction of the normal. The unit vector n 
parallel to the normal is therefore 

Fi X Fa _ Fi X Fa 

“"“iFiXFar S 
This may be called the unit normal to the surface. Smce it is 
perpendicular to each of the vecbors Fi and Fa we have 


n.ri = 0. n.ra=0 .(13). 

The scalar triple product of these three vectors has the value 

[n, Fi, Fa] = n• Fi X Fa = jffn® = H .(14). 

For the cross products of n with Fi and Fg we have 


Fa X n = i Fi X (Fi X Fg) = 1 ( - ^^Fg), 

and similarly 

Fa X n = *^Fa X (Fj X Fg) = ~ (GFi-J^F g). 


26. Second OFdeF magnitudes. The second denvatives of r 
with respect to u and v are denoted by 

__ 8»f g^F _ g»r 

*’“*91401)’ *'““9j)>' 

The fundameTvtal magnitudes of the second order are the resolved 
parts of these vectors in the direction of the normal to the surface. 
They will be denoted by L, M, N. Thus 

Z = n«ru, lf=n»ria, ^ = n«r22. 

It will be convenient to have a symbol for the quantity LN" — M\ 
We therefore write 

T^ = LN^M\ 

though this quantity is not necessarily positive. 

We may express i, M, N in terms of scalar tnple products of 
vectors. For 

[ri, Fa, Fn] = Fj X FjTu = ffn.Fn = Hi. 

Similarly [Fi, Fg, fJ = f^ x FgTig == Hn.Fjg = EM, 
and [Fi, Fg, Fgg] = Fi X Fa-Faa = Hn*r^- HE. 
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It will be shown later that the second order magnitudes are 
intimately connected with the curvature of the surface. We may 
here observe in passmg that they occur in the expression for the 
length of the perpendicular to the tangent plane from a point on 
the surface m the neighbourhood of the point of contact Let r be 
the point of contact, P, with parameter values v, and n the unit 
normal there The position vector of a neighbouring point Q 
(u + duy V + dv) on the surface has the value 

r + (Tidu, + r^dv) + J (r^du^ + ^v^^dudv + r^s^dv^) + .... 

The length of the perpendicular from Q on the tangent plane at 
P is the projection of the vector PQ on the normal at P, and is 
therefore equal to 

n«(ridw + radu) + in*(rud2A*+ 2Ty2dudv-\‘r^dv^) +.... 

In this expression the terms of the first order vanish smce n is at 
right angles to Vi and Hence the length of the perpendicular 
as far as terms of the second order is 

J (Ldu* + 2Mdudv + Nd^), 


Bz. 1. Calculate the fundamental magmtudes for the right heliooid given 
by 


^=>1£COS^, 8 = C(j>, 

With w, as parameters we have 

r«(woos0, «sin</), c(j>)y 
ri=(coa(^, sm<^, 0), 
Ti=(-usm<f}, It cos (ftj o). 


Therefore 


^=ri2=l, F=Ti*Ti=0, 6^=ra*=i^®4■c2, 

Since P=0 the parametric curves are oithogonal. The umt normal to the 
surface is 

n ■» — c cos 0, u)IH. 

Further ru=(0, 0, 0), 

rifl«(- sin0, oos<#>, 0), 
r 22 “(-«oos <^, -M sin 0,0), 
so that the second order magnitudes are 


i=0, M=-^, iV=0. 



gQ CURVILINEAR COORDINATES ON A SURFACE [ill 

Ex. 2. On the surface given by 

a7'=a(tz4‘®), y—h{u^v\ z^uv^ 
the parametno curves are straight lines Further 

ri=(a, 6,1?), 
ra=(a, -6, w), 

and therefore 

G'=a®+6®+tt®j 

(t4+v)a 

The unit normal IS n= (frw + ftv, av-au, -2ab)IE, 

Again 1*11=(0> 0)» 

ria=(0, 0, 1), 
ra2«*(0, Oj 0), 

and therefore Z*=0, —2ablE^ ir=0, 

T^=LN-M^c= ^4.aWlH^ 


27- Derivatives of n. Moreover, by means of the fanda- 
meotal magnitudes we may express the derivatives of n m terms 
of Tj and Tg. Such an expression is clearly possible. For, smce n 
IS a vector of constant length, its first derivatives are perpendicular 
to n and therefore tangential to the surface They are thus 
parallel to the plane of and ig, and may be expressed m terms 
of these 

We may proceed as follows. Differentiating the relation n«ri=0 
with respect to w we obtain 

ni*ri+ n.ra = 0, 

and therefore Hi • Tj = — n • Fu = — i. \ 

In the same manner we find 


ni*rj = —n*ri2 = —Jf 


. (15). 


nj.ra = -ii.rja = -J\/’ j 

Now since Dj is perpendicular to n and therefore tangential to the 
surface we may write 

ni = arj + br^, 

where a and 5 are to be determined. Forming the scalar products 
of each side with and Tj successively we have 


— L =■ q,E + hF^ 
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On solving these equations for a and 6, and substituting the values 
so obtained in the formula for ni, we find 

H^iXi = (FM — OL) Ti + {FL - EAI) . (16) 

Similarly it may be shown that 

= (Fir - GM) + (FM - FN) r, .. ( 1 6'). 

If Tg and Ti be eliminated in succession from these two equations 
we obtain expressions for Fi and r,, in terms of iij and n^. The 
reader will easily verify that 

= (FM - FN) + (EM - FL) n,\ 

T^r^ = (GM-FF)n, + (FM^OL)n^\ * * 

These relations could also be proved independently by the same 
method as that employed in establishing (16) 

From the equations (16) and (16') it lollows immediately that 
xn,= [(FM - GL)(FM-Fir)-(FL - EM)(Fir^GM)] r, x r* 

so that Hui X Ha = . (18) 

Thus the scalar tnple product 

ya ya 

[n, Hi, na] = ^n«n=^. 

And as a further exercise the reader may easily verify the follow¬ 
ing relations which will be used later: 

H [n, EM-FL' 

jy [n, n,, ta] = FM — OL 

Hin,n^,T^ = EN-FM' . 

^■[n, na,ra] = J’iV-(?d/, 

(Of. Ex. 13 at the end of this chapter.) 


28. Curvature of normal section. It has already been 
remarked that the quantities i, M, N are connected with the 
curvature properties of the surface. Consider a normal section of 
the surface at a given point, that is to say, the section by a plane 
containing the normal at that point. Such a section is a plane 
curve whose pnncipal normal is parallel to the normal to the 
surface. We adopt the convention that the principal normal to the 
curve has also the same sense as the unit normal n to the surface 






62 OURVILmEAR COORDINATES ON A SURFACE [lH 

Then the curvature tc^ of the section is positive when the curve la 
concave on the aide toward which n is directed. Let dashes denote 
differentiation with respect to the arc-length 8 of the curve. Then 

t" = A:„n, 

and therefore ATn = n • r'' .(20). 

But = Tiu' 

and r" = Viu" -1- 4* u'^ + -h Fasv'®. 

Consequently, on substituting this value in (20), remembering 
that n IS perpendicular to and we obtain 

Kn = Lu^ + 2JfuV-f-.(21). 

This formula may also be expressed 

__ Ldu^ H- 2Mdudv + Kdv^ 

Edu^ + 2Fdudv + Od^ ‘ 

It gives the curvature of the normal section parallel to the direc¬ 
tion dujdv. We may call this briefly the normal curvature in that 
direction. Its reciprocal may be called the radius of normal 
curvature. 

Suppose next that the section considered is not a normal section. 
Then the principal normal to the curve is not parallel to n. It is 
parallel to t", and the unit principal normal is r7/c, where « is the 
curvature of the section. Let d be the mclination of the plane of 
the section to the normal plane which touches the curve at the 
point considered. Then 6 is the angle between n and the principal 
normal to the curve Hence 

cos 6 = n«r'7« 

=i(iu'» + 2JlfW + W‘). 

Now u' has the sam^ value for both sections at the given pomt, 
smce the two curves touch at that point Similarly i/ is the same 
for both. Hence the last equation may be written 

CO3 0 = Kn/tc 

or Kn=KQOsd .(22) 

This IS Meunier*8 theorem connecting the normal curvature in any 
direction with the curvature of any other section through the same 
tangent line. 
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28] EXAMPLES 

EiK. 1. N vanish at all points the surface is a plane. 

Ex. 2. A real surface for which the equations 

E F G 

hold is either sphencal or plane. 

Ex. 3. The centre of curvature at any point of a curve drawn on a 
surface is the projection upon its osculating plane of the centre of curvature 
of the normal section of the surface which touches the curve at the given 
point. 

EXAMPLES IT 

1. Talang y as parameters, calculate the fundamental magnitudes and 
the normal to the surface 

22;=+2 Ary+ 

2. For the surface of revolution 

jr=tACos<^, e—f{u), 

with Uf<liB& parameters, show that 

E^l-\-f^ F=^0, Q^u\ ^2=w«(l +/'*), 
n=M(-/'cos0, -f'sin(j>f 1)/Zr, 




if-0, 


u^f 


^2, 




3. Calculate the fundamental magmtudes and the unit normal for the 
conoid 

^=wcos0, z^f((}>)f 

with «, as parameters. 

4- On the surface generated hy the bmormals of a twisted curve, the 
position vector of the current point may be expressed r+wb where r and b 
are functions of s Taking w,« as parameters, show that 

E==l, F-^0, E^=1 +t^u\ 

n=(n+-rtAt)/jff, 

where 11 is the pnncipal normal to the curve; also that 

X=»0, —rjE^ F=i{K + Ki^u^—_yu)jE, 

6. When the equation of the surface is given m Mongers form y), 

the coordinates a?, y may be taken as parameters If, as usual, q are the 
derivatives of z of the first order, and r, a, t those of the second order, show 
that 

^=al+p2, F=pq, B^=\+p^+q\ 

n=(-p, -q, \)IE, 




N: 


t 




Deduce that is zero for a developable surfaoa 
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6. Fmd the tangent of the angle between the two directions on the surface 
determined by the quadratic 

PdAb^ + Qdudv^-Rdv^^Q 

Let dujdv and bu/dv he the roots of this quadratic in dujdv. Then, by the 
first two results of Art, 24, 

du ^bv,\ 

t 

^ '^"cos “ ~du Bu „ fdu 

W P ffsf^^4PR 
"" m_FQ ""ER-FQ^-OP* 

P P'^^ 

7 ■ By means of the formulae of Ari 27 show that 
T^nixn^H {fai - ena), 

T^n^xn^B (gni 

where ^FLM^QL\ 

E^f^ EMN-F{LN^IP)^ OLM, 

E^g^EN^-SLFMNJf OM^ 

8* From a given point i* on a surface a length PQ is laid off along the 
□oimal equal to twice the radius of normal curvature for a given direction 
through P, and a sphere is described on PQ as diameter. Any curve is drawn 
on the surface, passing through P m the given direction Prove that its circle 
of curvature at P is the circle m which its osculating plane at P outs the 
sphere 

9- Show that the cuiwes du^^ form an orthogonal system 

on the helicoid of Ex. 1, Art. 26 

10. On the surface generated by the tangents to a twisted curve, find the 
differential equation of the curves which cut the generators at a constant 
angle /3 

1 1, Fmd the equations of the surface of revolution for which 
d^ = du^ +(a® - u^) d/^ 

112. Show that the curvature k at any point P of the curve of mtersection 
of two fliufaces is given by 

sin® ^=jci® - 2 ki k 2 d, 

where ki, are the normal curvatures of the surfaces m the direction of the 
curve at P, and 6 is the angle between their normals at that pomt. 

13- Prove the formulae (19) of Art. 27. 

From (17) of that Art. it follows that 

T®ni X Fi = (Pif- FL) Hi X Hi, 



28 ] 

and therefore 
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Hi X Ti={EM—FL) n • ni X 11 ] 

^{EM-FL) T^IH. 

Thus H [n, ni, r^] = EM- FL, 

and similarly for the others. 

14. Prove the formulae 

jETn X 111=ifri - Zra 1 

Mu X n]=A^ri - Mr2} ' 

On differentiating the formula jEii^riXT] with respect to u we have 
M^n +^ni-ri x r-n+ru x 
Form the cross product of each side with n Then 

X ni=n^rsiFi - n« rurj 
=ifri-Zrj, 

and similarly for the other. 

By substitutmg m these the values of Fi and Fa given in (17) we could 
deduce the formulae of Ex. 7 


15. Hellcolds. A Iiehcoid is the surface generated by a curve which 
IS simultaneously rotated about a fixed axis and translated m the direction of 
the with a velocity proportional to the angular velocity of mtation. The 
plane sections through the axis are called mendtans. No generality is lost by 
assummg the curve to be plane, and the surface can be generated by the 
hehcoidal motion of a meridian. 

Take the axis of rotation as ^-axis. Let u be the pei'pendioular distance of 
a pomt from the axis, and v the mdination of the meridian plane through the 
point to the eay-plane. Then, if the meridian 2;=0 is given by «=/(w), the 
coordmates of a current pomt on the surface are 

aj—u cos Vf y=^uAmv, z=^f(u)+ov^ 

where 0 is constant, and ^iro is called the pitch of the hehcoidal motion From 
these it follows that 


^=1+/A F^ofu 

The parametnc curves are orthogonal only when 0 is zero or f(u) constant. 
The former case is that of a surface of revolution. The latter is the case of a 
ngkt helicoid which is generated by the hehcoidal motion of a straight hne 
cutting the axis at right angles (Art. 26, Ex. 1). The imit normal to the 
general hehcoid is 


n 



sinv-tt/iOOBv, — 000s V—sin V, u\ 


and the second order magnitudes are 



The parametnc curves const, are obviously hehces. 

16. Find the curvature of a normal section of a helicoid. 

17, The locus of the mid-pomts of the chords of a oircular helix is a right 
hehcoid. 


w. 


5 



CHAPTER IV 
CURVES ON A SURFACE 
Lines oe Cuevatuee 

29. Principal directions. The normals at consecutive points 
of a surface do not in general intersect; but at any point P there 
are two directions on the surface, at right angles to each other, such 
that the normal at a consecutive point in either of these directions 
meets the normal at P. These are called the principal directions 
at P. To prove this property, let r be the position vector of P and 
n the unit normal there. Let r+ dr be a consecutive point in the 
direction d% dv, and n+dn the unit normal at this point. The 
normals will intersect if n, n + dn and dr are coplanar, that is to 
say, if n, dn, dr are coplanar. This will be so if their scalar triple 
product vanishes, so that 

[n, dn, dr] = 0 .(1). 

This condition may be expanded in terms of du, dv. For 
dn = jiidu -f- n^dv, 
dr = r^du + r^dv, 

and the substitution of these values in (1) gives 

rj du^ + {[n, ni, rj + [n, Ha, rj} dudv 4- [n, na, r^] dxi^ =» 0, 
which, by (19) of Art 27, is equivalent to 

(EM « FL)du^ + QL)dudv ^{FN-QM)di^^Q .. .(2). 

This equation gives two values of the ratio du : dt), and therefore 
two directions on the surface for which the required property holds. 
And these two directions are at right angles, for they satisfy the 
condition of orthogonality (11) of ixt 24. 

It follows j&om the above that, for displacement in a principal 
direction, dn is parallel to dr. For dr is perpendicular to n, and 
dn is also perpendicular to n since n is a umt vector. But these 
three vectors are coplanar, and therefore dn is parallel to dr. Thus, 
for a principal direction, n' is parallel to r', the dash denotmg arc- 
rate of change. 
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29] 


A curve drawn on the surface, and possessing the property that 
the normals to the surface at consecutive points intersect, is called 
a hue of curvature. It follows from the above that the direction of 
a line of curvature at any point is a principal direction at that point. 
Through each point on the surface pass two lines of curvature 
cutting each other at right angles, and on the surface there are 
two systems of hnes of curvature whose differential equation is (2), 
The point of intersection of consecutive normals along a hne of 
curvature at P is called a centre of curvatv/re of the surface, and 
its distance from P, measured in the direction of the unit normal 
n, is called a {principal) radius of curvature of the surface. The 
reciprocal of a principal radius of curvature is called a principal 
curvature. Thus at each point of the surface there are two principal 
curvatures, Ka and and these aie the normal curvatures of the 
surface in the directions of the lines of curvature. They must not 
be confused with the curvatures of the Imes of curvature. For the 
principal normal of a line of curvature is not m general the normal 
to the surface. In other words, the osoulatmg plane of a line of 
curvature does not, as a rule, give a normal section of the surface, 
but the curvature of a Ime of curvature is connected with the 
corresponding principal curvature as in Meunier's Theorem. 

The principal radii of curvature will be denoted by a, /S. Ae these 
are the reciprocals of the prmcipal curvatures, we have 

atCfj^ 1, ^ I* 

Those portions of the surface on which the two principal curvatures 
have the same sign are said to be synclastio. The surface of a sphere 
or of an ellipsoid is synclastic at all points. On the other hand if 
the prmcipal curvatures have opposite signs on any part of the 
sur&ce, this part is said to be anticlastic. The surface of a 
hyperbolic paraboloid is anticlastic at all pomts. 

At any point of a surface there are two centres of curvature, one 
for each principal direction. Both he on the normal to the surface, 
for they are the centres of curvature of normal sections tangential 
to the lines of curvature. The locus of the centres of curvature is 
a surface called the surface of centres, or the centro-surfaoe. It 
consists of two branches, one corresponding to each system of hnes 
of curvature. The properties of the centro-surface will be examined 
in a later chapter. 


5—2 
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Ez. Joachlmsthal^fl Theorem- If th& cv/rve of interaeotion of tm 
awrfacea m a line of curvature on hoth^ the surjacee ciU at a oonatant angle, 
Conversdy^ %f two surfaces cut at a constaTU angle^ arid the Hurve of intersection 
is a line of cwrvdture on one of tkern^ it is a line of cv/rvature on the other also. 

Let t be the umt tangent to the curve of intersection, and n, 5 the unit 
normals at the same point to the two surfaces. Then t is perpendicular to n 
and n, and therefore parallel to n^n Further, if the curve is a line of 
curvature on both surfaces, t is parallel to n' and H', the dash as usual 
denoting arc-rate of change. Let 6 be the mchnation of the two normals. 
Then cos and 

cos^=ii'»n+n«S'. 

da 

Fut each of these terms vanishes because n' and S' are both parallel to t 
Thus cos 6 is constant, and the surfaces cut at a constant angle. 

Similarly if ^ is constant, and the curve is a Ime of curvature on the first 
surface, all the terms of the above equation disappear except the last. Hence 
this must vanish also, showing that is perpendicular to n. But it is olsc 
perpendicular to H, because H is a umt vector Thus ff is parallel to nxB 
and therefore also to t. The curve of mtersection is thus a hne of curvaturt 
on the second surface also 

30. First and second curvatures. To determine the prin 
cipal curvatures at any point we may proceed as follows. Let r be 
the position vector of the point, n the umt normal and p a pnncipa 
radius of curvature. Then the corresponding centre of curvature i 
IS r + pn. For an infinitesimal displacement of the point along tht 
line of curvature we have therefore 

da = (dr + pdn) + ndp. 

The vector in brackets is tangential to the surface; and consequent!j 


since da has the direction of n (cf. Art. 74), 

0 = dr + pdn . (3), 

or, if AC is the corresponding principal curvature, 

0 = icdv + dn .(3'). 


This is the vector equivalent of Rodrigues* formula. It is of ver 
great importance Insert mg the values of the differentials m terre 
of du and d'O we may write it 

(acTj 111) du + (/era + Th)dv= 0 . 

Forming the scalar products of this with Tj and Tg successively w 
have, by (16) of Art. 27, 

{/cE —i) dw + {kF — M) di; = 0] 

{fcF-M)du + (KG^N)dv=^o\ . 
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30] 

These two equations determine the principal curvatures and the 
directions of the Imes of curvature. On eliminating dujdv we have 
for the principal curvatures 

{fcE-L){icO^N) = My, 

or E^k^-(EN-2FM + QL)k+T^=0 .(5), 

a quadratic, giving two values of « as required. 

The first curvature of the surface at any point may be defined 
as the sum of the principal curvatures*. We will denote it by J. 
Thus 

«a + «&• 

Being the sum of the roots of the quadratic (5) it is given by 

J^^^{EN-2FM+GL) .( 6 ) 

The second cmvcdure, or specific curvature, of the surface at any 
point is the product of the principal curvatures. It is also called 
the Gauss aurvature, and is denoted by K. It is equal to the 
product of the roots of (5), so that 

rpk 

E=KaKh = Jgi . (I). 

When the principal curvatures have been determined firom (5), 
the directions of the Imes of curvature are given by either of the 
equations (4). Thus corresponding to the principal curvature Xa 
the principal direction is given by 

du _ /KaE —^ ffCaG- — E\ 

dv~~\KaE-Lj Vj-'-MJ' 

and similarly for the other principal direction. 

The directions of the lines of curvature may, of course, be found 
mdependently by elinunatmg tc from the equations (4). This leads 
to 

{EM - FL) du^ + {EN - QL) dudv 4- {FN - OM) = 0.. .(8), 

the same equation as (2) found by a different method It may be 
remarked that this is also the equation giving the directions of 

* Some writers caU J the mean ourvatnre and K the total oaiTature. On thia 
question see remarks m the Preface and also on p. 264, Note H. 
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maximum and minimum normal curvature at the point. For, the 
value'of the normal curvature, being 

_ + 2M dudv+N d^ 

" ~Edv^ + IFdudv + 0 .^ 

as found in Art. 28, is a function of the ratio du : dv\ and if its 
derivative with respect to this ratio la equated to zero, we obtain 
the same equation (8) as before. Thus the pmndpal directions at a 
point are the directions of greatest and least normal curvature. 

The equation (8), however, fails to determine these directions 
when the coefficients vanish identically, that is to say when 

E:FiO^L^M:N .( 10 ). 

In this case the normal curvature, as determined by (9), is 
mdependent of the ratio du . dv, and therefore has the same value 
for all directions through the point. Such a pomt is called an 
UTnhilic on the surface 

If the amplitude of normal curvature, A, and the mean normal 
curvature, B, are defined by 


i 4 (^& d* .(II)» 

it follows that 

/Ca — B—A, Kj,^B + A .( 12 ). 


Hence the second curvature may be expressed 

K = B^-A\ 

We may also mention in passing that, when the first curvature 
vanishes at all points, the surface is called a minimal surface. 
The properties of such surfaces will be examined in a later 
chapter. 

Ex. 1. Find the prmoipal curvatures and the hnes of curvature on the 
right helicoid 

y=w8m<^, e^c(p. 

The fondamental magnitudes for this surface were found in Ex. 1, Art. 26. 
Their values are 

-^“1, F=0, 

z= 0 . iyr=o, 

The formula (6) for the principal curvatureB then.becomea 

(c»-ca=0, 


whence 







EXAMPLES 


30] 


71 


The first curvature is therefore zero, so that the surface is a minimal surface. 
The second curvature is 

'(t4a + o2)2- 

The difierential equation ( 2 ) for the hnea of curvature becomes 
— odu^ +(w®+ <P) od<^^ =10, 




that is 


d6^± , -- 


EjS;. 2. Find the prmcipal directions and the principal curvatures on the 
surface 

co=a{u+v), y=l){u — v\ z—%v. 

It was shown in Ex. 2 , Art 26, that 

5® =s 4a® 6® 4* (w—'u)®+ {u-\-v)\ 

and also X=0, N^O, r*= 

The differential equation ( 2 ) for the Imes of curvature therefore gives 
(a®+ 6 ®+ 1 ;®) du^ — (a®+ 6 ®+u®) = 0 , 

du ^ ^ dv 

“ Va»+6®+«?'”*Va“+6»+»®‘ 

The equation ( 6 ) for the principal curvatures becomes 

4a&-ff (a® — 6 ®+^a 2 ;) k —4a®6®=0, 

4a® 6 ® 

so that the specific curvature is 
and the first curvature is 

J «= 4a6 (a® “ 6 ®+i 4 v)/ 5 ’®. 


Ex. 3. Find the principal curvatures eta on the surface generated hj the 
binormals of a twisted curve. 

The position vector of the current pomt on the surface may be expressed 

R=r+ttb, 

where r and b are functions of the arc-length «. Taking ^ ^ as parameters, 
and using dashes as usual to denote ^-derivatives of quantities belongmg to 
the curve, we have 

where S is the umt principal normal to the curva Hence 

6 ^= 1 +t 2 w®, fi'®=l+r 2 tt*, 

and the unit normal to the surface is 

RixRa H+TMt 
M 

Rii=0, Ris= — tH, 

Rjj =3 (k - tir') H+Kt (Kt - rb), 


Further 
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and therefore 

iV=(K+icr*«*- r»= . 

The equation (6) for the principal radii of curvature then becomes 

The Gauss curvature is therefore 

jr=- ^ 

^ (1+T»1t*)»’ 

and the first curvature 

j <c+/icr®W*“T'i4 

For points on the given curve, «—0. At such pomts the Gauss curvature is 
-r®, and the first curvature is k. 

The differential equation of the Imes of curvature reduces to 

Tdu^’-{K'^-KT^U^^T^U) dud8’^(l+T^u^)Td^=iO, 

31. Eiulei^s theorem. It is sometimes convenient to refer 
the surface to its lines of curvature as parametric curves. If this 
is done the differential equation (2) for the lines of curvature 
becomes identical with the differential equation of the parametric 
curves, that is 

dudv =5 0. 

Hence ‘we must have 

EM^FL^O, FF-GM=0, 
and EN^ — GL 4 0. 

From the first two relations it follows that 

(EN-GL)M=0l 

{EN^GL)F^Q]^ 

and therefore, since the coefficient of F and M does not vanish, 
i^=0, Jkf = 0 .(13). 

These are the necessary and sufficient conditions that the parametHo 
curves be lines of curvature. The condition ^ = 0 is that of ortho¬ 
gonality satisfied by all lines of curvature. The significance of the 
condition M=0 will appear shortly (Art. 36). 

We may now prove Euler's theorem, expressing the normal 
curvature in any direction in terms of the principal curvatures at 
the point. Let the lines of curvature be taken as parametric curves, 




EtJLER’S THEOREM 73 

hat jP = Jf = 0. The pnncipal curvature at®, being the normal 
ature for the direction dv = 0, is by (9) 

tCfi = LJE, 

similarly the principal curvature for the direction dw = 0 is 

sider a normal section of the surface in the direction du, dv, 
mg an angle yjr with the principal direction dv = 0. Then by 
)f Art. 24 and Note I, since JP= 0, we have 

coayfr=^E-^, 
sin = 

curvature Kn of this normal section is by (9) 

L N 

= ^,COS>i|r + -gSin»l/r, 

lat cos® -^ + ATft sin“ .. ..(14). 

j is Euler's theorem on normal curvature. An immediate and 
ortant consequence is the theorem, associated with the name 
)upin, that the sum of the normal curvojtures in two directions 
%ght angles is constant, and equal to the sum of the principal 
atures. 

Then the surface is anticlastic m the neighbourhood of the point 
lidered, the principal curvatures have opposite signs, and the 
nal curvature therefore vanishes for the directions given by 

tan yfr=± J— sia/fct 

-yi. 

re a, ^ are the pnncipal radii of curvature. But where the 
ace is synclastic, the curvature of any normal section has the 
e sign as the pnncipal curvatures, that is to say, all normal 
ions are concave in the same direction. The surface in the 
fhbourhood of the point then lies entirely on one side of the 
rent plane at the point. The same result may also be deduced 
a the expression 

J {Ldu^ + 2Mdudv + N dt/*), 
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found in Art. 26 for the length p of the perpendicular on the 
tangent plane from a point near the point of contact. For if K is 
positive, is positive by (7), and therefore the above 

expression for jp never changes sign with variation of dujdv, 

EjX. If B is the mean normal curvature and A the amphtude, deduce 
from Euler’s theorem that 

A cos 2^, 

KJ — 2-4 COS® 

32. Dupln’s Indicatrix. Consider the section of the surface 
by a plane parallel and indefinitely close to the tangent plane at 
the point P. Suppose first that the surface is synclastic in the 
neighbourhood of P. Then near P it lies entirely on one side of 
the tangent plane. Let the plane be taken on this (concave) side 
of the surface, parallel to the tangent plane at P, and at an 



r r 


P 


--C 

Fig. 18 

infinitesimal distance from it, whose measure is A in the direction 
of the umt normal n. Thus h has the same sign as the prmcipal 
radii of curvature, a and /3, Consider also any normal plane QPQf 
through P, cuttmg the former plane in QQ', Then if p is the radius 
of curvature of this normal section, and 2r the length of QQ', we 
have 

7^ = 2hp 

to the first order. If is the mclmation of this normal section to 
the prmcipal direction dv = 0, Euler’s theorem gives 

1^.1 , , 1 2h 

-COS^-vlr+ -5 8m“i^ = -= 
a ^ ^ p r® 
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32 , 33 ] 


dupin’s indioatbix 


If then we wnte | = r cos and 17 = r sin i/r we have 

a /9 


Thus the section of the surface by the plane parallel to the tan¬ 
gent plane at P, and indefinitely close to it, is similar and similarly 
situated to the ellipse 



( 15 ), 


whose axes are tangents to the hues of curvature at P This 
ellipse is called the indicatria at the point P, and P is said to be 
an elliptic point It is sometimes described as a point of positive 
curvature, because the second curvature K is positive. 

Next suppose that the Gauss curvature K is negative at P, so 
that the surface is anticlastic m the neighbourhood. The principal 
radii, a and have opposite signs, and the surface lies partly on 
one side and partly on the other side of the tangent plane at P. 
Two planes parallel to this tangent plane, one on either side, and 
equidistant j5:om it, cut the surface in the conjugate hyperbolas 




= ±2Aw 


These are similar and similarly situated to the conjugate hyper¬ 
bolas 






(16\ 


which constitute the mdicatnx at P. The point P is then called 
a hyperbolic point, or a point of negative curvature. The normal 
curvature is zero m the directions of the asymptotes. 

When K is zero at the point P it is called a pa/rabolic pomt. 
One of the prmcipal curvatures is zero, and the indicatnx is a 
pair of parallel straight hues. 


33. The surface z=^f{cD, y). It frequently happens that the 
equation of the surface is given in Mongers form 

Let a, y be taken as parameters and, with the usual notation for 
partial derivatives of let 

^ = ^1 = 2; 
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COS CO == 


Then, if r is the position vector of a current point on the surface 

ri = (l, 0, p), 

Ta = (0,1, g), 

and therefore 

The inclination co of the parametric curves is given by 

pq 

V(l + p«)(l + g>)‘ 

The unit normal to the surface is 

Ti X Fg , ^ N / rr 

n = -g—= (-p. -g, 

Further = (0, 0, r), 

Fia = (Oj 0, 5 ), 

Tgg = ( 0 , 0 , ^), 

so that the second order magnitudes are 

_ rt — ^ 

The specific curvature is therefore 

ri — s® 




'-L N- 1 - 

~JE[' H’ 


ya 


and the first curvature is 


(1 + ?“) - 2iJgs +1 (1 +2J»)}. 

The equation (5) for the pimcipal curvatures becomes 

— S {r (1 + g®) — 2pqs + i (1 +p^)] « + (ri — 5 ?) = 0, 
and the differential equation of the Imes of curvature is 
{s (14-p®) -rpg} da;® + {^ (1+ p®) - r (1 + g^)} dxdy 

+ {tpq -s (1 + g®)} dj/® = 0. 

Since for a developable surface — s® is identically zero (Art. 17), 
it follows from the above value of K that the second curvature 
vanishes at all points of a developable surface; and conversely, if 
ike spedfic curvature is identically zero, the surface is a developable, 

EiX. 1. Pind the equation for the principal curvaturea, and the differen¬ 
tial equation of the hnea of curvature, for the surfaces 

( 1 ) (u) (m) «=ctan“i^. 
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Sx. 2 ■ The indioatnx at every point of the helicoid 

0=0 tan“^^ 

X 

is a i^tongular hyperbola. 

EjX. 3. The mdicatrix at a point of the surface «=/(^, y) is a rectangular 
hyperbola if 

(1 + p®) ^ - ^pqs +(1 + q^) r=0. 

EjX. 4. At a point of intersection of the paraboloid xy=^cz with the 
hyperboloid the principal radn of the paraboloid are 

z^{l±s/2)lc, 

34. Sur&ce of revolution. A surface of revolution may be 
generated by the rotation of a plane curve about an axis in its 
plane. If this is taken as the axis of z, and u denotes perpendicular 
distance from it, the coordinates of a pomt on the surface may be 
expressed 

fl? = i4CO8 0, y = usm(f}, z—f{u), 
the longitude ^ being the inclination of the axial plane through 
the given point to the -s^^r-plane. The parametric curves v = con¬ 
stant are the “ meridian lines/' or intersections of the surface by 
the axial planes; the curves u = constant are the “ parallels,” or 
intersections of the surface by planes perpendicular to the axis 

With lA, as parameters, and r the position vector of a current 
point on the surface, we have 

Ti = (cos <^, Bin <l>, /i), 
ra = (—i^sin (^, ucQS(j)j 0). 

The first order magnitudes are therefore 

A; = 1+/i*, F=0, G = u\ = 

Since F = 0 it follows that the parallels cut the meridians ortho¬ 
gonally. The unit normal to the surface is 

n = (-/iWcos<^, —/iwsm<^, u)/H, 

Further ru = (0, 0,/u), 

ri 2 = (-sm(^, cos^, 0), 
r 22 = (— w cos <^, — -w sm 0, 0), 
so that the second order magnitudes are 

Since F and M both vamsh identically, the parametric curves cure 
the lines of cui'vatwre. 


/ 
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The equation for the principal curvatures reduces to 

u{l+ /c* - Vl +f} {ufu +/i (1 +/i”)} a; H-/,/n = 0, 

the roots of -which ore 



The first of these is the curvature of the generating curve. The 
second is the reciprocal of the length of the normal intercepted 
between the curve and the axis of rotation. The Gauss curvature 
IS given by 

u 

and the first curvature by 

"EXm 1 - If the aurfaoe of revolution is a minimal surface, 

Hence show that the only real mimmal surface of revolution is that formed 
by the revolution of a catenary about its directrix 

EiZ. £2. On the surface formed by the revolution of a parabola about its 
directrix, one principal curvature is double the other. 



EXAMPLES V 

1 . The moment about the ongm of the unit normal n at a point r of the 
surface is m»rxn. Prove that the differential equation of the Imes of 
curvature is 

£^m«cZn=0. 

2 , Find equations for the prmcipal radu, the lines of curvature, and the 
first and second curvatures of the following surfaces; 

(i) the conoid a=ucoB6, y=wsind, 

(ii) the catenoid 

x^ucoaB, B^olog^u+iJu^-c^; 

(m) the cylmdroid »(4f®H-y®)e»2?7i.ry; 
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(iv) the surfaoa 2:8! = + %lixy +; 

(v) the surface 

^«=3u(l+v2)-tz?, y = 3?;(l + u2)-'y8, «=3(w*-'*;2); 

(vi) the surface 

x_l+jiv y _u-v z_l~uv 
a u+v ^ 5“w+v’ 0 ” u+v * 

(vu) the surface xyz^a^, 

3. The lines of curvature of the paraboloid he on the surfaces 

sinh“^” ±sinh“^^=const. 
a a 

4. Show that the surface 


4a®£;2 = (:c® — 2a®) (y®—2a®) 
has a line of umbilios lying on the sphere 

x^’^y^-\-z^=Aa\ 

6. On the surface generated by the tangents to a twisted curve the current 
point IS R»r Taking 0 as parameters, prove that 

n=b, 

L = 0, ifsaO, N=UKT^ J’® = 0, 

jr=o, j"™—, Ko=o, k6“—. 

The lines of curvature are 

5«=iconst., w4-«=const. 

6, Examine, as m Ex. 6, the curvature of the surface generated by the 
principal normals of a twisted curve 

7. Examine the curvature of the surface generated by the radn of spherical 
curvature of a twisted curve. 

8i Show that the equation of the mdicatnx, referred to the tangents to the 
parametric curves os (obhque) axes, is 

9, Calculate the first and second curvatures of the hehooid [Examples 
XV, (15)] 

x=uooav, y=i4sinv, z=f(u)-\-cv, 
and show that the latter is constant along a helix (w=const). 

10- Show that the lines of curvature of the hehooid in Ex. 9 are given by 
0 (l+/i®+i^/i/ii) w®/i] dudv 

- c (w®+ 0 *+w®/i®) <it>® s= 0. 

The meridians will be lines of curvature if 

H-/i*+wA/u“0. 

IX. Eind the equations of the helicoid generated by a circle of radius a, 
whose plane passes through the axis f and determine the Imes of curvature 
on the surface. 
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Conjugate Systems 

35. Conjugate directions. Conjugate directions at a given 
point P on the surface may be defined as follows. Let Q be a point 
on the surface adjacent to P, and let PR be the line of intersection 
of the tangent planes at P and Q. Then, as Q tends to coincidence 
with P, the hmitmg directions of PQ and PR are said to be conju¬ 
gate directions at P. Thus the characteristic of the tangent plane, 
as the point of contact moves along a given curve, is the tangent 
Ime in the direction conjugate to that of the curve at the pomt of 
contact. In other words the tangent planes to ike surface along a 
curve G envelop a developable swr^ace each of whose generators has 
the direction conjugate to that of G at their poini of intersec^on. 

To find an analytical expression of the condition that two direc¬ 
tions may be conjugate, let n be the unit normal at P where the 
parameter values are v, and n + cZn that at Q where the values 
are u + duj V+ dv. If R is the adjacent point to P, in the direction 
of the mtersection of the tangent planes at P and Q, we may denote 
the vector PR by 8r and the parameter values at R hy u + Su, 
v-hSv. Then since PR is parallel to the tangent planes at P and 
Q, Sr is perpendicular both to n and to n + dn. Hence Sr is per¬ 
pendicular to dn, so that 

dn.Sr =0, 

and consequently 

(iiidu + Uadv) • (ri Sw + r^Sv) = 0. 

Expanding this product and remembering that (Art. 27) 

ni*ri = -X, Ui-Fa = na*ri = -ikf, 
we obtain the relation 

ZduSu + M(duSv+ Sudv) + ^dvSv = 0 .(17). 

This is the necessary and sufficient condition that the direction 
8uJBv be conjugate to the direction dufdv, and the symmetry of the 
relation shows that the propeHy is a reciprocal one. Moreover the 
equation is linear in each of the ratios du : dv and Su : Sv, so that to 
a given direction there is one and only one conjugate direction. 

The condition (17) that two directions be conjugate may be 
expressed 

jduSu ^ (du Su\ , „ ^ 


(in 
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Hence the two directions given by the equation 
Pdu^ + Qdudv + RdtP = 0 
will be conjugate provided 

that is 

LR-MQ+NP = 0 . 

Now the parametric curves are given by 

dudv = 0, 


.(18). 


which corresponds to the values P = 22 = 0 and Q = 1, Hence the 
directions of the parametric curves will be conjugate provided 
M=0 We have seen that this condition is satisfied when the Imes 
of curvature are taken as parametric curves. Hence the principal 
direotiOTis at a point of the awrface are conjugate directions. 

Let the lines of curvature be taken as parametric curves, so that 
P=0 and 2lf = 0. The directions dujdv and hijhv are inclmed to 
the curve v — const, at angles 6, 6' such that (Art. 24) 


tan0 


/Q^ 

"V Edu^ 


tan 0' = 


V ESu* 


Substituting from these equations m (17), and remembering that 
M^O, we see that the two directions will be conjugate provided 

tan0 tan = “ a * 


that is to say, provided they are parallel to conjugate diameters oj 
the indicatnx. 


36. Coi\]ugate systems. Consider the family of curves 
^ (u, v) = const. 

The direction hujZv of a curve at any point is given by 

= 0 . 

The conjugate direction dujdv, in virtue of (17), is then determined 

^ {L<p2—M(f)i)du + (M(f>2-N<l)i)dv = 0 .(19). 

This is a differential equation of the first order and first degree, 
and therefore defines a one-parameter family of curves f (u,v)= const. 
This and the family <f) (u, v) = const, are said to form a conjugate 
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system,^ At a point of intersection of two curves, one from each 
fiiimly, their directions are conjugate. 

Further, given two families of curves 

= const., 

(w, v) = const., 

we may determine the condition that they form a conjugate system. 
For, the directions of the two curves through a point u, v are giver 

by 

+ <^ 38 ?; = 01 
^Jridu + y]r2dv = 0 J 

It then follows from (17') that these directions will be conjugatt 
if 

- M + N(t>iylri = 0 .(20). 

This is the necessary and sufficient condition that the two familiei 
of curves form a conjugate system. In particular the parametric 
curves v = const., u = const, will form a conjugate system if AT— 0 
This agrees with the result found in the previous Art. Thus M = ( 
is the necessary and sufficient condition that the parametric cuirva 
form a conjugate system 

We have seen that when the lines of curvature are taken a 
parametric curves, both jP= 0 and Jlf = 0 are satisfied. Thus th 
lines of curvature form an orthogonal conjugate system. And the; 
are the only orthogonal conjugate system. For, if such a system c 
curves exists, and we take them for parametric curves, then F= < 
and Jf= 0 , But this shows that the parametric curves are thei 
lines of curvature. Hence the theorem. 

Ex. 1 . The parametric curves are coi^ugate on the following surfaces. 
(i) a surface of revolution 

j?=wcos0, y=t4sm<^, z=f{u)\ 

(li) the surface generated by the tangents to a curve, on which 

R=r+-wt, {u,s parameters) ; 

(lii) the surface e^f{u)+F{v)-, 

(iv) the surface z=:f(x)-\-F(y)f where a?, y are parameters; 

(v) z=^0{u-o)'^{v~c)^^ 
where A, B, C^a^h^o are constants. 

Ex. 2 . Prove that, at any pomt of the surface, the sum of the radn 1 
normal curvature in conjugate directions is constant. 



36 , 37 ] 


ASYMPTOTIC DIRECTIONS 


83 


Asymptotic Lines 

37- Asymptotic lines. The asymptotic directions at a point 
on the surface are the self-conjugate directions; and an asymptotic 
line is a curve whose direction at every point is self-conjugate. 
Consequently, if in equation (17) connecting conjugate directions 
we put Bu/Sv equal to duld/v, we obtain the differential equation of 
the asymptotic lines on the surface 

Ldu^ + 2Mdudv + Ndti^=0 .(21). 

Thus there are two asymptotic directions at a pomt. They are real 
and different when ikP — LIT is positive, that is to say when the 
specific curvature is negative They are imagmary when K is 
positive. They are identical when K is zero In the last case the 
surface is a developable, and the single asymptotic Ime through a 
point is the generator. 

Since the normal curvature m any direction is equal to 
Lu'^ + 2Mu'i/ + Nv\ 

it vanishes for the asymptotic directions. These directions are 
therefore the directions of the asymptotes of the mdicatnx, hence 
the name. They are at right angles when the mdicatnx is a rect- 
an^lar hyperbola, that is when the prmcipal curvatures are equal 
and opposite. Thus the asymptotic Imes are orthogonal when the 
surface is a minimal surface. 

The osculating plane at a/ny point of an asymptoUc line is the 
tangent plane to the surface. This may be proved as follows. Smce 
the tangent t to the asymptotic line is perpendicular to the normal 
n to the surface, ii*t = 0. On differentiating this with respect to 
the arc-length of the Ime, we have 

n'*t-|-n*(«fi) = 0, 

where n is the prmcipal normal to the curve. Now the first term 
m this equation vamshes, because, by Art 35, t is perpendicular 
to the rate of change of the unit normal m the conjugate direction, 
and an asymptotic direction is self-conjugate. Thus n'«t = 0 and 
the last equation becomes 

n<n = 0. 

Then since both t and n are perpendicular to the normal, the 
osculating plane of the curve is tangential to the surface. The 

6—2 
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bmormal is therefore normal to the surface, and we may take its 
direction so that 

b=n .(22). 

Then the principal normal n is given by 

ns=n X t 


If the parametric curves be asymptotic lines, the difiPerential 
equation (21) is identical with the differential equation of the para¬ 
metric curves 

dudv = 0. 


Hence the necessary and sufficient conditions that the parametric 
curves be asymptotic lines are 

i = 0, Jf+0. 

In this case the differential equation of the Imes of curvature 
becomes 

Edu^ — Qdv- — 0, 


and the equation for the princip il curvatures is 


so that 




(23). 


38. Curvature and torsion. We have seen that the unil 
binormal to an asymptotic line is the unit normal to the surface 
or b = n. The torsion r is found by differentiating this relatior 
with respect to the arc-length 5 , thus obtaining 

—rn “ n', 

where n =: n x r' is the principal normal to the curve. Forming 
the scalar product of each side with n, we have 

—T = n X r'»n', 

so that T=[n,n',r'] . (24), 

which IS one formula for the torsion. 

The scalar tnple product in this formula is of the same form aj 
that occurring m (1) Art. 29, the vamshmg of which gave th( 
differential equation of the hnes of curvature. The expression (24 
may then be expanded exactly as m Art 29, givmg for*the torsioi 
of an asymptotic Ime 

T = ^ [{EM - FL) v!^ -f- {EN - QL) wV + {FE - GM) v '^}. 
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Suppose now that the asymptotic hues are taken as parametno 
curves. Then i = iT" = 0, and this formula becomes 

Hence for the asymptotic line dv^O we have 

M -rtfduy M ! ^ .o-v 

~E~V ^ . 

in virtue of (23) Similarly for the asymptotic line — 0 the 
torsion is 



Thus the tordoTis of the two asymptotic lines through a point are 
equal in magnitude and opposite in sign; and the square of either is 
the negative of the spedfio curvature. This theorem is due to 
Beltrami and Enneper. 

To find the curvature /c of an asymptotic hne, differentiate the 
unit tangent t = r' with respect to the arc-length s. Then 

kVl = r". 

Forming the scalar product of each side with the unit vector 
n n X r', we have the result 

« = [n,r',r"].( 26 ). 

Ex. 1 - On the surfaces m Ex 1 and Ex. 2 of Art 26 the parametric 
curves are asymptotic hues 

Ex. 12. On the surface «=/(^, y) the asymptotic Imes are 
r +2 j (fir £?y+«dy * =« 0, 

and their torsions are ± 

Ex. 3. On the surface of revolution (Art. 34) the asymptotic hnes are 
fii du^ -^ufi dcj}^= 0 . 

Wnte down the value of their torsiona 

Ex. 4. Find the asymptotic hnes, and their torsions, on the surface 
generated by the binormaJs to a twisted curve (Ex. 3, Art 30). 

Ex. 6. Find the asymptotic hnes on the surface z^y sin x. 


IsoMETRio Lines 

39. iBometrio parameters. Suppose that, in terms of the 
paxametors u, v, the square of the linear element of the surface has 
the form = \ (du^ + dv^) .(27), 
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where X is a function of w, v or a constant. Then the parametric 
curves are orthogonal because F=Q Fuither, the lengths of 
elements of the parametric curves are Jxdu and Jx dv^ and these 
are equal if du—dv. Thus the parametric curves corresponding to 
the values w, w + dw, % v-\-dv bound a small square provided 
du = dv. In this way the surface may be mapped out into small 
squares by means of the parametric curves, the sides of any one 
square corresponding to equal increments m % and v. 

More generally, if the square of the linear element has the form 

ds^ — X{Vdn^'\‘Vd'\P) .(28), 

where O’ is a function of u only and V a function of v only, wo may 
change the parameters to <^, i/r by the transformation 

d^ = JU dut d^fr =^JV dv. 

This does not alter the parametric curves; for the curves u = const, 
are identical with the curves </>=> const., and similarly the curves 
= const, are also the curves '^x= const. The equation (28) then 
becomes ^ ^ .(29), 

which is of the same form as (27). Whonovor the squiiro of the 
linear element has the form (28) so that, without alteration of the 
parametno curves, it may he reduced to the form (27), the 
parametric curves are called isometj’io lines, and the parameters 
isomeit'ic parameters. Sometimes the term isothenyial or isothermic 
is used. 

In the form (27) the fundamental magnitudes E and G are equal; 
but in the more general form (28) they are such that 

E U 

.( 30 )> 


and therefore 


1 ^ a 

Zudv Cr 


.(31). 


Either of these equations, m conjunction with i?'= 0, expresses 
condition that the para/metric variables may he isometric. For, if it 
is satished, dd^ has the form (28) and may therefore be reduced to 
the form (27). 

A simple example of iaometno curves is afforded by the meridians 
and parallels on a surface of revolution. With the usual notation 


(Art. 34) 


« = MC 08 <j&, y=Msm<^, z=f(u), 
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^ = 1 4 -^ 1 ®, 0 , Q = U^, 

av 0 ds^ = (l+ /i“) du^ + d(j>^ 

= u» .(32), 

h IS of the form (28). The parametric curves are the meridians 
lonst. and the parallels u = const. If we make the transformation 

+fi‘du, 

iurves =* const, are the same as the parallels, and the square 
le linear element becomes 

;h is of the form (27). Thus the meridians and the parallels oj 
rface of revolution are isometno lines. 

Xm 1 • Show that a system of oonfooal eUipses and hyperbolas are iso 
10 lines m the plane. 

3C. 2« I)etermme/(v) so that on the nght conoid 
x^ucoBv, y»wsini;, 2«/(v), 

Darametrio curves may be isometnc hnes. 

Xi 3h Find the surface of revolution for which 
cfoa OB du^ +(a®— dv^ 


Null Lines 


LO. Null lines. The null hnes (or minimal curves) on a surface 
defined as the curves of zero length. They are therefore 
Lginary on a real surface, and their importance is chiefly analytic. 
3 differential equation of the null hnes is obtamed by equating 
sero the square of the linear element. It is therefore 

JSdu^ + 2Fdudv + Qdv^ =0.(33). 

£ the parametric curves are null lines, this equation must be 
iivalent to &udv = 0. Hence S = 0, G = 0 and ^^4= 0. ^ These are 
necessary and sufficient conditioTis that the parametric curves be 
II lines In this case the square of the linear element has the 


m 


ds® = \ dudv, 


lere \ is a function of -w, v or a constant; and the parameters u, 
ire then said to be symmetric. 






(4 


i£ 


- I 






88 


CURVES ON A SURFACE 


[IV 


When the parametric curves are null lines, so that 

J?=0, G^ = 0, 

the differential equation of the lines of curvature is 


the Gauss curvature is 
md the first curvature 


^ LN-M^ 

^ -^3 ' 



In the following pages our concern will be mainly with real 
curves and real surfaces. Only occasional reference will be made 
to null lines. 


EXAMPLES VI 


1. Find the asymptotic lices of the oonoid 

y=umnvy z^f{v\ 

and those of the oylin droid 

a7«wcosv, y=wsmv, «=msm2v. 
£2. On the surface 

3m(!+«;*)-«*, y=n3y(l+M®)-!?®, a«=3 
the asymptotic lines are m±i;= const. 

3. On the paraboloid f?> 


the asymptotic Imes are 


'I SB const. 
a h 


4. Find the hues of curvature and the principal curvatures on the 
cylindroid 

6. If a plane cuts a surface everywhere at the same angle, the section is a 
line of curvature on the surface. 


6 ■ Along a line of curvature of a comcoid, one principal radius vanes as 
the cube of the other. 

7 ■ Find the principal curvatures and the lines of curvature on the surface 

8 . Find the asymptotic hnes and the lines of curvature on the oatenoid 
of revolution 

tt«Booosh-, 

0 



EXAMPLES 


89 


», If a > 6> c, the ellipsoid 1 has umbilici at the points 


y«0, 3 ^ 


a®-c® * * a^-c^ * 


O- The only developable surfaces which have isometric lines of ourva- 
) are either conical or cylindrical. 

1 . Taking the asyiiiptotio lines as parametric curves, and evaluating 
Di', along the directions v^const and u»con8t., vonfy the values 
'for the torsions of the asymptotic linos 

2. Show that the ineruhaiis and pai'allols on a sphere form an isometno 
,em, and determine the isometric pirametoi's. 

,3. Find the asyniptotio linos on the surface 
a?=*a(l + cos w)cot», y=a(l+cosw), 


4 . Provo that the product of the mdii of normal curvature m conjugate 
ctions IS a minimum for lines of curvature. 


5. A curve, winch touches an OHymptotic line at P, and whoso osoulating 
ic is not tangential to the surface at P, has P for a point of inflection. 

6. The normal curvature in a direction perpendicular to an asymptotic 
IB twice the moan normal curvature 


, 7 . Show that the umbilici of the surface 

>n a sphere. 

8. Examine the curvature, and And the linos of curvature, on the 
oco xyz^^ahe, 

9. Show that the curvature of an asymptoUo line, as given in (26) of 
. 38, may be exprossod 

(ri*r^ ru^r^'-ra-r' ri«0/iT. 

10. The asymptotic linos on the hoheoid of Examples IV (15) are given 


tt/ii dv? - 2cdudv + u^i ■■0. 



CHAPTER V 


THE EQUATIONS OF GAUSS AND OF CODAEZI 

41, Gauss’s formulae for ru, r,s, r^. The second derivataves 
of r mfch respect to the parameters may be expressed in terms of 
n, Tj and rj. Remembering that L, M, N are the resolved parts of 
fu* Ta normal to the surface, we may wnte 
rB=inH-Zri + \r, ) 

Tji = Mn + mri + /irJ.(1), 

ra= J^Tu + nri + i/rj 


and the values of the coefficients I, m, n, X, /i, v may be found as 
follows. Smce 






we find from the first of ( 1 ), on forming the scalar product of each 
side with Ti and successively, 

■J- E-i = IE + "kF I 

Solving these for I and \ we have 


1 = -^{QE,~1FF, + FE,) 
X = -^{2EFy-EE,-FE,) 


Agam since Fj • rja = ^E^ and Tj • 1*13 == J ffi, we find from the second 
of ( 1 ), on forming the scalar product of each side with and 
successively, 

4 F!^ = m^E + ^F) 

\Gi = mF + (lO) * 

Solving these for m and we have 

1 h.(3). 
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,rly, using the relations Fj • Fj, = ^ 61 and f, • Faa = J Qt, 

i from the third of ( 1 ) 


n^^,{2QF,-OG,-FG,) 


,(4). 


rmiilae ( 1 ), with tho values of the cooflRcionta* given by ( 2 ), 
i ( 4 ), are tho equivalent of Oauss^n formulae for Th, r^, 
ay bo referred to under this name. 

m the poraniotric curvea are orthogo7ial, the values of tho 
coefficients are greatly Hiinplifiod. For, in this case, F = 0 
*= liJQ, so that 


Ln + ,, 







> 


r„= Ma + 2^2- f . 

r,,-A^n-2^^F. + 2-^jF, 

I are unit vt'ctorH iiarallol tt» Fj and Fg, wo have 


b = - 


Fi 

‘'“VC/’ 

a, b, n form a right.-handf»d Hystoni of unit vectors, mutually 
idicular. From tliosc* fonnulau we deduce iinniudiately that 
3a L li, 

5a n j. h 


db M K, „ 

"Vw ° ^ 


•(B). 


fill 

5b 

du 


2II 

“ 2/f . 


orivatives of a arc porpeiulieular to a, and the derivatives of 
perpendicular to b, since a and b are vectors of constant (unit) 


1 refrain from introdur^ing the OhriHtnffel three-index eymbolfl, having little 
a in the following pages to use the funotions they represent* 






92 TEB EQUATIONS OE GAUSS AND OF OODAZZI [V 

Sx. 1. Show that for the surfaae z^f{x, y), with x, y aa parameters 
(Art. 33), 




»=^ji 


gs 

qt 

*'=5?- 


Ex. 2. For the surface of revolution (Art. 34) show that 

X«=aO, M = V = 0. 

u 

Kx, 3, For the right heliooid (Ex 1, Art. 26) prove that 
Z==0, 771=0, n=^’-u, 

X=aO, + v = Q 

SXs 4t» For a surface whose linear element is given by 
d8^=du^-hD^dv^j 

show that ?=0, 77a=0, w=-i}Ai 

X=0, /i=A/A 

KXs 5. Liouville mrfobces are such that 

d^^{U+V){Pdu^-\-Qd>i^, 

where i7, P are functions of u alone, and Q are functions of v alone Prove 
that, for these surfaces, 

"1 Vi7+F'‘‘Py/’ ““aca+F)’ 2F(_U+V)' 

. Pr U' If V'Qf\ 

iQ{ir+7y ^“2(i7+F)’ ’'“sV^+F+^j- 

EXs 6. For the surface generated by the tangents to a twisted curve 
[Examples V (6)] show that 

?= 0 , 771 = — -, 11=—{{1+u^K^) k+uk'}Iukj 

5 t = 0 , ;*= i , v^(uk'+k)Iuk 

Ex. 7- For the surface generated by the bmormals to a twisted curve 
(Ex. 3, Art. 30) show that 

1=0, m=0, 71=-“Mr®, 

Ex. 8. If the asymptotic Imes are taken as parametno curves, prove that 
the curvature of the line 77 =const, is and that of the hne 2 ^=const, is 

-nEIG^. 
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Using the formula (26) of Art 38 we have along the hne Vxconat 



r"= 


E^JEou\^W' 


and therefore j' x r"=ri x T-uJE^ 

The curvature of the hne is then 

[n, r*, r"]=[n, ri, ru]/#=[n, ri, Zri+Xra]/^^ 

and siinilarly for the asymptotic line m*= const. 

Elz. 9. For a surface given by 0 (du^+dv^) show that 
^=i0i/0> ^=-^<#> 1 /^, 

Sz. 10. If the null hnes are taken as parametric curves, show that 
l^FijF^ «i=sO, n=0, 

X=0, ;*=0, v^F^jF 


42. Gauss characteristic equation. The six fundameutal 
magnitudes E, F, (?, L, My N are not functionally independent, 
but are connected by three differential relations One of these, due 
to Gauss, is an expression for m terms of E, F, Q and 

their derivatives of the firat two orders. It may be deduced from 
the formulae of the preceding Art. For, in virtue of these, 

**11 "Tm — LN H“ + (}v + 'Xn) jP+X z/ff, 

and = Jkf® + m^E + im^F + 

It IS also easily verified that 

ria® — Til *1*28 = ^ (-^aa + 12 ). 


Adding the first and third, and subtracting the second, we obtain 
the required formula, which may be written 

LN^M^ = \ {2Fu - J& 2 a - ffii) + + 2mfiF + /jl^O) 

” ^ItiE -|- (Ip + Xti) F + . 

This is the Qaibss cha/racteristic equation. It is sometimes expressed 
in the alternative form 


LN-M^ = iHg 


F BE 
EU dv ■ 


.i?®' 

H du\ 


3f2^ 

^'^^dv\Hdu~H dv EHdu] .W- 


The equation shows that the specific ov/rvatwre K, which ts equal to 
(LN—M^)II1*, is easpressible in terms of the fundamental magni- 
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tfodes F, G and their derwaUvea of the first i/wo orders. In this 
respect it differs jBrom the first curvature. 

Cor, Surfaces which have the same first order magnitudes 
Ey Fy Q (irrespective of the second order magmtudes i, JIf, N) 
have the same specific curvature. 

Ex. Verify the Gauss equation (6) for the surfaces in Examples 2,3, 6> 
7 of Art. 41. 

43. Malnardl-Codazzl relatloiiB. In addition to the Gauss 
characteristic equation, there are two other independent relations 
between the fundamental magnitudes and their derivatives. These 
may be established as follows. If m the identity 

a _ a 

we substitute the values of and Tu given m (1), we obtam 

+ igri + XgTg + DHj + + XTss 

= JfiEL + m^Ti + /^ra + Mn^ + rriVn + 

If in this we substitute again from (1) the values of the second 
derivatives of r, and also for xxj and xig from Art. 27, we obtain a 
vector identity, expressed in terms of the non-coplanar vectors 
>1) Tg. We may then equate coeflScients of like vectors on the 
two sides, and obtain three scalar equations. By equatmg coeffi¬ 
cients of n, for example, we have 

Xg + IM + XA7 = Jfi + mL -f pM, 

that is ig ~ Jfi = mX ~ (i - ytt) Jlf - \JV.(7). 

9 9 

Similarly from the identity = on substituting from 

(1) the values of and we obtain the relation 

if a n + TTigTi + yitg rg + ifng + mr^ -h pr^ 

= J\rin + niFi 4- J/iFg + iV'ni + + vr^^. 

Substituting agom for the second derivatives of r and for Di, Dg m 
terms of n, r^, rg, and equating coefficients of n on the two sides 
of the identity, we obtain 

ifg + mM 4- pN—Ni 4“ nL 4- vM^ 

Jfg—ATi = nL — (m — i;) ilf —pN 


that is 


( 8 ). 
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The formulae (7) and (8) are frequently called the Godazzi 
equations. But as Mainardi gave similar results twelve years earlier 
than Codazzi, they are more justly termed the Maina/rdi-Oodazzi 
relations. Four other formulae are obtained by equating coefficients 
of Ti and of rg in the two identities: but they are not independent. 
They are all deducible from (7) and (8) with the aid of the Gauss 
characteristic equation. 


44. Alternative expression. The above relations may be 
expressed in a different form, which is sometimes more useful 
By differentiating the relation = EG — with respect to the 
parameters, it is easy to verify that 

B-x = H {1 + /a), 

Si = jff (m + v). 


and 

Therefore 


d fM\ Mo M 


, . „ , a (M\ Mi M „ 

and similarly ^ )~ H 

Mi M. . 

= g- — + 

Consequently 

d fM\ d fN\ 1.,, ,,, M, . X 

= (nL-2mM+lN)lE .(9), 

in virtue of (8). Similarly it may be proved that 

. 


The equations (9) and (10) are an alternative form of the Mamardi- 
Codazzi relations. 

We have seen that if six functions E, F, (?, L, M, E constitute 
the fundamental magnitudes of a surface, they are connected by 
the three differential equations called the Gauss characteristic 
equation and the Mamardi-Codazzi relations Conversely Bonnet 
has proved the theorem: Whzn six fundamental magnitudes are 
giveuy satisfying the Gauss cha/raotensUc equation and the Mainardi- 





96 


THB EQUATIONS OE GAUSS AND OP CODAZZI 


[V 


Godaszi relations, th&y determine a surface uniquely, except as to 
positicm, and orientation in space\. The proof of the theorem is 
beyond the scope of this book, and we shall not have occasion to 
use it. 


*45. Derivatives of the angle The coefficients occurring 
in Gauss’s formulae of Art 41 may be used to express the deriva¬ 
tives of the angle o) between the parametric curves. On differen¬ 
tiating the relation 


tan Q) = 


E 

F 


with respect to u, we have 

sec* 0) £i)i 


Ja 


Then on substitutmg the value w^JEOIF^ and multiplying 
both sides by 2HF^, we find 


2EQHa), = F (2HH,) - 2F, J?* 

= (EG - F^) - 2F, (EG - JT*) 


= F(EiG + EGr)-2F,EG 
= — 2H'® 4- mE), 

Hence the formula . 

And in a similar manner it may be shown that 

= + . (12). 


EXAMPLES YII 

1. Show that the other four relations, similar to the Mamardi-CJodazzi 
relations, obtainable by eq^uatmg coefficients of ri and of m the proof of 
Art. 43, are ecjiuvalent to 

JTlj — Zj + TJl/l - ??X, 

- Vj + JTl/X - 7 lX, 

EK=s'k2 —/ij+Z/i,—mX+Xv—/X®, 

2. Prove that these formulae may be deduced from the Gauss character¬ 
istic equation and the Mainardi-CJodazzi rdations. 

t Forsyth, Differential Geometry, p 60 , 
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3. Prove the relations 

0 /m\ 0 

0 / 5 ji \ 0 (Bm\ 

0SV-5-j-S5W=-®^’ 

jing the formulae in Ex. 1 

4. If ® IS the angle between the parametric curves, prove that 

■"““a ® 

5. If the asymptotic hoes are taken as parametric curves, show that the 
Ainardi-Codazzi relations become 

^17 ^ 


enoe deduce that (o£ Art. 44) 

i7a J/j « I “^2 

2i/— 

G, When the parametric curves are null lines, show that the Moinardi- 
cdazzi relations may be expressed 

Z, a, if a, F 

id the Gauss characteristic equation as 

LN-M^=>Fit-^^. 

7. When the linear element is of the form 

le Mamardi-Oodazzi relations are 

L^-M,=\^{L+N), 

N^-M,=\^{L+N), 

id the Gauss equation 

8. When the parametno curves are hues of curvature, deduce from equa- 
ons (7) and (8) that 


7 
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O. Prove that, for any direction on a surface, 
r^'=<c*n+Ari+i)2r2, 

where 

10. With the notation of Ex 9, show that the curvature of an asymptotic 
line, as given by (26) of Art 38, may be expressed 

Deduce the values Hkj^^ and — HnjC^ for the curvatures of the parametric 
curves when these are asymptotic hues, 

11a Prove the relations 

^a=2 F2=nE-\-{rn-]rv)F-^yi.G, 

12. From the Gauss characteristic equation deduce that, when the para- 
metric curves are orthogonal, 

j. _L_r®-n 

jEa\}n\i7E 3tt )'^U\^a 0» )s 

This formula is important 



CHAPTER VI 

GEODESICS AND GEODESIC PARALLELS 
Geodesics 

46. G-eodesio property. A geodesic line, or briefly a geodesic, 
on a surface may be defined as a curve whose osculating plane at 
each pomt contains the normal to the surface at that point. It 
follows that the principal normal to the geodesic coincides with the 
normal to the surface; and we agree to take it also in the same 
sense. The curvature of a geodesic is therefore the normal curva¬ 
ture of the surface in the direction of the curve, and has the value 

tc = Lu'^ + 2Mu^v^Nv'^ .( 1 ), 

by Art. 28, the dashes denoting derivatives with respect to the 
arc-length s of tho curve. 

Moreover, of all plane sections through a given tangent line to 
the surface, the normal section has the least curvature, by Meunier s 
theorem. Therefore of all sections through two consecutive points 
P, Q on the surface, the normal section makes the length of the 
arc JPQ a mmimum But this is the arc of the geodesic through 
P, Q, Hence a geodesic is sometimes defined as the path of shortest 
distance on the surface between two given points on it. Starting 
with this definition we may reverse the argument, and deduce the 
property that the principal normal to the geodesic coincides with 
the normal to the surface. The same may be done by the Calculus 
of Variations, or by statical considerations in the following manner. 
The path of shortest distance between two given points on the 
surface is the curve along which a flexible string would lie, on the 
(smooth) convex side of the surface, tightly stretched between the 
two pomts Now the only forces on an element of the string are 
the tensions at its extremities and the reaction normal to the 
surface. But the tensions are m the osculating plane of the 
element, and therefore so also is the reaction by the condition of 
equilibrium. Thus the normal to the surface comcides with the 
principal normal to the curva 


7—2 
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47. Equations of geodesics. From the defining property of 
geodesics, and the Serret-Frenet formulae, it follows that 

r" = Kn .( 2 ), 

which may be expanded, as in Art. 28, 

Fiu" + r^v" + + 2r^^u'v' + rjav'* = /cn. 

Formmg the scalar product of each side with Ti and Fa successively, 
we have 


Hvf' 4- Fv' 4* \EiU^ 4- E^v!v* 4- (Fa — J = 0) 

Fu" 4- Gv" 4- (Fi - iFa) 4- Q^u'v^ + \ 0,v'^ = Oj ’‘ 

These are the general differential equations of geodesios on a surface. 
They are clearly equivalent to the equations 


.(4). 


^ {Eu' + Fv') = i + 2 J’imV + 

^ {Fu' + G®') = + 2 J'au' ®' + Gs®'») 

A third form, which is sometimes more convenient, may be found 
by solving (3) for v!' and v", thus obtaining 

w" + Zu'* 4- 2mi4V 4- nt/* = 0) 


4- 4- 2/tw't;' 4- w' 


r'» = 01 
''» = 0j 


.( 6 ), 


where Z, \ etc. are the coefficients of Art. 41. 

A curve on the surface is, however, determined by a single 
relation between the parameters. Hence the above pair of differ¬ 
ential equations may be replaced by a single relation between w, 
V. If, for example, we take the equations (6), multiply the first by 

dw (s) ’ second by and subtract, we obtain the single 

differential equation of geodesios in the form 


Now from the theory of differential equations it follows that there 
exists a unique integral v of this equation which takes a given 
value Vo when zto, and whose derivative dvjdu also takes a given 
value when Thus through each point of the surface there 

fosses a single geodesio in each direction. Unlike lines of curvature 
and asymptotic Imes, geodesics are not determined uniquely or in 
pairs at a point by the nature of the surface. Through any point 





47] EQUATIONS OE GIODESIOS 101 

pass an infinite number of geodesics, each geodesic being deter¬ 
mined by its direction at the point. 

The equations of geodesics involve only the magnitudes of the 
fiLrst order, E, F, G, and their derivatives. Hence ]f the surface is 
deformed without stretching or tearing, so that the length ds of 
each arc element is unaltered, the geodesics remain geodesics on the 
deformed surface In particular, when a developable suriGsioe is 
developed into a plane, the geodesics on the surface become straight 
lines on the plane. This agrees with the fact that a straight line 
is the path of shortest distance between two given points on the 
plane. 

From (6) it follows immediately thAt the parametric curves 
V = const will be geodesics if \ = 0 . Similarly the curves u = const, 
will be geodesics if n = 0. Hence, if the parametric owrves a/re 
orthogonal {F= 0), the c/urves v = const will he geodesics provided 
E is a fmction of u only, amd the curves u = const will be geodesics 
if G is a function of v only, 

EjZ. 1 • On the right hehcoid given by 
J7=woos0, Bin 

we have seen (Ex. 1, Art 26) that 

Er^l, F=0, 0=u^-h(^, 

Therefore the coefficients of Art 41 have the values 

771 = 0, 7l=a-tt^ 

X=0, p=0. 

The equations (6) for the geodesics become 

{w*+o*) 0"+2 z4u'(^'=OJ 
From the second of these it follows that 

^«const.=A (say). 

But for any arc on the surface 

di^=>du^+{v^+<!^) 

Hence, for the arc of a geodesic, 

and therefore ^ = ± ^ +o*) 

This IS a first integral of the differential equation of geodesics. The complete 
integral may be found in terms of elhptic functions. 
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EiX. 2. When the equation of the surface is given in Mongers form 
z=f{x^ y\ we have seen (Ai^fc. 33) that, with a?, ^ as parameters, 

Therefore, by Art 41, 

/^—^2» 

The equation (6) for geodesics then takes the form 

(£y+(2i>*-?*) (^y+(p»*- 2j.) ^-»-2 

=(^s-?)K£T+ 2 *£+’'}- 

48. Surfkce of revolution. On the surface of revolution 
a? = 16 cos y=-UBm<^, z==f{v), 

we have seen (Art 34) that with xi, ^ as parameters 

^=i+/i^ -F=o, <?=t6“, +/,«). 

Therefore, by Art. 41, 

5^=0. /* = ^. " = <>• 

The second of equations (5) for geodesics then takes the form 
d^<f) ^ 2 rfi/ ^ 
u ds ds “ 


On multiplication by this equation 
its integral 



becomes exact, and has for 

. (n 


where A is a constant. Or, if ylr is the angle at which the geodesic 
cuts the meridian, we may write this result 

wsin-^^A. (7')j 

a theorem due to Clairaut. This is a first integral of the equation 
of geodesics, involving one arbitrary constant L 
To obtain the complete integral we observe that, for any arc on 
the surface, 

ds® = (l+/i») du^-hu^d</>^, 
and therefore, by (7), for the arc of a geodesic, 

u*‘d^^ = A® (1 + /q®) (Zit® + h^u^d(f>\ 



so that 
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ThM ^.0±kjiy^,iu .(8), 


involving the two axbitraay constants 0 and h, is the complete 
integral of the equation of geodesics on a surface of revolution. 

Cor- It follows from (7') that h is the minimum distance from 
the axis of a point on the geodesic, and is attained where the geo¬ 
desic cuts a meridian at right angles. 

£jX. 1. The geodesic® on a ciroular cylinder are helices. 

For from (70> smcse m is constant yj/' is constant. Thus the geodesics out the 
generators at a constant angle, and are therefore helices. 

Ex. 2. In the case of a right circular cone of seun-vertical angle a, show 
that the equation (8) for geodesics is equivalent to 

A sec (<f) sm 

where A and are constants. 

Ex. 3 ■ The perpendicular from the vertex of a nght circular cone, to a 
tangent to a given geodesic, is of constant length. 

49- Torsion of a geodesic. If r is a point on the geodesic, 
r' IB the umt tangent and the principal normal is the unit normal 
n to the surface. Hence the unit binormal is 

b = r' X n. 

Differentiation with respect to the arc-length gives for the torsion 
of the geodesic 

- Tn = r"' X n + iK X n'. 

The first term in the second member is zero because r" is parallel 


to n. Hence 

rn = n' X r'.(9), 

and therefore r = [n, n', r'].(10). 


This expression for the torsion of a geodesic is identical with that 
found in Art. 38 for the torsion of an asymptotic line. The geo¬ 
desic which touches a curve at any point is often called its geodesic 
tangent at that pomt. Hence the torsion of an asymptotio line ts 
equal to the torsion of its geodesic tangent. 

Further, the expression [n, n', r'] vanishes for a principal direc¬ 
tion (Art. 29). Hence the torsion of a geodesic varnishes where %t 
touches a line of curvature. It also follows from (10) that if a geo¬ 
desic is a plane curve it is a line of curvature; and, conversely^ if a 
geodesic is a line of cwrvatwre it is also a plane cwrve. 
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The triple product [n, n', i/] may be expanded, as in Art. 29, 
by writing n' = iXiu' + and t' = r^ii' + The formula for the 
torsion of a geodesic then becomes 

T = i {{EM- FL) u'* + {EN - OL) u'v + {FN - QM) v'*] (11). 

This may be expressed in terms of the inclination of the geodesio 
to the principal directions. Let the lines of curvature be taken as 
parametric curves. Then 

and the last formula becomes 

r.V25.v(f-§), 

But (Art. 24 and Note I) if is the inclination of the geodesic to 
the line of curvature v == constant, 

ViBw' = cos -v/r, V(?i/ = sin ‘\/r. 

Also the principal curvatures are 

Ka = Lj Ej = NjQ, 

Hence the formula for the torsion of the geodesic becomes 

T= cos sin (aj, — /^a).( 12 ). 

From this it follows that tivo geodesics at right angles have their 
torsions equal in magnitude hut opposite in sign. Further, besides 
vanishing in the prmcipal directions, the torsion of a geodesio 
vanishes at a/n v/mhilic. And, of all geodesics through a given point, 
those which bisect the angles between the Imes of curvature have 
the greatest torsion. 

The cwrvature of a geodesic is the normal curvature in its direc¬ 
tion. Its value, as given by Euler s theorem (Art 31), is therefore 

A = Aa cos® + Aft sin® .(13). 

Elz. 1, If ic, T are the curvature and torsion of a geodesic, prove that 

T®=(K-#Ce,)(iC6-4 

Also, if the surface is developable (jca=0), show that 

Bz. 2. Deduce from (12) that the torsions of the two asymptotio Imes at 
a pomt are equal in magnitude and opposite in sign. 




106 


49 , 60 ] 


bonnet’s theorem 


£jZ. 3. Prove that the torsion of a geodesic is equal to 


2 

H 




Mu*-\rNv^ 


Ex. 4. Prove that, with the notation of Art 49 for a geodesic, 
K cos >//“ — T sin ^=*0 cos i/r, 

K sm i/^+T cos yj/=Kt, am 


Curves in relation to Geodesics 

60. Bonnet^fl theorem. Let 0 be any curve drawn on the 
surface, r its unit tangent, h its principal normal, t its torsion, 
and W the torsion of the geodesic which touches it at the point 
considered We define the normal angle of the curve as the 
angle fi:om n to the normal n to the surface, in the positive sense 

b 



for a rotation about Thus ct is positive if the rotation fi'om 
h to n is in the sense fi:om h to the binormal b; negative if in the 
opposite sense. Then at any pomt of the curve these quantities 
are connected by the relation 

5+”’^.w 

This may be proved m the following manner. By (9) of the 
previous Art we have Wn = n' x r'. The umt binormal to the 
curve is b = r' X n, and 

C 0 SGr = n«n, ain ot = b • n. 
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Dififerentiating this last equation, we have 

d'ttr _ y - / 

costiT--^ =b •n + b*n 
as 

= —Tn-n + r'xfL«n 
= —tcosotH- TTn^n 
= (— T + PT) cos cr. 

Hence the formula ^ + t = IT, 

as 


expressmg a result due to Bonnet. Since W is the torsion of the 
geodesic tangent, it follows that the quantity has the same 


value for all curves touching at the point considered The formula 
also shows that ta-' is the torsion of the geodesic tangent relative 
to the curve G ; or that — to-' is that of G relative to the geodesic 
tangent. 

Ex. Prove (14) by differentiating the formula 

oos 


51. Joachlmsth.al’8 theorems. We have seen that the tor¬ 
sion W of the geodesic tangent to a hne of curvature vanishes at 
the point of contact. If then a curve G on the surface is both a 
plane curve and a line of curvature, t = 0 and W—0\ and there¬ 
fore, in virtue of (14), ct' = 0 . Oonsequently its plane cuts the 
surface at a constant angle. Conversely, if a plane cuts a surfiewie 
at a constant angle, the curve of intersection has zero torsion, so 
that T=0 and cr' = 0. Therefore, in virtue of (14), W vanishes 
identically, showing that the curve is a line of curvature. Similarly 
if tir is constant and the curve is a line of curvature, r must vanish, 
and the curve is plane. Hence if a curve on a surface has i/wo of 
the following properties it also has the third: (a) it is a line of 
curvature, (&) it is a plane cv/rve, (c) its normal angle is constant. 
Moreover, if the curve of intersection of two surfaces is a line of 
cwrvature on each, the surfaces cut aii a constant mgle. Let ® and 
cTo be the normal angles of the curve for the two surfaces. Then 
since the torsion W of the geodesic tangent vanishes on both 
surfaces, 




= 0 , 



0 . 
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^(«r-^.) = 0. 

SO that 'oj — uTo = const. 

Thus the surfaces cut at a constant angle. 

Similarly, if two surfaces cut at a constant angle, and the mrve 
of intersection is a line of curvature on one, it is a line of curvature 
on the other also. For since 


It follows that 


tsr —-570 = const, 
dto" c2'btq 

ds'^ ds " 


Hence, by (14), if W and Wo are the torsions of the geodesic tan¬ 
gents on the two surfaces, 

TF — T= TFo — T, 


so that W = TFo* 

If then TF vanishes, so does TFo, showing that the curve is a line 
of curvature on the second surface also. The above theorems are 
due to Joachimsthal. The last two were proved in Art. 29 by 
another method. 

Further, we can prove theorems for spherical lines of curvature, 
similar to those proved above for plane lines of curvature. Geo¬ 
desics on a sphere are great circles, and therefore plane curves. 
Their torsion TFo therefore vanishes identically. Hence for any 
curve on a sphere, if tiro is its normal angle. 


cZ'd'o 

ds 


+ T = 0. 


Suppose then that a surface is cut by a sphere in a line of curva¬ 
ture. Then since the torsion TF of the geodesic tangent to a line 
of curvature is zero, we have on this surfiice also 


dtr « 

^+T = 0. 

ds 


From these two equations it follows that 


and therefore -gt — isto = const. 

Hence if the curve of intersection of a sphere and a/nother surface 
is a line of cwi vature on the latter, the two surfaces cut at a constcmt 
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Conversely, if a sphere cids a surface at a constant angle, the 
cuj've of interseoUon is a line of curvature on the surface. For 

c^izr 

ds^ ds ' 

and therefore t = t — W. 

Thus W vanishes identically, and the curve is a line of curvature. 

52. Vector curvature. The curvature of a curve, as defined 
in Art. 2, is a scalar quantity equal to the arc-rate of turning of 
the tangent. This is the magnitude of the vector curvature, which 
may be defined as the arc-rate of change of the unit tangent It is 
therefore equal to t' or /ku. Thus the direction of the vector curva¬ 
ture is parallel to the principal normal. The scalar curvature a: is 
the measure of the vector curvature, the positive direction along 
the principal normal being that of the unit vector n. 

If two curves, 0 and G^, touch each other at P, we may define 
their relative curvature at this pomt as the difference of their 
vector curvatures. Let t be their common unit taogent at P, and 


F 



Fig 16. 


t + dt, t + dto the unit tangents at consecutive points distant ds 
along the curves from P If BE, BF, BQ represent these unit 
vectors, the vector GF is equal to dt — dto- The (vector) curvature 
of G relative to Go is then 

^ ^ _ dt - dto _ OF 
ds ds ^ ds "" cfo ' 

If dd is the angle OBF, the magnitude of the relative curvature 
is d6/ds, the arc-rate of deviation of their tangents. 

53. Oteodesic curvature. Consider any curve G drawn on a 
surface We define the geodesic curvature of the curve at a pomt 
P as its curvature relative to the geodesic which touches it at P. 
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Now the vector curvature of the curve is r", and the resolved part 
of this in the direction of the normal to the surface is n«r", or iCn 
by Meunier*8 theorem. But the vector curvature of the geodesic 
is normal to the surface, and its magnitude is also That is to 
gay, the curvature of the geodesic is the normal resolved part of 
the vector curvature of G Hence the curvature of G relative to 
the geodesic is its resolved part tangential to the surface This 
tangential resolute is sometimes called the tangential curvature of 
Gy but more frequently its geodesic curvature. As a vector it is 
given by 

r''“nT"n or .(16). 

Its magnitude must be regarded as positive when the deviation 
of G from the geodesic tangent is in the positive sense for a rota¬ 
tion about the normal to the surface Thus we must take the 
resolved part of the vector curvature r'' in the direction of the 
unit vector n x r'. Hence the magnitude of the geodesic curvature 
is n X r'«r". Denotmg it by Kg we have 

Kg = {a., i/, r"] .(16). 

A variation of this formula is obtained by wntmg n — x ra/if. 
Then 

[n,r',r’l = ^(r.xr.)xr'.r" 

SO that /tf^ = g(ri«r'ra«r" —ra»i/ri*r") .(17). 


It is also clear from the above argument that, if is the curva¬ 
ture of the curve C, and cr its normal angle, 


while 

Kg^ K sin or) 

Kn=K COS -ID- J 

.(18). 

Hence 

and 

K? = Kg* + «„*■) 

fCg == Kn tan tr j 

.(19). 


All these expressions for Kg vanish when C is a geodesic. For then 
r'' is parallel to n, and therefoie perpendicular to Ti and Fa, while 
cr is zero. This means simply that the curvature of a geodesic 
relative to itself is zero. 

It will be noticed that the expression [n, r', r'"] for the geodesic 
curvature is the same as that found in Art. 38 for the curvature of 
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an asymptotic line. This is due to the fact that the osculating 
plane for an as 3 nnptotic line is the tangent plane to the surface, 
while the curvature of the geodesic tangent, being the normal 
curvature in the asymptotic direction, is zero. Thus the curvature 
of an asymptotic line is equal to its geodesic curvature, 

64. Other formulae for From (16) or (17) we may deduce 
an expansion for the geodesic curvature in terms of u\ vl' etc. For 
instance, on substitution of the values of r' and r"' in terms of these, 
(17) becomes 

«, = 1 {Ev! + JV) {Fu" + Qv" + (F, - \E,) + O^u'v’ + J 

- ^ (Fv! + Ov') [Eu" + Fv" + + E^vlv' + (F^-W v'*}, 

which may also be written 

Kg = Hu' (r/' 4* W® + 2/i,wV + w'^) 

— Hv' {u" + lu^ + 2771 wV + (20), 

each part of which vanishes for a geodesic, in virtue of (6). 

In particular for the parametric curve v = const, we have 
v' = v" = 0, and the geodesic curvature Kg^ of this curve is there¬ 
fore equal to HuXu'^^ which may be written 

Kg^ = IIXE-K 

Similarly the geodesic curvature Kg^ of the curve u = const, has 
the value 

Kg^ = — HnQ 

When the parametric curves are orthogonal, these become 

m\jE' 

From these formulae we may deduce the results, already noticed 
m Art 47, that the curves 7 ;= const, will be geodesics provided 
X = 0, and the curves u = const, provided n = 0 When the para¬ 
metric curves are orthogonal, these conditions are 0 and Gi= O; 
BO that the curves v = const, will be geodesics if ^ is a function of 
u only; and the curves u = const, if (? is a function of v only. 

Another formula for the geodesic curvature of a curve may bo 
found in terms of the arc-rate of mcrease of its inclination to th© 
parametnc curves Let 6 be the inchnation of the curve to tbe 
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parametric curve v *= const, measured in the positive sense. Then 
since, by Art. 24 and Note I 

Eu' + Fv' = */E cos 0. 
we have on differentiation 

^{Eu' + Fv') = cos e~^Em3.e — 

ds^ ' ds as 

= i {E^u' + {Eu' + Fv') -Hv~. 

Now, if the curve is a geodesic, the first member of this equation 
is equal to 

On substitution of this value we find for a geodesic 
^ds E~'°‘ 

Thus the rate of increase of the inclination of a geodesic to the 
parametric curve v = const, is given by 

+tiv). 

Now the geodesic curvature of a curve 0 is tangential to the 
surface, and its magnitude is the arc-rate of deviation of G from 
its geodesic tangent. This is equal to the difference of the values 
of dOjds for the curve and for its geodesic tangent But its value 
for the geodesic has just been found. Hence, if dOjds denotes its 
value for the curve (7, the geodesic curvature of 0 is given by 

= ^ + + .(21). 


Or, if ^ is the inclination of the parametric curve u = const, to the 
curve O (Fig. 11, Art. 24), we may write this 

d6 . cv , • /I /oft\ 

. 

In the particular case when the parametric curves are ortho¬ 
gonal, sm ^ = cos 6. Also the coefficient of sm ^ becomes equal to 
the geodesic curvature of the curve v = const., and the coefficient 
of sm 0 to that of the curve u = const Denotmg these by Kg^ and 
Kgt respectively, we have LiouvilWs formula 


UfU _ • /I 

*«= J- +ye»ttCos0 + «B«8iJi “• 
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* 56 . Eicamples. 

(1) Bonnefs formula for the geodesic curvature of the curve (ti, v) 

By differentiation we have . .(< 

1/ 1 

so that T- = —X "" S > 

02 — 01 ® 

where 0=>/^ 02 * "* 2i^0i 02 +^?0i* 

Again differentiating (a) we find 

0j24^^4* 02'^^"!“011 2012^^^4" 

which may be written 

0 (wV' - i/ w") 4- 011 4* 2012 4- 022 =0- 

By means of these relations we find that 
0 / F(j>z - 0<l>i\ , 9 /i^0i - J5'02\ 

ssv e />+S5'^ e ) 

=5V(i;"+X«'*+3/xMV+vt>^) - ir«»' (M"+iw'*+2j»MV+»y 
■ =J7k,. 

Heaoe Bonnet’s formula for the geodesic curvature 

1 Z /F^-Gct,A,l Z ,, 

e e ;.^ 

From this result we may deduce the geodesic curvature of a curve of 
family defined by the differential equation 

Fdu+Qdv^O .(t 

For, on comparing this equation with (a), we see that the lequii’ed value 

9 / FQ^GP >1.11 /_ FP-EQ _\ 

5w 2i?!P§4* OF^) \»jEi^-%FPQ^QF^) ’ 

(2) Deduce the geodesic curvatures of the parametno curves from the re« 
of the previous exercise. 

(3) A curve 0 touches the parametno curve v*= const Find its ourva 
relative to the parametnc curve at the point of contact. 

The relative curvature is the difference of their geodesic curvatures, 
geodesic curvature of O' is got from (20) by putting and vf^ll^JE. 
value is therefore S{v"+\E~^)/iJE, But the geodesic curvature of ««o( 

IS H\E~^ Hence the relative curvature is H'd^jJE, 

(4) Fmd the geodesic curvature of the parametric lines on the surface 

a^a(u-\-v% y^h{u-~v\ z=uv 

(6) Find the geodesic curvature of a parallel on a surface of revolution, 

(6) Show that a twisted curve is a geodesic on its rectifying dovelopt 
(The principal normal of the curve is normal to the surface) 

(7) Show that the evolutes of a twisted curve are geodesics on its p 
developable (Arts. 11 and 19) 

(8) The radius of curvature of a geodesic on a cone of revolution varie 
the cube of the distance from the vertex. 

(9) From the formula (16) deduce the geodesic curvature of the ci 
r=const, putting r'« tJ^JE. 
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Geodesic Parallels 

56. Geodesic parallels. Let a singly infinite family of geo¬ 
desics on the surface be taken as parametric curves = const., and 
their orthogonal trajectories as the curves u = const. Then 
and the square of the linear element has the form 

= Edv? + QdvK 

Further, since the curves v = const, are geodesics, ^ is a function 
of u alone (Art. 47). Hence, if we take J ^/Edu as a new parameter 
we have 

d8^—du^’\'Odv^ .(24), 

which is called the geodesic form for d^. Since E is now equal 
bo unity, the length of an element of arc of a geodesic is du ; and 
the length of a geodesic mtercepted between the two trajectories 
u = a and = Z) is 

I du^h —a, 

J a 

This is the same for all geodesics of the family, and is called the 
geodesic distance between the two curves On account of this 
property the orthogonal trajectories w = const, are called geodesic 
parallels. 

From the geodesic form for ds^ we may easily deduce the 
property of minimum length charEicteristic of the arc of a geodesic 
joining two points on it. Consider, for example, the two points 
P, Q in which a geodesic is out by the parallels u = a, u^b. The 
length of the arc of the geodesic joining the two points is (6 — a). 
For any other curve joimng them the length of arc is 

J ds“J Vdu^ + Gd'i^ > J du, 

since 0 is positive Thus the distance is least in the case of the 
geodesic. 

With the above choice of parameters many results take a simpler 
form. Since & is positive it may be replaced by i>, so that 

ds^ = du‘ + JD^dv^ .(25). 

Then since P = 0 and P = 1 we have = G, so that 
Z = 0, m = 0, = — = — PPi, 


X = 0, 


_1 


CARNEGIE 
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XJV - + ^'= - V(? ! 


The Gauss characteristic equation becomes 

m~ w ' 

and therefore the specific curvature is 
^ LN-M^ 1 
(? 


V(? 9w* ’ 


or 


Ddu* 


The first curvature is 




The general equations (4) of geodesics become 

u"-i)A»'’ = oi 


J^(DV)-DAv'» = 0( 


and the single equation (6) gives 






•( 26 > 


■(2U 


EjZ. BeltramCs theorem Oonsider a singly infinite family of geodesics, out 
by a curve 0 whose direction at any point P is conjugate to that of the geodesic 
through P, The tangents to the geodesics at the pomts of 0 generate a 
developable surface (Art 36), and ore tangents to its edge of regression Bel¬ 
trami’s theorem is that the centre of geodesic cfitrvature at P, of that orthogonal 
trt^ectorg of the geodeeioe which pastes through this pointy is the wrrespwtdnng 
point on the edge of regression. 

Let the geodesics be taken as the curves const, and their orthogonal 
trajectories ss the curves 1 ^=const Then the square of the hnear element has 
the geodesic form 

The geodesic curvature of the parametno curve tt«= const, is, by Art. 64, 

2. 96^ 

014 ‘ 

This is measured in the sense of the rotation from Fi to r*. Hence the distance 
p from P to the centre of geodesic curvature, measured m the direction Fi, is 
given by 

p” 2Gdu‘ 

Let F be the position vector of the pomt P on the curve Cy R that of the 
corresponding point Q on the edge of regression, and r the distance P§, also 
measured in the direction Fi. Then, smoe ^=1, 

R=F+rFi. 
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Along 0 the quantities are functions of the aro-length % of the curve. Hence, 
on differentiation, 

R'«(ri +r 2 ^ ri+r (ru +r 12 2/). 

But, because the generators are tangents to the edge of regression, R' is 
parallel to Vi and therefore perpendicular to r 2 . Porming the scalar product 
with Tq we have 

0 * +rr 2 • ri 2 2 ?'=v'^6^+i r , 

the other terms vanishing m virtue of the relations ^=0 and Hence, 

since 1 / is not zero, 

1 __ ^ 
r"" 20 

showing that r—p. Therefore the point Q on the edge of regression is the 
centre of geodesic curvature of the orthogonal trajectorj of the geodesics 

57. Geodesic polar coordinates. An important particular 
case of the preceding is that in which the geodesics v = const are 
the singly infinite family of geodesics through a fixed point 0, 
called the pole. Their orthogonal trajectories are the geodesic 
parallels u = const., and we suppose u chosen so that ^ = 1. If we 
take the infinitesimal traj'ectory at the pole as the curve 0, u 
IS the geodesic distance of a point from the pole. Hence the name 
geodesic circles given to the parallels u = const, when the geodesics 
are concurrent. We may take v as the inclination of the geodesic 
at 0 to a fixed geodesic of reference OA, Then the position of any 
point P on the surface is determined by the geodesic through 0 
on which it lies, and its distance u from 0 along that geodesic. 
These parameters tt, v are called the geodesic polar coordinates of 
P. They are analogous to plane polar coordinates. 

On a curve G drawn on the surface let P and Q be the consecu¬ 
tive pomts {u, v) and {u + dw, v + dv). Then dv is the angle at 0 
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between the geodesics OP and OQ. Let PN be an element of 
geodesic circle through P, cutting OQ at N". Then ON = OP 
therefore NQ = du, And since the angle at -ST is a right angle, 

NP^ + du^=>PQ^ = ds^ 


= du^ + L^dv^, 


showing that PN = Bdv, 

Hence if is the angle NQP, at which the geodesic cuts 
curve 0, 


sin = 




t du , , j.dv 

coBf = ^, tan^|r = D^^ 


du‘ 


And we may also notice that the area of the element of the sur 
bounded by the geodesics v, v+ dv and the geodesic circle 
U+du 18 

dS = I)dudv. 

If the curve G is itself a geodesic, we may write the firs 
equations (27) for geodesics in the form 


or sin ainylrdv = 0. 

Hence, for a geodesiG, dyjr = - Pidv . (2£ 

It IS also important to notice that at the pole Pi has the v 
unity. To see this we consider a small geodesic circle distai 
fix>m the pole. The element of a geodesic from the pole to 
circle is practically straight, and the element of the geodesic c 
is therefore udv to the first order. Thus near the ongm 

P = + terms of higher order, 
and therefore, at the pole, Pj = 1. 

68. Geodesic triangle. If dS is the area of an elemei 
the surfiwse at a pomt where the specific curvature is K, we 

Kd8 the second curvature of the element, and jj KdS taken 

any portion of the surface is the whole second curvature of 
portion. We shall now prove a theorem, due to Gauss, on the w 
second curvature of a curvilinear triangle .4 PG bounded by geode 
Such a triangle is called a geodesic triangle, and Gauss's thee 
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may be stated: The whole second curvatv/re of a geodesio triangle is 
equal to the excess of the sum of the angles of the triangle over two 
right angles. 

Let us choose geodesic polar coordinates with the vertex A as 
pole. Then the specific curvature is 


K=- 


1 

D 


and the area of an element of the surface is Ddudv. Consequently 
the whole second curvature il of the geodesic triangle is 

Integrate first with respect to u, from the pole A to the side £G. 



Then since at the pole Di is equal to unity, we find on integration 
n = j(l-D,)dv. 

where the integration with respect to v is along the side BO. But 
we have seen that, for a geodesio 

— Bidx = d^. 

Hence our formula may be written 

n=jdv-hj dxjr. 

Now the first integral, taken fi:om B to 0, is equal to the angle A 
of the triangle. Also 

jdir^O-Qjr-B). 

Hence the whole second curvature of the triangle is given by 

n = ^+B + a-7r.(29), 

as requirecL 
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The specific curvature is positive, zero or negative accoidmg as 
the surface is synclaatic, developable or anticlastic. Consequently 
A-hB + 0 18 greater than tt for a B 3 mclastic surface, equal to tt for 
a developable, and less than tt for an anticlastic surface When 
the surface is a sphere Gauss’s theorem is identical with Girard’s 
theorem on the area of a spherical triangle 

69. Theorem on parallels. An arbitrarily chosen family of 
curves, (j> {u, v) = const., does not in general constitute a system of 
geodesic parallels In order that they may do so, the function 
cf) (Uy v) must satisfy a certain condition, which may be found as 
follows. If the family of curves i;) = const, are geodesic 

parallels to the family of geodesics (u, v) = const., the square of 
the linear element can be expressed in the geodesic form 

where e is a function of </) only, and I) a function of <f> and 
Equating two expressions for ds^ we have the identity 

+ 2Fdudv -vQdv^^e (0i du + <^dvy + {^^du -f 

and therefore E — + Z)® 

Consequently, elimmating and t/oj, we must have 

(E — 6(^1®) ( — (jP - 6</)i ^a)® =0 .(of), 

which 18 equivalent to 

J .(30) 

Th us in order tho/t the fcbmily of curves <f) (w, v) = const, may be ct 
family of geodesic parallelsy 

mtist be a function of <f> only, or a constant. 

The condition is also sufficient. For 

ds^-edcf>^ = (E-^ du^ + 2 (F - e<l>, (f>,) dudv-\^{G- e^a®) dv^ 
and this, regarded as a function of du and dv, is a perfect square, 
in virtue of (a) bemg satisfied. We can therefore write it as Z^dyfr^, 
so that 


cfo® = ed<^® + 
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proving the suflGlciency of the condition. In order that <f) may be 
the length of the geodesics measured from <f> — 0, it is necessary 
and sufficient that e » 1, that is 

.(30'). 

60. G-eodeslc ellipses and hyperbolas. Let two indepen¬ 
dent systems of geodesic parallels be taken as parametric curves, 
and let the parametric variables be chosen so that u and v are the 
actual geodesic distances of the point {u, v) from the particular 


p 



curves w = 0 and t; =» 0 (or from the poles in case the parallels are 
geodesic circles). Then by Art. 69, since the curves = const, and 
V = const, are geodesic parallels for which a = 1, we have 


E^G^E\ 


Hence, if o) is the angle between the parametric curves, it follows 
that 






cos CO 


sin® 0 ) ’ ” sin* co ’ 

so that the square of the linear element is 

dit® + 2 cos codudv H- di;® 
sm* (o 




.(31). 


And, conversely, when the linear element is of this form, the para¬ 
metric curves are systems of geodesic parallels. 

With this choice of parameters the locus of a point for which 
+ 1 ; = const, is called a geodesic ellipse. Similarly the locus of a 
pomt for which u — t; = const, is a geodesic hyperbola. If we put 

i2 = J {u + v), V = J (u —v) ..(32), 

the above expression for d^ becomes 


ds® = 


rf?!® dv^ 



(33), 
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showing that the curves H = const, and v = const, are orthogonal. 
But these are geodesic ellipses and hyperbolas. Hence a system, of 
geodesio ellipses and the corresponding system of geodesic hyperbolas 
cure orthogonal Conversely, whenever ds^ is of the form (33), the 
substitution (32) reduces it to the form (31), showing that the 
parametric curves in (33) are geodesic ellipses and hyperbolas. 

Further, if 0 is the inclination of the curve = const, to the 
curve V = const., it follows from Art. 24 that 

_ ft) - ft) 

cos ^ = cos ^, sm 6 = sin ^, 


and therefore ^ ^ • 

Thus the geodesic ellipses and hyperbolas bisect the angles hekueen 
the corresponding systems of geodesic pa/rallels. 


01 . IilouvUle surfaces. Surfaces for which the linear ele¬ 
ment is reducible to the form 


cZs® = (JJ + Y) (PcZm® + Qdv^) .(34), 

in which 17, P are functions of u alone, and F, Q are functipns of 
V alone, were first studied by Liouville, and ai’e called after him. 
The parametric curves clearly constitute an isometric system (Art. 
39), It is also easy to show that they are a system of geodesic 
eUipses and hyperbolas. For if we change the parametric variables 
by the substitution 




the parametric curves are unaltered, and the hnear element takes 
the form 



But this is of the form (33), where 




sin*« == 


IT 


2 ”Z7+F^ 


2 = UTT- 


Hence the parametric eu/rves are geodesic ellipses and hyperbolas, 
Liouville also showed that, when d^ has the form (34), a first 
integral of the differential equation of geodesics is given by 

JJ sm* 0 - F cos^ 6 = const .(36), 
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•where 9 is the inclmation of the geodesic to the parametric curve 
V = const. To prove this we observe that F=0, while 
^=(Z7+F)P, G = {U^V)Q, 

so that Pi=Z7iP + (Z7+7)Pi, 

(?,= 7,Q + (!7+ F) Qa. 

Taking the general equations (4) of geodesics, multiplying the 
first by — 2u F, the second by 2v' U and adding, we may arrange 
the result m the form 

= {{U+V)E,-VtE\ 

Now the second member vanishes identically in virtue of the pre¬ 
ceding relations. Hence 

UGh)’^ — VEvl^ = const., 
which, by Art. 24, is equivalent to 

J] sm^ 0 — F cos® 9 = const. 

as required. 


EXAMPLES VIII 

1 ■ From formula (21) deduce the geodesic ourvature of the curves v = const 
and w=>const 

£2. When the curves of an orthogonal system have constant geodesic cur¬ 
vature, the system is isometna 

3 • If the curves of one family of an isometnc system have constant geodesic 
ourvature, so also have the curves of the other family. 

A» Straight hues on a surface are the only asymptotic hues which are 
geodesics. 

5 • Find the geodesics of an ellipsoid of revolution. 

6. If two families of geodesics out at a constant angle, the surface is 
developable. 

7> A curve is drawn on a cone, semi-vertical angle a, so as to out the 
generators at a constant angle /3. Prove that the torsion of its geodesic tan¬ 
gent 18 sinj9coB)3/(iZtana), where R is the distance from the vertex. 

8 . Prove that any curve is a geodesic on the surface generated by its 
hinormals, and an asymptotic hne on the surface generated by its principal 
normals 

9. Fmd the geodesics on the catenoid of revolution 
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10. If a geodesic on a surface of revolution outs the mendians at a con¬ 
stant angle, the surface is a right o^lmder 

11. If the pnncipal normals of a curve intersect a fixed line, the curve is 
a geodesic on a surface of revolution, and the fixed line is the axis of the 
surface, 

1A curve for which k/t is constant is a geodesic on a cylinder. Eind a 
d 

curve for which ^ (r/ic) is constant is a geodesic on a cone. 

13. Show that the family of curves given by the differential equation 
Pdu+Qdo^O will constitute a system of geodesic parallels provided 

du - 2PPQ + GI^J dv\^£;Q2_ gF^J * 

14. J/, on the geodencs through a point 0, points he taken at equal geodesio 
distances from (?, the locus of the paints is an orthogonal trajectory of the 
geodesics. 

Let the geodesics through the pole 0 be taken as the curves const, and 
let u denote the geodesic distance measured from the pole. We have to show 
that the parametno curves are orthogonal Smce the element of arc of a 
geodesio is du^ it follows that E=\. Also since the curves const, are 
geodesics, X«0. Hence jPi«=0, so that i?’ is a function of v alone. Now, at the 
pole, Tj is zero, and therefore ri»r 2 sJ?'vanishes at the pole. But Fm inde¬ 
pendent of u , and therefore it vanishes along any geodesio. Thus F vanishes 
identically, and the parametric curves are orthogonal 

15. If^an the geodesics which cut a given curve 0 orthogonally^ points be 
token at equal geodesio distances from (7, the locus of tha points is an orthogonal 
trajectory of the geodesics. 

16. Necessary and sufifioient conditions that a system of geodesio oo- 
ordmates be polar are that »JG vanishes with and 0 ^/G/du^ 1 when w«0. 

1 7. Two points A, B on the snrfaoe are joined by a fixed curve and a 
variable curve 0, enclosing between them a portion of the surface of constant 
area. Prove that the length of C is least when its geodesio curvature is 
constant 

18. If in the previous example the length of C is constant, prove that the 
area enclosed is greatest when the geodesio curvature of C7 is constant 

19. If the tangent to a geodesic is mclmed at a constant angle to a fixed 
direction, the normal to the surface along the geodesic is everywhere perpen¬ 
dicular to the fixed direction. 

20. Two surfaces touch each other along a curve. If the curve is a geo¬ 
desio on one surface, it is a geodesio on the other also. 

21. The ratio of the curvature to the torsion of a geodesic on a develop¬ 
able surface is equal to the tangent of the mclmatLon of the curve to the 
corresponding generating lm& 
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22. If a geodesic on a developable surface is a plane curve^ it is one of the 
generators, or else the surface is a cylinder. 

23. If a geodesic on a surface lie on a sphere, the radius of curvature of 
the geodesic is equal to the perpendicular from the centre of the sphere on the 
tangent plane to the surface. 

24. The locus of the centre of geodesic curvature of a line of curvature is 
an evolute of the latter 

2 5 . The orthogonal trajectories of the helices on a helicoid are geodesics. 

26. The meridians of a ruled helicoid are geodesics. 

27. If the curve 

cos w, y=^f(u) sin ZA, (u) du 

is given ahelicoidal motion of pitch Sttc about the a-axis, the various positions 
of the curve are orthogonal trajectones of the helices, and also geodesics on 
the surface. 



CHAPTER VII 

QUADRIC SURFACES. RULED SURFACES 


Quadric Surfaces 

62. Central quadrics. The equation of a central quadric 
surface, referred to its principal axes, is of the form 

.( 1 ), 


1 

-r -r "1— “ 

a b G 


in which we may assume a>6>o. The quadrics confocal with 
this are given by 


aP 


r 




= 1 


... . ( 2 ). 


for different values of At points common to the two surfaces 
(1) and (2) we have 

0(\)s(a + \) (6+X)(o + \)-2ic® (& +\) (c + X) = 0. 

We may regard this as an equation for determining the values of 
X corresponding to the confocals which pass through a given point 
J/j -sf) on the surface (1) It is a cubic equation, one root of which 
is obviously zero. Let the other two roots be denoted by v. 
Then, because the coefficient of V is unity, <p (X) is identically equal 
to the product \ (X. — w) (\ — i;); that is 

X (\ — m) (\ — u) = (a + \) (6 + X) (c + X) — (6 + X) (o + X). 

If in this identity we give X the values -* a, — — c in succession, 
we find 

_a {a -{-u) (a vY 
(a-6 )(a-c) 


+ 

" (fc-a)(6-o) ' 
c(c + w)(c +v) 

(0“a)(c-6) , 

Thus the coordinates of a point on the quadnc (1) are expressible 
in terms of the parameters w, v of the two confocals passmg through 
that point. We take these for parametric variables on the surface. 
It follows from (3) that, for given values of u and v, there are eight 
pomts on the surface, one in each octant, symmetrically situated 
with respect to the coordinate planes. 
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In the case of an ellipsoid^ a, 6, c are all positive. Hence (— c) 

B negative, ^(-6) positive, and (— a) negative. Therefore, if u 
B greater than v, we have 

— c>u> — 6, —&>?;> — d. 

The values of and v are thus negative, and are separated by — 5. 

For an hyperboloid of one sheet c is negative, so that <^(oo ) is 
positive, 4 > (— c) negative, ^ (— 6) positive and ^ (— a) negative 
Therefore 

w> — c, ‘-b>v> — a. 

Consequently u is positive and v negative, the root between — c 
and — & being the zero root 

For an hyperboloid of two sheets both b and c are negative. 
Hence (oo ) is positive, (f> (— c) negative and </> (— b) positive, so 
that the non-zero roots are both positive and such that 
u>'-c, —c>?;> — 6. 

Thus both parameters are positive, and the values of u and v are 
separated by — c. In all cases one of the three surfaces through 
(a>, z) IS an ellipsoid, one an hyperboloid of one sheet, and one 
an hyperboloid of two sheets. 

Any parametric curve i; = const, on the quadnc (1) is the curve 
of intersection of the surface with the confocal of parameter equal 
to this constant u. Similarly any curve u = const is the line of 
intersection of the surface with the confocal of parameter equal to 
this constant n. 


63- Fundamental magnitudes. If r is the distance of the 
point y^ z) from the centre of the quadnc, and p the length of 
the central perpendicular on the tangent plane at (a?, y, we have 
r® = re® 4- y® -1- ^ = (a + & + c) 4* (w + 


and 


1. g ^ ^ 
^ ^ 


.(4). 


Also on calculating the partial derivatives etc,, we find 


^ = ai’ + 3/i“ + - Y(a + u)[b + «) (c + u) 

F = a!i<rj+ yiVt + = 0 


.(5). 


v(v^u) 
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The normal has the direction of the vector ^, and ainoe 

the square of this vector is equal to 1/p’, the unit normal is 
/p® py pz\ 

“"U’ b’ o) 


_/ (o + «)(a + u) /ca(6 4- 
“ VV uv (o — 6) (a — c) ’ V uv (b — 


u) (6 + v) 
c)(6-a)’ 


(c + 

V tiV (o — 


«)(C + »')’\ 
Mu(c —a) (c-6)/ 


The second order magnitudes are therefore 

r _ — i /~ 

— n«ru —(a+M)(6 + «)(e + w) 

Jlf = n»ri2 = 0 


( 6 ). 




I' abo (v — u) 

uv (a + v)(b + v)(o + v)J 
Since then F=0 and M = 0 the parametric owrves are lines of 
curvature. That is to say, the lines of curvature on a central quad- 
nc are the curves in -which it is cut by the confocals of different 
speciea The principal curvatures are then given by 

_L_1 j oicl 

_ JV _ 1 j oho 
G V \ uv J 

Thus, along a line of curvature, the principal curvature varies as 
the cube of the other principal curvature. The first curvature is 

and the specific curvature 

.<8> 


■a). 


Therefore on the elhpaoid or the hyperboloid of two sheets the 
specific curvature is positive at all points; but on the hyperboloid 
of one sheet it is negative everywhere. Moreover 

p^^ahcK .( 9 ). 

Hence at all points of a curve, at which the specific curvature is 
constant, the tangent plane is at a constant distance from the centre. 
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At an umiilio Ka is equal to and therefore If the 

surface is an ellipsoid the values of u and v are separated by — b. 
Hence at an umbilic they must have the common value — 6. The 
umbilici are therefore 


The four umbilici thus lie on the coordinate plane containing the 
greatest and least axes, and are symmetrically situated with respect 
to those axes. 

On the hyperboloid of two sheets the values of the parameters 
are separated by — c. Hence at an umbilic u = v— — o, and the 
umbilici are 


/a (a - c) 
V a-b ^ 


± 



b(b — 6) 
(b^a)^ 




On the hyperboloid of one sheet the umbilici are imagmary, for u 
and V have no common value. 

The differential equation of the asymptotic lines on a surface is 
Ldu^-\-^Mdudv 


Hence on the quadnc (1) they axe given by 

du _ ^ dv 

\/(a + w) (6 + u) (o + u) V(a + v) (b +1') (o + v) * 


64. Geodesics. On usmg the values of E, F, G given in (5) 
we see that the square of the Imear element takes the form 
d^ — (u — v){Udu^— 

where O’ is a function of u alone, and V a function of v alone. 
Central quadrics thus belong to the class of surfaces called liouville 
surfaces (Art. 61). Consequently the lines of curvature, being para¬ 
metric curves, are isometric and constitute a system of geodesic 
ellipses and hyperbolas. Moreover a first mtegral of the differential 
equation of geodesics on the quadric is given by 

u sm*0 + 1 ;cos*.(10), 

where k is constant, and 6 the angle at which the geodesic cuts 
the curve v = const. The value of k is constant on any one geodesic, 
but changes from one geodesic to another. If the geodesic touches 
the parametric curve v = h, then cos 0 = 1 at the pomt of contact, 
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and therefore i = A. Similarly if it touches the curve u — A, sin = 1 
at the point of contact, and agam h = h Thus k has the same value 
for all those geodesics which touch the same line of cfwrvature. On 
the ellipsoid k is negative for all geodesics because both parameters 
are negative. On the hyperboloid of two sheets k is positive be¬ 
cause u and V are both positive. 

Further, on wi’iting (10) in the form 

{u — k) sin® 0 + — A) cos“ 0 = 0, 

we see that, for all geodesics through a given point {u, v), the 
constant k is intermediate in value between u and v^ and, for a 
given value of k withm this interval, there are two geodesics, and 
these are equally inclined to the lines of curvature 
At an umbilic the parametric values w, v are equal; and there¬ 
fore, for all geodesics through an umbilic, k has the same value, Ao 
say, which is — 6 for an ellipsoid and — c for an h 3 ^erboloid of two 
sheets. The equation for the umbilical geodesics is then 
{u — ko) sm^ 0 + (v “ fco) cos® 0 = 0. 

Thus, through each point P on a central quadric with real umbilics 
there pass two urnbiUoal geodesics, and these are equally inclined to 
Idle lines of curvature through the point If then the point P is 



joined by geodesics to the four umbilics, those drawn to opposite 
umbilics A, A' or B, B must be continuations of each other. Thus 
two opposite umbilics are jomed by an infinite number of geodesics, 
no two of which mtersect again. 

Moreover, since the geodesics jo inin g P to two consecutive 
umbilics A, B are equally inclmed to the hues of curvature at P, 
it follows that A, B are foci of the geodesic ellipses and hyperbolas 
formed by the lines of curvature. Of the two lines of curvature 
through P, that one is a geodesic ellipse with respect to A and B 
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which bisects externally the angle APB, while the other one, 
which bisects the angle internally, is a geodesic hyperbola. If, 
however, A* and B are taken as foci, the former is a geodesic 
hyperbola and the latter a geodesic ellipse Thus, m the case of 
the former, 

PA + PB = const., 

PA' — PB = const., 
so that PA + PA' = const. 

But P IS any point on the surface Hence all the geodesics joining 
two opposite urabilics are of equal length. 


66. Other properties. On using the values of the prmcipal 
curvatures given m (7) we deduce from Euler’s theorem that the 
curvature of a geodesic, being the normal curvature of the surface 
in that direction, is given by 




1 /abc 1 /ahc 

= - A / — cos* 5 + - A / — sm* 6 , 
uy uv V y uv 


so that 



( 11 ). 


Hence along any one geodesic the normal curvature varies as the 
cube of the central perpendicular on the tangent plane. The same is 
also true of a line of curvature. For, at any point, tCn and p have 
the same values for this curve as for the geodesic tangent, and all 
geodesic tangents to a line of curvature have the same k, 

Agam, consider the semi-diameter D of the quadnc parallel to 
the tangent to the geodesic at the point {oc, y, z). The unit tangent 
r' to the geodesic is y\ s!) and therefore 


i}* “ a c ■ 




while, for any direction on the surface, 

i^.yy' , f/, 

abc 


0) 


Along a geodesic r" = Knn] and therefore, by differentiating the 
identity r'*n = 0, we have 

/e„ = r"«n = -r-n'. 

W. 9 
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Now 

fx y 2 i\ 


and therefore 

^\a’ b’ \a’ h' c)' 


Thus on forming the scalar product we find, in virtue of (a) 

and 09), 

6 . 

,...(12). 

On substituting the value of given m (11) we have 



Jcp^D^ - abc . 

....(13), 

or 

kD^ = — uv. 



From (13) it follows that pD is constant along a geodesic. The 
same is also true of a line of curvature. For p and D are the same 
for the Ime of curvature as for its geodesic tangent, while k has 
the same value for all geodesic tangents to a line of curvature. 
Thus we have Joachimsthars theorem: Along a geodesic or a line 
of curvature on a central quadno the product of the semi-diameter 
of the quadric parallel to the tangent to the curve and the central 
perpendicular to the tangent plane is constant 

Formula (12),shows that = Now p is the same for all 
directions at a point, and therefore, if p is the reciprocal of 
D varies as V/o- Hence, by Art. 32, the mdicatrix at any point of 
a central quadric is similar and similarly situated to the parallel 
central section 

Sx. !• Show that, along a geodesic or a line of cii^atiire, Kn varies 
invei’sely as 

Ex. 2. For all nmbihcal geodesics on the quadno (1) 

Ex. 3. The constant pD has the same value for all geodesics that touch 
the same line of cm-vature. 

Ex. 4. Two geodesio tangents to a line of curvature are equally mchned 
to the Imes of ourvature through their pomt of mtersection 

Ex. 5. The geodesio distance between two opposite umbihos on an 
elhpsoid IS one half the oirciimference of the pnncipal section through the 
umbilics. 

Ex. 6 . All geodesics through an umbiho on an elhpsoid pass through the 
opposite umbilio. 
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*66- Paraboloids. The equation of a paraboloid may be ex¬ 
pressed in the form 

. 


in which we may assume that h is positive and greater than cu 
The paraboloids confocal with this are given by 


a — \ 




for different values of X. The values of X for the confocala through 
a given point (a?, y, si) on the original surface are given by 
</)(X) = fl;“(6-X) + y''(a-X)~4(-s-X)(a-X) (6-X) = 0. 

One root of this cubic is zero: let the other roots be denoted by 
V of which u 18 the greater. Then, because the coefiScient of X® in 
the last equation is 4, we have the identity 
4X (X — «) (X — v) = fl?® (6 — X) + y® (a - X) — 4 — X) (a — X) (i - X) 

If in this we give X the values a and b successively, we find 
^ _ 4a (a — u) (a — v)'\ 

” 6 —a 




46 (6 — u) (6 — v) 
a — b 


..( 16 ). 


and therefore by (14) z^u + v — a — b j 

We may take u, v for parameters on the paraboloid, and for given 
values of the parameters there are four points on the surface, 
symmetrically situated with respect to the coordinate planes a> = 0 
and y = 0 

For the elliptic paraboloid a is positive as well as 6. Hence 
since </> (oo ) is positive, (j> (6) negative and </> (a) positive, it follows 
that u and v are both positive, and are separated by the value 6. 
For the hyperbolic paraboloid a is negative. The zero root of ^ (X) 
lies between a and 6, so that u>b and v<a. 

The derivatives of a;, y, z are easily calculated from (15), and the 
first order magnitudes found to be 


w(w-i;) 

^ {a — u){b — u) 
F=^ = 0 




viv—u) 

{a — v)(b — v)] 


(16). 


9—2 
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The normal to the paraboloid has the direction of the vector 
2 ^ , and the unit vector m this direction, expressed in 
terms of the pai^meters, is 


/ /b (a-u){a - v) 
Q)-a)uv 


la(b — u)Q)—v) 

» V {a-b)uv ' 


The second order magnitudes are therefore 

u^v 

“n*ru = 2(a-i^)(i-w) V uv* 

« n • ri2 — 0, 

- V — w 

“”n*r2a—2 (a --y)(6 _-y) V y/o' 

Smce then F and M both vanish identically, the parametric curves 
are lines of curvature. That is to say, the lines of curvature on a 
paraboloid are the curves in which it is cut by the confocals. The 
principal curvatures are then given by 

V m 

_N_1_ /Sf . 

**~G'7 2t>V w>i 
and the specific curvature is 

rr <A 

K-KaKj,- 

The length p of the perpendicular from the vertex to the tangent 
plane at the point {x, y, z) is easily found to be 

Hh 


(1^), 


Hence the quotient pjz is constant along a curve on which the specific 
curvature of the surface is constant. 

The umbilici are given by Ka= ki, which requires u = v. This is 
possible only on an eUiptic paraboloid, and the common parameter 
value is then equal to b. The umbilici on an elliptic paraboloid 
are therefore given by 

a: = ± 2 Va (6 — a), y = 0, z = b-a. 

At these points the principal curvatures become equal to ^ 
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In virtue of (16) the square of the linear element has Liouville'. 
form 

= (w — v) ( Udu^ — Fdz;®), 

so that the lines of curvature are isometric and constitute a system 
of geodesic ellipses and hyperbolas, A first integral of the differ¬ 
ential equation of geodesics is given by 

u sin® 6 -\-v cos® d = ft, 

as in the case of the central quadrics; and the direct consequences 
of this equation, which do not depend upon the existence of a 
centre, are true of the paraboloids also (Art. 64). 

The curvature of a geodesic, being the normal curvature m its 
direction, is given by 

Kn = Ka cos® 0 + «:& Bin® 9 

— ^ 

“ 2 V 

Hence, along a geodesic or a line of oui^ature on a paraboloid^ the 
quotient KnS^jp^ is constant. 

EXAMPLES IX 

1. The points at which two geodesic tangents to a given hne of curvature 
on a quadric cut orthogonally lie on the surface of a sphere. 

Let k be the parametric constant for the line of curvature. Then for a 
geodesic tangent 

u sin® 6+v cos® A 

Whore this mterseots another geodesic tangent at right angles we have 
«sin®^^+^^+i;oos® 

Hence, by addition, u 

and therefore by (4) ir®+y®-|-<8*=fl+6+o+2^, 

which proves the theorem 

2. The points at which the geodesic tangents to two different lines of 
curvature cut orthogonally ho on a sphere, 

3. If a geodesic is equally inchned to the lines of curvature at every point 
along it, prove that the sum. of the principal curvatures vanes as the cube of 
the central perpendicular to the tangent plane along the geodesic. 

4- The intersection of a tangent to a given geodesic on a central conicoid 
with a tangent plane to which it is perpendicular hes on a sphere. 
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6. Prove that the differential equation of geodesics on an elhiisoid may lie 
expressed 

/v{a-\-u){h->rv){c+u){u-k) 

6. The length of an element of an umbilical geodesic on an ellipsoid is 

\J \^(o+®)(c+v)‘ 

7. For any curve on a quadric the product of the geodesic curvature and 
the torsion of the geodesic tangent is equal to 



with the notation of Art 66, 

8. The asymptotic lines on any quadnc arO straight lines. 

9. Find the area of an element of a quadnc bounded by four hues of 
curvature 

lO- A geodesic is drawn from an umbiho on an ellipsoid to the extremity 
of the mean axis Show that its torsion at the latter pomt is 

11. Find the geodesic curvature of the lines of curvature on a central 
quadnc. 

12. Find the tangent of the angle between the umbihoal geodesics through 
the point {x^ y, z) on the ellipsoid (1). 

13. The specific curvature at every point of the elliptio paraboloid 

whole it is out by the oyhnder is 

14. The specific curvature at any point of a paraboloid vanes as 
with the notation of Art. 66. 

16. Writing da^ for a quadric in the form 

d^=(u-v){U dv? - Vdv\ 
prove that the quantities Ij eta are given by 



1 

r 


’ ®* 2(w-ii)’ 

"’“2(tt-«) [r> 

X= ^ 

1 


2(i)-a) 7' 


2 ^ vj 


Hence wnte down the (single) differential equation of geodesics 


16. Show that the coordinates of the centres of curvature for a central 
quadnc are^ for one prmoipal direction, 

/(a+tt)®(a+'y) /(6+ti)®(6+v) / (q+?0^ (c+^^) 

V a(a-6)(a-c)’ V h{J^o){p~ay V 

and, for the other, similar expressions obtained by interchanging u and v. Hence 


show that the two sheets of the centro-surface are identicaL 
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17. Show that the equation of a paraboloid, is satisfied 

identically by the substitution 

(1+GWi) (1 +av)^ «=s (14-aw+(M;), 

Taking u, i; as parameters for the surface, show that 
^ (a~5) (w-i;)P2 
46^ u{l+au)^ 

F=0, 

46® i?(l + au)’ 

where l^=a{a-b)u--b, Q^=a{a-b)v-b, 

Prove also that the unit normal to the surface is 

ll=^(Va®(a-6)i4i;, N/6(6-a)(H-aii)(H-ai;), -VaS), 

and the second order magnitudes 

Xer — 

4Py N/ 6 M(l + att) ’ 

J/=0, 

^“-47^ VT-T(T+^r ' 

Hence deduce all the results of Art. 66 


Ruled Surfaces 

67. Skew surflELce or scrolL A ruled surface is one that 
can be generated by the motion of a straight line. The infinitude 
of straight lines which thus lie on the surface are called its gene¬ 
rators. We have already considered a particular class of ruled 
surfaces called developable surfaces or torses. These are charac¬ 
terised by the properties that consecutive generators intersect, 
that all the generators are tangents to a curve called the edge of 
regression, that the tangent plane to the surface is the same at all 
pomts of a given generator, and that the specific curvature of the 
surface is identically zero. Ruled surfaces in general, however, do 
not possess these properties. Those which are not developable are 
called skew surfaces or scrolls. It is skew surfaces particularly 
that we shall now consider. 

On the given ruled surface let any curve be drawn cutting all 
the generators, and let it be taken as a curve of reference called 
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the direci/nx. The position vector To of a current point P© on the 
directrix is a function of the arc-length 8 of this curve, measured 
from a fixed point on it. The position vector r of any pomt P on 
the surface is then given by 

r=ro + 'wd .(18), 

where d is the vm/it vector parallel to the generator through P, 



Fig 20, 

and u the distance of P from the directrix in the direction of d, 
Tbe quantities u, 8 will be taken as parameters for the surface. 
The parametric curves 5 = const, are the generators. The unit 
tangent t to the directrix is equal to To', and the angle d at which 
a generator cuts the directrix is given by 

cos5 = d#t . (19). 

The square of the linear element of the surface follows from (18). 
For 

dr = 6,du 4 - (t + ud') d8 
and therefore on squaring, and writing 

a*=d'» 6 = t*d'.(20), 

we have 

Edu^ + 2Fdud8-^ cZs® = dr® 

= du^ + 2 cos 6 duds + (a*'U® -f 26 m +1 ) ds®.. .(21). 

68. Consecutive generators. Consider consecutive genera¬ 
tors through the points Tq and + tds on the directrix, and let 
their directions be those of the unit vectors d and d 4 - d'dfi. If 
their mutual moment is positive the ruled surface is said to be 
nght-handed] if it is negative the surface is left-handed. This 
mutual moment is the scalar moment about either generator of a 
unit vector localised in the other. If then we take the unit vector 
d + d'ds localised m the second generator, its vector moment about 
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the point To is (tcfo) x (d+ d'cJfi). Hence its scalar moment about 
the first generator is 

(tds) X (d + d'd5).d = [t, d', d] dsK 
The surface is therefore right-handed or left-handed according as 
the scalar triple product 

i) = [t,d', d] .(22) 

IS positive or negative. 

The common perpendicular to the two generators is parallel to 
the vector (d + 6! ds) x d, and therefore to the vector d' x d. The 

unit vector in this direction is - d' x d, because d' and d are at 

a 

right angles, and their moduli are a and unity respectively. In 
the case of a right-handed surface this vector makes an acute angle 
with t. The shortest distcmce between the consecutive generators 
is the projection of the arc-element tcfo on the common perpen^ 
dicular, and is therefore equal to 

Hence the necessary and sufficient condition that the surface he 
' developaible is [t, d', d] = 0. 

1 This condition may be expressed differently. For 
I [t, d', d]>= V t-d' t.d [= 1 b coad ' 

i d'.t d* d'.d b a* 0 

( d.t d.d' d* 1 CO3 0 0 1 

I *s a“ sin* 6 — b\ 

I Hence [t, d', d] = ± sin» ^ - 6* . (23), 

' the positive or negative sign being taken according as the surface 
i is nght-handed or left-handed. Thus the condition for a develop- 
I able surface is 

I The mutual moment of two given generators and their shortest 
j distance apart are clearly independent of the curve chosen as 
I directrix. Hence, in the case of two consecutive generators, the 
. . 1 

f quantities Bds^ and -Dds do not change with the directrix. The 
p a 

quotient of the square of the second by the first is then likewise 
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invanaut. But tliis quotient, being equal to D/a®, is independent 
of dSi and therefore depends only on the particular generator d 
chosen. It is called the parameter of distnhution for that generator, 
and has the same sign as D. Denoting it by ^ we have 

. 

69- Line of strlctlon. The foot of the common perpendicular 
to a generator and the consecutive generator is called the central 
point of the generator, and the locus of the central points of all 
the generators is the line of striction of the surface To find the 
distance u from the directrix to the central pomt of the generator 
d, we first prove that the tangent to the hne of stnction is per¬ 
pendicular to d'. This may be done as follows. Consider three 


d+d'da 

d 


consecutive generators. Let QQ' be the element of the common 
perpendicular to the first and second intercepted between them, 
and JRK the intercept of the common perpendicular to the second 
and third. Then the vector QR is the sum of the vectors QQ' and 
QR. But QQ' is parallel to d' x d and is therefore perpendicular 
to d'. Further 

Q'Ji=:7?(d + d'd5), 

where 97 is a small quantity of the first order. Formmg the scalar 
product of this vector with d^ we have for its value 
^ (d + d' d5)»d'= 

which is of the second order. Hence in the limit, as the three 
generators tend to coincidence, QR is perpendicular to d'. But the 
hmiting direction of QR is that of the tangent to the line of 
striction. Hence this tangent is perpendicular to d'. 

Now if u is the distance of the central point from the directrix, 
the position vector of this point is 

r = ro + ud .(25), 



/Po /Q 

Pig 21. 
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and the tangent to the line of striction is parallel to f*, where 
f' = t + 'ad' + '£l'd. 

But this is perpendicular to d', so that 

0 = d'»f' = 6 + 'Oa’. 

Hence . 

This determines the central point of the generator. The para¬ 
metric equation of the line of striction is 

a?u + 6 = 0. 

Hence if 6 vanishes identioally the line of striction is the directrix 
This condition is that d' be perpendicular to t. 

Ez. Show that the hne of stnotion outs the generator at an angle + such 
that 


70. Fundamental magnitudes. The position vector of a 

current point on the surface is 

r = To + wd, 

where to and d are functions of the parameter s only. Hence 

rx = d, 
rg=t + tid', 

so that JF=1, jP = co 8^, G = a*n* + 26u + l, 
jffa — + siu® 0 , 

as is also evident from (21) The unit normal to the surface is 
n = !i^ = ^cl5<(t+„d') .(27). 


The second derivatives of r are 

fu " ^la ” ^ > ^32 = t + Tzd , 

SO that i = 0 

Jlf = ^dx(t + Md')«d' = ^ 

i\r = ^ [d, t + «d', t' + tid"] 

The specific curvature has the value 

LN-M^ jD» 


.( 28 ). 
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so that,/or a developable sur/ace, E vcmishes identioally (Art. 33). 
Further, since E is negative, there are no elliptic points on a real 
ruled surface; and, since we may write 

fl® = sin® 0 + a^{u - uy - 

it follows that, along any generator, -S’® is least at the central 
point Therefore, on (my one generator, the second curvature is 
greatest in absolute value at the central point; and, at points equi~ 
distant from th%s, it has equal values. 

The first curvature is given by 


so that ^ ^ ^1* 


71. Tangent plane. The tangent plane to a developable 
Burfeice is the same at all points of a given generator. But this 
is not the case with a skew surface. We shall now show that, as 
the point of contact moves along a generator fi:om one end to the 
other, the tangent plane turns through an angle of 180®. To do 
this we find the inclmation of the tangent plane at any point P to 
the tangent plane at the central point Po of the same generator. 
The tangent plane at the central point is called the cenf/ral plane 
of the generator. 

We lose no generality by taking the line of striction as directrico. 
Then 6=0, and the central pomt of the generator is given by 
w = 0 We thus have 


P® = a®iA® + sm®5, D = ± asinO, 
so that, for the central point, 

Po = sin 6, 

Similarly the unit normal at the central point is 


Let </> be the angle of rotation (in the' sense which is positive for 
the direction d) firom the central plane to the tangent plane at the 
point u. This is equal to the angle of rotation from the normal 
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to the normal n, and is given by 

dsin^ = noxn = ^(d x t) x (d x t + wd x d') 


uB 


i/ sm 0 


d. 


Therefore 


. uB au 

. 


the positive or negative sign being taken according as the surface 
is right-handed or left-handed. Hence, as u varies from - qo to 
+ 00 , sin varies continuously from — 1 to + 1 , or from -f 1 to — 1 . 
Thus, 08 the point of contact moves from one end of the generator to 
the other, the tangent plane turns through half a revoluUcm; and the 
tangent planes at the ends of the generator are perpendicular to the 
central 'plane. 

Consequently cos </> is positive, and in virtue of (30) 

cos ^ ^ Visr* - a*u» = ^ == .(30'), 

j XT- r , , sin 6 , aiA a?u 

and therefore tan 6 =s —^ = ±-= - 7 ^ 

^ cos 9 sin ^ Jj 


where 13 is the parameter of distribution (Art. 68 ). Thus tan 9 is 
proportional to the distance of the point of contact from the 
central point. And, in virtue of (31), the tangent planes at two 
pomts u, U on the same generator will be perpendicular provided 

Thus any plane through a generator is a tangent plane at some 
point of the generator, and a normal plane at some other point of 
it. Also the points of contact of perpendicular tangent planes 
along a generator form an involution, with the central pomt as 
centre, and imaginary double pointa 
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EjZ. 1. Surface of hmormciU, Consider the surface generated by the 
bmormols of a tmsted curve. Take the curve itself as directrix, and let t, n, 
b be its unit tangent, prmcipal normal and bmormal respectively. Then 

d«=b, d'** — Til, so that 

-Tn, b]=s-r. 

Hence the surface is left-handed or right-handed according as the torsion of 
the curve is positive or negative. Further 

aa=b'3=T2, 

and 6=t«b'=0, 

so that the curve itself is the hne of stnction on the surface. The parameter 
of distribution is 



where o- is the radius of torsion of the curva This makes j3 positive when the 
torsion is negative. 

Further ^=1, ^=0, = 

and the specific curvature is 

At a point on the curve itself the specific curvature has the value -t®. 


Bz. 2 • Surface ofprinci;pal normals Consider the skew surface generated 

by the prmoipal normals to a twisted curva Again while d>»Ii, 

2 

d^ “ rb— K% so that 

i) = [t, rb — ct, ll]= —r, 

and the surface is therefore left-handed where r is positiva Further, 

a?=il'2=.ica-l-Ta, 
and 6=t«n'=5-K, 

so that the distance of the central point from the curve is 


_K 


+?‘ 


The parameter of distnbution is 


a* K*+T*‘ 

The first order magnitudes are 

and the specific curvature is 

IT ^ 

H*‘ {( 1 — 

At a point on the curve itself the specifio curvature is -r*> 
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72- Bonnet^a theorem. The geodesic curvature of any curve 
on a surface is equal to [n, i/, r"], and therefore the geodesic 
curvature of the directrix curve on a ruled surface is given by 
[n, t, t'] if we put w = 0. Now for points on the directrix 

d X t 

n- ^ , 

and S =s sm 6 , 

Hence the geodesic curvature of the directrix is 

*„ =(d X t) X t.t'= (d.tt - 

^ sm 0 ^ ' sm ^ ^ 

But the first term vanishes because t«t' is zero. Thus 

d.t' 1 


sm d ' 


sin 6 






Hence the formula 


_de b 

sm 5 


.(32). 


Now if the first member vanishes the directrix is a geodesic. If 
dQjda is zero it cuts the generators at a constant angle. If h is 
identically zero the directrix is the line of striction. Hence since 
the directrix may be chosen at pleasure, subject to the condition 
that it cuts all the generators, we have the following theorem, due 
to Bonnet: 

If a curve is drawn on a ruled smface so as to intersect all the 
generators, then, provided it has two of the following properties, U 
will also have the third: (a) it %s a geodesic, (b) it is the line of 
sfrioUon, (c) it cuts the generators at a constant angle. 

Let an orthogonal trajectory of the generators be chosen as 

TT 

directrix Then 6 has the constant value ^ • The geodesic curva¬ 
ture of the directrix is then equal to 6, and this vanishes where 
the directrix crosses the hne of striction. Thus the line of stncUon 
is the locus of the points at which the geodesic curvature of the ortho’- 
gonal trajectories of the generators vanishes. 

Ex. Show that a twisted curve is a geodesic on the surface generated by 
its binormals. 
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73. Asymptotic lines. Since, for a ruled surface, X =3 0, the 
diflFerential equation of the asymptotic lines is 
ds (2Mdu + Nds) = 0 

Thus the parametric curves const, that is to say the generc^* 
tors, are one system of asymptotic lines. The other system (which 
may be referred to as the system of curved asymptotic hues) is 
given by 

This equation is of the Riccati type 

^=Pu’> + Qu + R, 


in which P, Q, B are functions of s only. Its primitive is of the 
form* 




cW + X 


.(33), 


oV+Z . 

where c is an arbitrary constant, and TT, X, Y, Z are known func¬ 
tions of a. This equation then gives the curved asymptotic Imes, 
G having a dififerent value for each member of the family. 

Consider the intersections of four particular asymptotic lines 
Cl, Ca, Ca, O 4 with a given generator 5 = const. Let Wi, be 

the pomts of intersection. Then by (33) 


(^ - W5) (Wb - ^ ( Ci-C g) 

(wi - w«) (^^ -1^4) (Ci “ - C4) ’ 

which is independent of s, and is therefore the same for all gene¬ 
rators. Smce then u is the distance measured along the generator 
from the directrix, this relation shows that the cross-ratio of the 
four points^ in which a generator w cut hy fowr given curved asymp^ 
totio lines, is the same for all generators. 


EXAMPLES X 

1. Show that the product of the specific curvatures of a ruled surface at 
two points on the same generator is equal to ^sin^a, where I is the distance 

between the points, and a the inclination of the tangent planes thereat. 

With the notation of Art. 71, if suffixes 1 and 2 be used to distinguish the 
two pomts, we have 

(tan iti-tan ^ 2 )“= “ . 

i -a ^ ' cos 01 cos <^2 

* Forsyth, Differential Equations, Art. 110 (8rd ed.). 
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' flin a \* _ /cos 01 cos <j> 2 y / D y / ^ V 

. W ”V i3~'; 155;/ 

D* 

by (3(y) Art, 71, 
in virtue of (29). 

22. Show that the normals to a ruled surface along a given generator con¬ 
stitute a hyperbolic paraboloid with vertex at the central point of the 
generator, 

3. Determine the condition that the directrix be a geodesic. 

4. The cross-ratio of four tangent planes to a skew surface at points of a 
generator is equal to the cross-ratio of the points. 

6 . Prove that, if the specific curvature of a ruled surface is constant, the 
surface is a developable. 

6 . Determine the condition that the line of striotion may be on asymptotic 
line. 

7- Deduce formula (32) from the value — found in Art 54 for the 

geodesic curvature of the parametric curve const. 

8 . Deduce formula (32) of Art 72 from formula ( 22 ) of Art. 54 

9. The surface generated by the tangents to a twisted curve is ^ develop¬ 
able surface with first curvature tI{uk) Pmd the Lnea of curvature. 


lO. A straight hue cuts a twisted curve at a constant angle and lies m 
the rectifying plane. Show that, on the surface which it generates, the given 
curve is the line of stnction. Find the parameter of distribution and the specific 
curvature. 

K t, n, b are the tangent, principal normal and binormal to the curve, we 
may write 

A ^ + A' - 


where o is constant. Hence 6 =» d' • t «* 0 , 

so that the curve is the line of striotion. Also 




(ic — Cr)® 

1 + 6 ^ ’ 


n=rt JLZJLn 


c (k — Or) 
“ 1 + C® ' 

Hence the parameter of distribution is 

D 




5® K — 


The specific curvature is 

„ _o®(k-ot)* 


w. 


10 
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From Bonnet’s theorem (Art 72) it follows that the given curve is a geodesic 
on the surfaoa 

11, The right kdiooid or right conoid is the surface generated by a straight 
Ime which intersects a given straight Ime (the axis) at right angles, and 
rotates about this axis with an angular velocity proportional to the velocity of 
the point of intersection along the axis. 

If we choose the fixed axis both as directrix and as «-axis, we may write 

S 8 

*«Mcos-, y«aMsm z=s, 

0 0 

The axis is the common perpendicular to consecutive generators, and is there¬ 
fore the hne of stnction. Hence, by Bonnet’s theorem, it is also a geodesic on 
the surface. Moreover, with the usual notation, 

t=(0, 0, 1), 

d=( cos-, sinoV d’=-f-sm-, cos-, oV 

V o’ y o\ c’ o’ J* 


1 


so that 

and 5=nd'*t=0, 

showing that the directrix is the hne of striction. Similarly 

J3=[t,d',d]=-i, 

and the parameter of distribution is 

/3=-,= -o 
a* 

The fimdamentaJ magnitudes of the first order are 

F^O, 


The specific curvature is 


o2 

(w2+c2)a- 


The second order magnitudes axe 




Hence the first curvature is zero and the surface is a minimal svrfaoe. The 
principal curvatures are +c/(w®+c*). The asymptotic hues are given by 

Hence the asymptotic lines axe the generators and the curves const. 

Find also the lines of curvature. 

12. If two skew surfaces have a common generator and touch at three 
points along it, they will touch at every pomt of it, also the central poini 
and the parameter of distnbution of the generator ore the same for bott 
surfaces. 


j 
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13. If two skew surfaces have a common generator, and their tangent 
planes at thi*ee points of it are inclined at the same angle, they will be 
inclined at this angle at every pomt of the common generator. 

14. The normals to a surface at points of an asymptotic Ime generate a 
skew surface whose hne of stnction is the asymptotic Ime, and the two 
surfaces have the same specific curvature at any point of the line. 

16. Fmd the parameter of distribution of a generator of the cyhndroid 

16. On the skew surface generated by the line 

y+2^^=^2(3^-4^2), 

prove that the parameter of distribution of a generator is § (1 +2^*)®, and that 
the hne of striction is the curve 

3 ^= 3 ^®, 2 = 2^3 

17. The hne of stnction on an hyperboloid of revolution of one sheet is 
the prmcipal circular section 

18. The right hehcoid is the only ruled surface whose generators are the 
principal normals of their orthogonal trajectories. 

19. If two of the curved asymptotic Imes of a skew surface are ortho¬ 
gonal trajectonea of the generators, they are Bertrand ourves j if all of them 
are orthogonal trajectories, the surface is a right hehcoid 

20. The nght hehcoid is the only ruled surface each of whose hues of 
ourvature outs the generators at a constant angle. On any other skew surface 
there are m general four lines of ourvature which have this property 

21 • The Ime of striction of a skew surface is an orthogonal trajectory of 
the generators only if the latter are the bmormaJs of a curve, or if the surface 
IB a right conoid. 

22. If the hnes of curvature of one family on a ruled surface are such 
that the segments of the generators between two of them are of the same 
length, the parameter of distribution ia constant, and the Ime of stnction is a 
line of curvature 

Note. The author has recently shown that a family of curves on any sur¬ 
face possesses a Ime of stnction. and that the theorem of Art 72 is true for 
a family of geodesics on any surfaoe See Art 126 below 

The remaming chapters of the book may be read m any order. 
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CHAPTER VIII 


EVOLUTE OR SURFACE OF CENTRES. 
PARALLEL SURFACES 

Surface of Centres 

74. Centro-Burfkce. We have already seen (Art. 29) that 
consecutive normals along a line of curvature intersect, the point 
of intersection heing the corresponding centre of curvature. The 
locus of the centres of curvature for all points of a given surface 8 
is called the surface of cenl/res or centro-surface of aS. In general it 
consists of two sheets, corresponding to the two families of lines of 
curvature. 

Along any one Ime of curvature, (7, the normals to the surface 
generate a developable surface whose edge of regression is the locus 
of the centres of curvature along G, All these normals touch the 
edge of regression, which is therefore an evolute of G, If now we 
consider all members of that family of Imes of curvature to which 
G belongs, the locus of their edges of regression is a surface, which 
is one sheet of the surfistce of centres. Similarly from the other 
family of hues of curvature we have another family of edges of 
regression which lie on the second sheet of the centro-surface. 

Let PQ, RT be consecutive Imes of curvature of the first system, 
and PJJ, QT consecutive lines of the second system. The normals 



Fig. 22. 
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to the surface at P and Q intersect at a point A on the Jirst sheet 
of the centro-surface, and those at B and T intersect at another 
point A' on the same sheet. Similarly the normals at P, B inter¬ 
sect at a point P, and those at Q, T intersect at another B, both 
on the second sheet. Thus PA, PB are equal in magnitude to the 
principal radii of curvature at P The normal PA is a tangent to 
the edge of regression corresponding to the curve PQ, and is there¬ 
fore a tangent to the first sheet of the centro-surface at A. Simi¬ 
larly BA' is a tangent to the same sheet at A', And as A, A' are 
consecutive points to this sheet, A A' is also a tangent line to the 
sheet. But these three tangents are all m the plane PBB. Hence 
in the limit, as B tends to comcidence with P, the normal plane 
at P in the direction PB is tangential to the first sheet of the 
centro-surface at A. Thus the normal at A to the first sheet of the 
surface of cerdres is parallel to the tangent at P to the corresponding 
line of curvature PQ. Similarly the normal at B to the second 
sheet of the centro-surface is parallel to the tangent at P to the 
other hne of curvature PB, The normals to the two sheets of the 
centro-surface at correspondmg pomts A, B sa:e therefore perpen¬ 
dicular to each other. 

Because the surface of centres is the envelope of the principal 
normal planes, and is composed of evolutes of the Imes of curvature 
on S, it IS often called the evolute of 8 . These evolutes of the lines 
of curvature on 8 , which are the edges of regression of the develop- 
ables generated by the normals, are also geodesics on the surface 
of centres To prove this consider the edge of regression of the 
surface generated by the normals along the line of curvature PQ. 
The osoulatmg plane of this curve at A is the plane of consecutive 
normals PA, QA to the sur&ce. Hence it contains the tangent at 
P to the curve PQ, and therefore also the normal at A to the first 
sheet of the centro-surface. The edge of regression is thus a geo¬ 
desic on the centro-surface. Similarly the edge of regression of the 
developable generated by the normals along the line of curvature 
PB is a geodesic on the second sheet of the evolute. 

It is easy to show that the orthogonal trajectories of these re- 
gressional geodesics are the curves on the first sheet which correspond 
to the lines a —const, on 8, and the curves on the second sheet 
corresponding to the lines = const,, where a, ^ are the pnncipal 
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radii of curvature for the surface S . For, cousidering the first sheet 
of the evolute, let T' be one of these orthogonal trajectories, and 
T the corresponding curve on S. Then the normals to S along T 
generate a developable surface on which T and T' are orthogonal 
trajectories of the generators, and therefore intercept between them 
segments of the generators of constant length (Art. 56), Thus 
along the curve T on 3 the radius of curvature a is constant. 

Moreover, the curves on either sheet of the evolute which coyrespond 
to the lines of curvature on S, form a conjugate system. For con¬ 
venience of description let the lines of curvature be referred to as 
parametric curves, PQ belonging to the system v = const., and PR 
to the system w = const. The normal at P touches both sheets of 
the evolute. As a member of the femily of normals along PR it is 
a tangent to a regressional geodesic w = const, on the second sheet. 
As a member of the family of normals along PQ it is a tangent to 
a regressional geodesic v «= const, on the first sheet, and touches the 
second sheet at a point on the corresponding line v = const. Thus 
the normals along PQ form a developable surface, whose generators 
touch the second sheet along a line v = const., and are tangents 
there to the lines u = const. Hence (Art. 35) the parametric curves 
are conjugate on the second sheet; and these are the curves corre- 
spondmg to the hues of curvature on 8 . Similarly the theorem 
may be proved for the first sheet. 

All these properties will be proved analytically in the following 
Art, Meanwhile we may observe in passmg that it follows from 
the last theorem and Beltrami’s theorem (Art. 56 Ex.) that the 
centres of geodesic curvature of the orthogonal trajectories of the 
regressional geodesics on either sheet of the evolute are the corre- 
spondmg points on the other sheet. For, on the second sheet, the 
Imes u = const, are conjugate to the geodesics const. And the 
tangents to these geodesics along a line v = const, form a develop¬ 
able whose edge of regression is a geodesic on the first sheet. But, 
by Beltrami’s theorem, each point of this edge of regression is the 
centre of geodesic curvature of the orthogonal trajectory of the 
geodesics w = const, at the corresponding point on the second sheet: 
hence the result. It follows that the radius of geodesic curvature 
of the orthogonal trajectory is numerically equal to the difierenoe 
between the prmcipal radii of curvature of the surface 8 . 
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75. Fundamental magnitudes. The same results may be 
obtained analytically as follows. Let the Unes of curvature on 8 be 
taken as parametric curves If a, axe the principal radii of 
curvature at the pomt r on 8 , the corresponding point A on the 
first sheet of the centro-surface is 


f = r + an .(1). 

Now since A is the centre of curvature for v = const, it follows that 
F and a are constant for one differentiation with respect to w. Thus 

Tj + aUi = 0 ) 

Similarly = 

These are the equivalent of Eodngues' formula abeady proved in 
Art. 30. In virtue of these we obtain from (1) 

Fi^Oin \ 


:2}.® 


■(3), 


r»=(l- ^)r, + «snj. 

so that the magnitudes for the first sheet of the evolute are 

f = G = + g(i ~ ^1 - 

The square of the hnear element for the first sheet is 
dS^ = E dv? + 2Fdu d'o + Sd-u* 




(4), 


which is of the geodesic form. Hence the curves t; = const are 
geodesics on the first sheet of the centro-surface. These are the 
edges of regression of the developables generated by the normals 
along the hues of curvature v = const on 8 . The orthogonal tra¬ 
jectories of these regressional geodesics are the curves a = const., 
which agrees with the result proved in the preceding Art. 

The unit normal n to the first sheet is given by 

ffa.f.xr.=a.(l-|)iixr,. 

But rJ*/E, Ta/^/l} and n form a right-handed system of unit vectors. 
Consequently the last equation may be -vmtten 


fl’n = -Oi 



( 6 ), 
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agreeing with the result, previously established, that the normal at 
A to the first sheet of the evolute is parallel to the tangent at P 
to the line of curvature PQ. We may express this 

.( 6 ), 

where e is +1 according as fli is negative or positive. 

The fiindamental magnitudes of the second order for the first 
sheet of the evolute may now be calculated. For 

® « 

in virtue of (2). Hence finally 

Z = — € '/Eaja 


“ €17 

Similarly = n • Fia = • (aiDj + ocun) = 0 


in virtue of (2), And 

all the other scalar products vanishing Now 
0 

r, • r„ = g^(ri. r,)-Tia* r, = JTj- 

because the pai*ametric curves are orthogonal. Also since the 
parametric curves are lines of curvature 


.XQ - .JPA. 


[Of Ex. 2 below.] 
On substituting this value in the formula for M we have 

Collecting the results thus established we have 

M.O, .(7). 

Since -4f = 0 it follows that the parametric curves on the centro- 
surface form a conjugate system. Thus the curves on the evoliUe, 
which correspond to lines of curvature on the original surface, are 
conjugate, but (m general) are not Imes of curvature because F is 
not zero. 
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The fundamental magnitudes for the second sheet of the centro- 
anrface are obtainable from the above by interchanging simul¬ 
taneously u and v> E and 6r, L and JV, a and /8. Thus for the second 
sheet we have the first order quantities 

and the second order quantities 

= F' = 0, = .(8). 

where e' is equal to + 1 according as ^ ^ negative or 

positive. 

The specific curvature for the first sheet of the evolute is 

1 §1 

S*~ . 


and for the second sheet 


K' = - 


(«-/«)“ A 


XjZ. 1. Wnte down the expressions for the first onrvatures of the two 
sheets of the evolute. 

Ex. 2. Prove that, if the hues of ourvature are parametrio curves, 
n 2a(7/3i _ _ 2|8£'aa 

^‘“|3(a-j3)’ aO-a)- 
It follows from the data that F=M=Q and 

“ i’ ^ N' 

From the Mainardi-Oodazzi relation (8) of Art 43 it then follows that 

and therefore 

_OGiE EGiO 

iS “ 

Then, since H^^EOt this reduces to the required formula 

The other result follows in like manner from the relation (*7) of Art. 43 
Elz. 3. Prove the formulae given above for the fundamental magmtudes 
of the second sheet of the centro-surface. 
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76- Welng^arten surfaces. The asyw/ptotio lines on the first 
sheet of the centro-aurface are found from the equation 

Ldu^ + 2Mdudv -{-Ndv^ = 0. 

On substitution of the values of the fundamental magmtudes found 
above, this reduces to 


Ea^^^^du^ - Q^iO^dv'^ — 0 . ( 10 ). 

Similarly the asymptotic lines on the second sheet are given by 

Ea^^du^ - GlS^c^dv^ == 0 .( 10 '). 

The asymptotic lines on the two sheets will therefore correspond if 

these two equations are identical This will be the case if 

1 

that is to say, if ot, ;8 are connected by some functional relation 


/(«.i8) = 0. 

Surfaces with this property are called Wemgarien surfaces. The 
above analysia is reversible, so that we have the theorem If tiiere 
exists a Junctional relation between the principal curvatures of a 
swface, the asymptotic lines on the two sheets of its evolwte correspond. 

Weingarten surfaces are exempbfied by surfaces of constant 
specific curvature K, surfiicea of constant first curvature J, or more 
generally by surfaces in which there is any functional relation 
f(J,K)^0 between these two curvatures. Since, on a Weingarten 
surface, either principal radius of curvature may be regarded as a 
function of the other, the formulae found above for the specific 
curvatures of the two sheets of the centro-surface may be written 


(a-/3)»da 

and K' = __ — 

Thus, for any Wemgarten surface, 


( 11 ). 


EK' = 


.( 12 ). 


■(«-i 8 )‘ . 

Consider the particular case m which the functional relation 
between the principal radii of curvature is 


a-i8 = c... 


.( 13 ), 
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where c is a constant. From this it follows that 

doL = 

so that the formulae (11) become 

= .(14). 


SurfsLces of constant negative specific curvature are called paevdo- 
spherical surfaces. Hence the two sheets of the evolute of a surface, 
whose principal radii have a constant difference, are pseudo-spherical 
surfaces. 

For Weingarten surfaces of the class (13), not only do the 
asymptotic lines on the two sheets of the centro-surface correspond, 
but correspondmg portions are of equal length. For, on the first 
sheet, the square of the linear element is 

d? = da® + ^ (a — j8)® dv\ 
and on the second sheet 

= d/3* + ^ (« - iS)» dii\ 

But, in virtue of (10) and (10'), smce = jSi and aa = ^ 2 , it follows 
that along asymptotic hues of the evolute, 

-du* = ^dv\ 
a* ^ 

Hence dS® — d5'® = da® — d/S® = 0, 

showing that ds^d^. Thus corresponding elements of asymptotic 
lines on the two sheets of the evolute are equal in length, and the 
theorem is proved. 

If we consider the possibility of the asymptotic lines of the 
surfece 8 corresponding with those of the first sheet of the evolute, 
we sefek to identify (10) with the equation of the asymptotic Unes 
of the surface 8 . Now smce the bnes of curvature are parametric 
curves on 8 , its asymptotic lines are given by 
Ldu^ + JTdv® = 0, 

jcj n 

that is — dw® + di;® = 0. 

CL p 

This equation will be identical with (10) provided 

ai^ + a/9i = 0, 

that is |^(aj8) = 0 .(15). 
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This requires K to be csonstant along the lines of curvature v = const. 
Thus in order that the asymptotic lines on a surface S may correspond 
with those on one sheet of its centro-surfacet the lines of curvature 
on S corresponding to this sheet must be lines of constant specific 
curvature. Hence, in order that the asymptotic lines on S may 
correspond to those on each sheet of its evolute, the specific curva¬ 
ture of ^ must be constant. 


77 , Lines of curvature. We have seen that the lines of 
curvature on a surface S do not in general correspond with those 
on its centro-surfece. We naturally enquire if the lines of curvature 
on one sheet of the evolute correspond with those on the other. If 
in the general differential equation of the lines of curvature on a 
surface, 

(EM- FL) du^ + (EK- OL) dudv + (FN - OM) dv^ = 0, 
we substitute the magnitudes belonging to the first sheet of the 
centro-surface we obtain, after reduction, the differential equation 
of the lines of curvature on this sheet, in the form 


E^^aiCkdu^ -h Qa^a^jSidv'^ 

4- + OcL^eiilSi + EG (a - dudv — 0. 

Similarly on using the fundamental magnitudes for the second 
sheet we find the differential equation of its lines of curvature to be 

E/S^^id^du^ + Ga^^iB2dv^ 

+ + ffa’A® + EG (a - /8)®) dudv = 0. 

The lines of curvature on the two sheets will correspond if these 
two equations are identical. The necessary and sufficient conditions 
for this are 


that is 


= /9i and era = A, 
dv^dv^ 


whence a — ^ = c, 

where c is constant. Hence only in the case of the Weingarten 
surfaces^ on which the principal radii differ by a constant^ do the 
lines of curvature on the two sheets of the centro-surface correspond. 
This theorem is due to Eibaucour. 


78- Degenerate evolute. In particular instances either sheet 
of the evolute may degenerate into a curve. In such a case the 
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edge of regression of the developable generated by the normals 
along a line of curvature becomes a single pomt of that curve. We 
proceed to enquire under what conditions the normals to a surface 
/S will all intersect a given curve G. 

Let r be a point on the surface 8 j n the unit normal there, and 
r the point in which this normal cuts the curve 0. Then we may 
write 

r = r + 


or 


r = T — tn 


(16) 


Let the arc-length « of (7 be chosen as one of the parameters. Then 
r is a function of u only, but the other quantities are functions of 
u and another parameter v. Now the normal n to the surface S is 
perpendicular to both ti and rg. It follows then from (16) that 
n • (f 1 — tin - tUi) = 0 
and n*(tBn + tna) = 0, 

which are equivalent to ^ 

^ = 0, ti = n«ri = cos0, .(17), 


where 0 is the inclination of the normal to the tangent to the 
curve 0, Since then 


9 / A\ 9ti Btj ^ 

^(cos^) = g^ = 9;^-0, 


it follows that cos ^ is a function of u only Thus the normals to 8 , 
which meet at a pomt of the curve 0 , form a right circular cone 
whose semi-vertical angle 6 changes as the point moves along the 
cutva These intersecting noimals emanate from a Ime of curvature 
on 8 , which must then be circular. Thus the surface 8 has a system 
of mroular lines of curvature. And, further, the sphere described 
with centre at the point of concurrence of the normals, and passing 
through the feet of these normals, will touch 8 along one of the 
circular lines of curvature. Thus 8 is the envelope of a singly 
infimte family of spheres with centres on the curve 0. 

Conversely, if a surface 8 has a system of circular lines of curva¬ 
ture, the normals along one of these generate a cncular cone, whose 
vertex lies on a curve 0 to which the correspondmg sheet of the 
evolute degenerates. The surface 8 is then the envelope of a smgly 
infimte feinily of spheres with centres on 0 . 
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If both systems of lines of curvature of 8 are circular, each sheet 
of the evolute degenerates to a curve. Then, from the preceding 
argument, it follows that each of these curves lies on a singly in¬ 
finite family of circular cones whose axes are tangents to the other 
curve. Surfaces of this nature are called DupMs CycUdes. 


Parallel Surfaces 


79. Parallel surfaces. A surface, which is at a constant 
distance along the normal from another surface S, is said to be 
parallel to jS. As the constant distance may be chosen arbitrarily, 
the number of such parallel surfaces is mfinite. If r is the current 
point on the sur&ce 8 , n the umt normal to that surface, and o the 
constant distance, the corresponding point on the parallel surface is 


r = r + cn.(18). 

Let the lines of curvature on 8 be taken as parametric curves, so 
that F=0 and lf = 0. Then if a, /3 are the principal radii of 
curvature on 8 we have, in virtue of (2), 


and 


fi = ri+ ciii = - 


(o-tt) 

a 


Ti 


fa = rB-l-cna 


(C-/ 8 ) 

/8 


(19). 


The magnitudes of the first order for the parallel surface are 
therefore 


and 


.( 20 ), 


The umt normal to the parallel surface is given by 
5s = ?! X r, = En. 

Thus the normals to the two surfaces at corresponding points o/re 
paraMel] and we may write 

n = 611, 

where « is equal to ±1 accordmg as la positive or 

negative. 
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For the magnitudes of the second order on the parallel surface 
we have 

Similaily 


and 




I_ 

1 /3 ^ 

Thus ^ = # = 0, so that the parametric curves are lines of curva¬ 
ture on the parallel surface also. Hence the lines of ourvature on 
the parallel ewrface correspond to those on the original surface, and 
their tangents at corresponding points a/re parallel, smce fi is 
parallel to ri, and fa is parallel to r^, 

80. Curvature. The principal radii of curvature for the 

parallel surface are _ 

fi = EjL = e (a - c)' 

and ^ = GjN = e (^ - c) 

as we should expect. The first curvature is therefore 
j_l( 1 1 \ e{J^2cK) 


•(21), 


K 


and the second curvature 

1 _. 

6 ^ (a - c) - c) 1 — o/ + c^K 

If the specific curvature K of the original surface is constant and 
equal to and we take c = ± a, we have 

7 =^ 6 ^ 

a 

Thus with every surface of constant second cv/rvature — there are 

associated two surfaces of constant first ourvature ± ^, which are 

parallel to the former and dista/nt ± a from it. This theorem is due 
bo Bonnet. 
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Similarly if / is constant and equal to -, and we take c = a, 


we find 


K — \ = const, 
a® 


Thus with a surface of constant first awrvature - there is associated 

a parallel swrface of constard second curvaiure \ at a distance a 

a 

from it 

The asymptotic lines on the parallel surface are given by 

Ldu^ + Ndi^ = 0 , 

which reduces to 


(c - a) Eda^ + a® (o - /3) Odv^ =0 .(22). 

Hence they do not correspond with the asymptotic lines on the 
original Burfigice, which are given by 

Ldu^ + Ndv^ = 0 
or ^Edu^ + aGdiji^ = 0 . 

81. Involutes of a surface. We have seen that the normals 
to a surfiice are tangents to a family of geodesics on each sheet of 
the centro-surface. We now proceed to show that the tangents to a 
singly injmite family of geodesics on a given surface are normals to 
a family of parallel surfaces. 

Let the family of geodesics be taken as the curves v = const and 
their orthogonal trajectories as the curves u = const Then we may 
choose u so that the square of the linear element has the geodesic 
form 

cZs* = du^ + Gdi^, 

An involute of a geodesic v = const is the locus of a pomt whose 
position vector r is given by 

f = r + (c - Ti .(23), 

where o is constant, and r a point on the geodesic. We shall prove 
that, for a given value of o, the locus of these involutes is a surface 
S cutting orthogonally all the tangents to the family of geodesics. 

From (23) it follows that 

r, = (c - u) 

r* = r* + (c - v) Fu. 
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Using the values of Z, m, \ etc. found m Art. 56 when has the 
geodesic form, we may write this 
Tj == (c — u) Ln 

Tg = Ta + (c 4* 2^ 

Hence the unit normal n to the locus of the involutes is given by 
Hn = fi X fg = (o - w) in X Ta + (c - u)^ ^ 



and is therefore parallel to Thus the surface S is normal to the 
tangents to the family of geodesics on the given surface 3 It is 
called an involute of 8 with respect to this family of geodesics 
And, Bince the value of the constant c may be chosen arbitrarily, 
the involutes are infinite in number and constitute a family of 
parallel surfaces 

With respect to any one of these involutes S, the original surfewe 
S forms one sheet of the evolute The family of geodesics on 8 are 


the edges of regression of the developables generated by the normals 
along one family of lines of curvatuie on 8 . The orthogonal tra¬ 
jectories of the geodesics correspond to the lines on 8 along which 
one of the principal radii of curvature is constant. The second 
sheet of the evolute of S is (Art. 74) the locus of the centres of 


geodesic curvature of these orthogonal trajectories of the given 
family of geodesics on 8 » This second sheet is called the corrvple- 
'iYicifitcLTy surface to 8 with respect to that family of geodesics. From 
the proof of Beltrami^s theorem (Art. 56, Ex.) it follows that, with 
the above choice of parametric lines on 8 , the position vector of 
the point R on the complementary surface corresponding to the 
point r on 8 is given by 




.(25) 


Ex. 1 - Calculate the fundamental magnitudes for an involute of a given 


surface. 

Ex. 2. Prove from (26) that the normal to the complementary surface is 
parallel to Tg. 

Ex. 3 . Show that surfaces parallel to a surface of revolution ore surfaces 
of revolution. 

Ex. 4. Show that null hnea on two parallel surfaces do not (in general) 

correspond. 
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Inverse Surfaces 


82. Inverse surfkce. Consider next the surface B which is 
derived from a given surface 8 by inversion. Let the centre of 
inversion be taken as origin. Then, if c is the radius of inversion, 
the position vector f of a point on the inverse surface, corresponding 
to the point r on 8 , has the direction of r and the magnitude c^/r. 
It IB therefore given by 


Hence 



■ . (26) 

. .. (27). 


Also by differentiating the identity = with respect to the 
parameters we have 

r«ri«rTi, r*ra = rrB.(28). 

The first order magnitudes for the inverse surface are obtained 
by squaxmg and multiplying (27) Then, in virtue of (28), we find 

r* 

■ .(29), 


-- qA 

and therefore H = - H. 

r* 

Since the first order magnitudes for 8 are proportional to those 
for 8 it follows that the angle between any two curves is un¬ 
altered by inversion^ and also that null lines are inverted into null 
lines 

The umt normal to the inverse surface is found from the 
formula 

ifn = fi X ffl = — S’n — — (?’ari x r — riFg x r). 
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Now by (28) the expression in brackets is equal to 

i (r. - r. r,r.) x r = 1 {r x (r, x r.)} x r 
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r 

H 


(r X n) X r 


= am -n • rr. 

r 

If then we put p = n • r, and substitute the value just found in the 
formula for n, we find 

.(30) 

It is clear that p is the perpendicular distance from the centre of 
inversion to the tangent plane to 8 , measured in the sense of the 
unit normal n. 

To find the second order magnitudes we need the relations 
obtained by differentiating (28), namely 

£: + rTu = rr,i + ri> ) 

^ + r • r,s = rvia + nrA.(31). 

G + r»riH = rTjB + r9’ j 

The second derivatives ru, fia, rj 2 are obtained by differentiat¬ 
ing (27). On substituting the values so found and making use 

of (81). we find o', fio-Pgl 

i = nT„==-^£— 

fl.s.f,,—. m 

From (29) and (32) it follows that 

EM-FZ - (^^\m-FL), 

with two similar relations. Hence the differential equation of the 
lines of curvature on S is the same as on S, showmg ^ 
cwrvatvre invert into lines of curvature. This is one o 
important properties of inverse surfaces. ^ 
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83. Curvature. Let the lines of curvature on 8 be taken as 
parametric curves, so that = It then follows from (29) 

and (32) that = Af = 0. Hence the parametric curves are hues of 
curvature on the mverse surface also, affording another proof of the 
property that hues of curvature invert mto lines of curvature. The 
prmcipal curvatures on S are then given by 

_L _N 

and those on the inverse surface by 

s _ 


Hence 


— — 

g (^a *“ 


SO that umbilici invert into umbilici. The specific curvature of the 
inverse surface is 

and the first curvature is 

The normal curvature in any direction follows fi:om (33) by 
Euler’s Theorem. Thus 

«n =* coa® sin* yfr 


0> 


since the angle ^jr is unaltered by inversion. 

The perpendicular firom the centre of mversion to the tangent 
plane to the inverse surface is 

c* 

so that p = — p. 

Sz. Show that the quantity Is merely altered in sign by in¬ 

version of the BUrfaoe. 
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EXAMPLES XI 

1 • Show that the centres of curvature for the central quadric are, with 
the notation of Art. 62, 

/(a+u)3(a+i0 5 -_ /{b+uy{b+v) 

V a(a-6)(a~c)’ h(b-c)(b-ay 


/{o+uYio+v) 

V o(o—a)(o-6)’ 

/ {a+vyja+u) / (b+vfjb+u) 

a(a-i)(a-(;)’ V 6(6-c)(6-a)’ 


It 



(0+v)8 

(j(o-a)(c —6) ’ 


Hence prove that the two sheets of the centre-surface are identicaL Prove 
also that 


and 


aS^ ^ , c5* 

loTw)® *** (5+w? (o+t<)® 


“0, 


■*■ (6+l0» (o+i^' 


The elimination of u between these two equations gives the equation of the 
centro-surfaoe. (Of. Forsyth, pp 113—116) 

2. The middle evoluie of a surface, as defined by Ribaucour, is the locus 
of the point midway between the two centres of curvature. The current 
point on the middle evolute is therefore given by 

r=r+i(fl+i3)iii 

where r is a point on the given surface. Fmd the fundamental magnitudes 
and the unit normal for the middle evolute. 

3. Give a geometrical proof of the theorem (Art, 81) that there is a family 
of surfaces normal to the tangents to a family of geodesics on a given surface. 

4. Calculate the fundamental mfi^itudes for the complementary surface 
determined by formula (26), Art. 81. 

5. Verify the values of the second order magnitudes for the inverse surface 
as given by formula (32). 

0. Show that conjugate hues are not generally inverted mto conjugate 
lines, nor asymptotic hues mto asymptotic lines. 

7. Determme the conjugate systems on a surface such that the ooiTe- 
sponding curves on a parallel surface form a conjugate system. 

8. Determine the character of a surface such that its asymptotic hues 
correspond to conjugate hues on a parallel surface. 
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9 • The centrO'Surface of a helicoid is another heliooid with the same axis 
and pitch as the given snrfaoa 

10. A sphere of radius a rolls on the outside 6f a closed oval surface of 
volume F and area and the parallel surface, which is its outer envelope, 
has volume F' and area Show that 

11. In the previous exercise, the fundamental magnitudes for the outer 
surface are given by 

- (1 - 4^2^) 4a (o^-1) Z, 

(1 - 4a8A) 4a (oZ-1) M, 

- 4.a^E) (7+4a {aJ- 1) N, 
and 

Z'=(l-2aJ) L+^aKE, 
if'=(X - 2aJ) if4- 2a KF, 



CHAPTER IX 

CONFORMAL AND SPHERICAL REPRESENTATIONS. 
MINIMAL SURFACES 
CoNFOEMAL Representation 


84- Conformal representation. When a one-to-one corre¬ 
spondence exists between the points of two surfaces, either surface 
may be said to be represented on the other. Thus two concentric 
spherical surfaces are represented on each other, the two points on 
the same radial line corresponding The surface of a cylinder is 
represented on that portion of a plane into which it can be de¬ 
veloped. A conical surface is likewise represented on the portion of 
a plane into which it can be unwrapped The surface of a film is 
represented on the portion of the screen on which the image is 
thrown, a point of the film corresponding to that point of the 
screen on which its image appears. Likewise the surface of the 
earth is represented on a map, each point of the map correspond¬ 
ing to one and only one pomt on the earth*s surface. 

In general, corresponding portions of the two surfaces represented 
are not similar to each other But in the examples mentioned 
above there is similanty of the corresponding small elements. 
When this lelation holds the representation is said to be conformal 
The condition necessary for this is clearly that, m the neighbour¬ 
hood of two corresponding points, all correspondmg elements of 
arc should be proportional. If this relation holds it follows by 
elementary geometry that all corresponding infinitesimal figures 
on the two surfaces are similar. Let parameters u, v be chosen to 
map out the surfaces S, E so that corresponding pomts on the two 
surfaces have the same parameter values. Let the squares of their 
hnear elements be 

= Edu^ + 2Fdudv + Gdi^, 
axid d? = Edu^ + 2Fdudv -I- 

Then, if ds/ds has the same value for all directions at a given point, 


we must have 


ls~ F~ 0~ . 


.a). 
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where ?; la a fanction of v, and v or a constant. Conversely, if these 
relations hold, all corresponding elements of arc at a given point 
have the same ratio, and the representation is conformal. Then 

ds^rids. 


The quantity 77 may be called the Imear magnification. When it 
has the value unity for all points of the surface, ds^ds. The 
conformal representation is then said to be isometric^ and the two 
surfaces are said to be applicahle. In this case corresponding ele¬ 
ments of the two surfaces are congruent. In the examples men¬ 
tioned above the cylindrical and the conical surfaces are apphcable 
to those portions of the plane mto which they can be developed. 

We may notice in passing that null lines on a surface correspond 
to null lines in the conformal representation. For since 
if ds^ vanishes along a curve on 8, d? will vamsh along the corre¬ 
sponding curve on S. Conversely, if null lines on 8 correspond to 
null Imes on S, the representation is conformal Let the null Imes 
be taken as parametric curves. Then 

E—& — 0 and ^=5 = 0 . 


Therefore 


^ _ 2Fdudv __ F 
2Fdudv^ F' 


Since then dsjds has the same value for all arcs through a given 
pomt, the representation is conformal. 

It would be out of place here to attempt a systematic discussion 
of conformal representation. We shall be content with givmg the 
important cases of the representation of a sphere and a surface of 
revolution on a plane. We may also mention the following general 
theorem, whose proof depends upon the theory of functions of a 
complex variable: 

If are a pair of isometric parameters on the surface 8, and 
Uy V isometric parameters on 8, the most general conformal repre¬ 
sentation of one surface on the other is given hy 

7^-f. zt; -h .( 2 ), 

where f is any analytic function of the argument^ the point {o), y) 
corresponding to the point ( 0 , 

85. Surface of revolution. Consider, as an example, a con¬ 
formal representation of a surface of revolution upon a plane If 
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the axis of the surface is taken as -er-axis, and u is the distance of 
a point on the surface from this axis, the coordinates of the point 
^ may be expressed 

a?« w cos y = u sin (^, z—f (u), 

where ^ is the longitude The square of the linear element is 
= dAJt^ 4- dir* + 

= (1 + /i“) dz4* 4* 

If then we put d'xjr = ^ "^1 +/i^du, 

we have ds* = w* (dnp + d^*) 

Thus (f), ^Ir are isometric parameters on the surface of revolution. 
The curves </> = const, are the mendians, and the curves rjr = const. 
^ the parallels 

On the plane, rectangular coordinates of, y are isometric para¬ 
meters, since d5* = cte* + dy\ Consider the representation defined by 

that is = Ic(f >3 y — .(8), 

where h is constant. Then the point (ir, y) on the plane corresponds 
’ to the pomt ((/>, '^) on the surface of revolution. Further 
dS* = (ic* 4- dy* = i* (d<^* 4- d-^/r*) 



' showing that the representation is conformal, with a linear magni¬ 
fication kju. The Imes w = const, correspond to meridians on the 
I surface of revolution, and the hnes y = const, to the parallels. 

^ Any straight hne ax + by-\-c = 0 on the plane cuts the lines 
[ a; = const, at a constant angle. Therefore, smce the representation 
I is conformal, the corresponding line k(a(l>+byfr)-\-o = 0 on the 
surface of revolution cuts the meridians at a constant angle. Such 
; a line is called a loxodrome or briefly a loxodromSf on the 

surface of revolution. On substituting the value of we fibad, for 
^ the equation of loxodromes on the surface, 

1 a<l) + b f- VTT/? du = const. (4) 

I J u 

! A tnangle in the plane corresponds to a curvilinear triangle 
I bounded by loxodromes on the surface of revolution. And, smce 


I 
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coiT6spondiDg angles in tlie two figures are ec][ualj it follows that 
the sum of the angles of a ov/rvilinear triangle, hounded by loxo- 
droTnes on a su/tface of revolution, is equal to two rigid angles. 
Finally we may show that, when the linear element of a surface 
is reduGible to the form 

ds^^U {du^ 4- dv’^) .(5), 

where U is a fvmotion ofu only, or a constant, the surface is applic¬ 
able to a surface of revolution. For if we wnte r=*JU, and solve 
this equation for u in terms of r, the equation 

Vl +/ ®c2r 

determines a function/(r) such that the surface of revolution 
aj = r cos V, y = rsmv, z=f (r) 
has the same linear element 

d^^JJ {dvi^ 4 - d'lf) 

as the given surface. 

The above representation of a surface of revolution on a plane 
is only a particular case. The general conformal representation of 
the surface of revolution on a plane is given by 

a? 4- .(6)' 

where/is any analytic function of the argument. 

86. Surface of a sphere. The theory of maps, whether 
geographical or astronomical, renders the sphere an important 
example of a surface of revolution. The surface of the earth, or the 
celestial sphere, is to be represented conformally on a plane, so 
that there is similarity of detail though not similanty at large If 
^ is the longitude and \ the latitude, then, with the centre as 
ongin, 

£? = a sin \, u — a cos X, 

a bemg the radius of the sphere Thus the square of the linear 
element is 

d^ = a^dls} 4- a* cos® Xd^^ 

= a® cos® X (sec® 4- d^\ 

If then we wnte yjr — log tan 4- . (7), 

so that d^Jr = sec XdX, 

we have ds^ — a^ cos® X 4- d-^) . (8). 
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The particular conformal representation given in the previous 
Art. becomes for the sphere 

y = *logtan^ + ^y 

Meridians on the sphere, with a constant diflFerence of longitude, 
are represented by equidistant parallel straight lines a? = const. 
Parallels of latitude, with a constant difference of latitude, are 
represented by parallel straight lines y = const, whose distance 
apart increases toward the poles. The magnification is 

k k 

V = - =- 

u a cos \ 


which increases from kja at the equator to infinity at the poles 
This representation of a sphere on a plane is known as Mercator^a 
projection 

Another conformal representation of a sphere on a plane is given 
by 


where o is a constant. This is equivalent to 

X = ker^ cos y = ker^'i' sin .(9), 

That the representation is conformal is easily verified For 

and therefore, in virtue of (8), 

a® QOB^X 

as required. The hnear magnification is now 

^_ck __ eft (1 — 

’'“7co^”'o + .^ 

Meridians on the sphere are represented by the straight Imes 


y = a? tan C(f>, 


through the origin. Parallels of latitude are represented by the 
concentric circles 





with centre at the ongin. The particular case for which o = 1 is 
known as atereographic projection. It is sometimes used for terres¬ 
trial maps. Various other values of o are used for star-maps. 
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Spherical Representation 

87. Spherical Image, We shall now consider briefly th( 
sphencal representation of a surface, in which each point or con 
figuration on the surface has its representation on a unit sphere 
whose centre may be taken at the origin If n is the unit normal 
at the point P on the surface, the point Q whose position vectoi 
IS n IS said to correspond to P, or to be the image of P, Clearly ^ 
hes on the unit sphere, and if P moves in any curve on the surface 
Q moves m the correspondmg curve on the sphere. 

Smce the position vector f of Q is given by 

f = n, 

it follows from Art. 27 that 

?! = Hi = [{FM - GL) ri + (FL - FM) r.}, 

f, = ji, = E^{(FN-GM)ri + {FM-FF')r,]. 

Consequently, if g denote the fundamental magmtudes of the 
fiurst order for the spherical image, 

e = (EM' - 2FLM+ GL% 

/= E-' (EMN^ FM' - FLN + GLM), 
g^E^ {EN' - 2FMN + QM% 
or, in terms of the first and second curvatures, 


e^JL ^KE\ 

f=JM^KF\ .(11). 

g = JN-^KO] 

Hence also ^9 — E'E'y 

which we may wnte h' == K'H' 

or h==^eKH . (12), 


where e = f 1 according as the surface is synclastio or anticlastic 
The areas of corresponding elements of the sphencal image and 
the given surface are hdudv and Hdudv, and their ratio is there¬ 
fore numerically equal to K, This property is sometimes used tc 
define the “ specific curvature.” We may *aIso observe in passing 
that, smce A* must be positive and not zero, K must not vanish 
so that the surface to be represented on the sphere cannot be a 
developable surface. 
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In virtue of (11) we may write the square of the liiiear element 
of the image 

rf? = / (^Ldv? + 2Mdudv + Ndv^) — K {Edu^ + 2Fdudv + Qdv% 
or, if /e is the normal curvature of the given surface m the direc¬ 
tion of this arc-element, 

= {kJ — JE) ds*. (13). 

If then /Cfl and ic^ are the principal curvatures of the sur&ce, we 
may write this, in virtue of Euler’s theorem, 

^ = {('^a + '^fi) (^a COB* + /Cj siu* >/r) — dfi* 

= {Kc? cos* sm* i|r) ds* .(14). 

It is clear from either of these formulae that the value of the 
quotient dajds depends upon the direction of the arc-element. 
Hence in general the spherical image is not a conformal representa¬ 
tion, It is conformal, however, if «a= ± Arj. When Ka— — Ki at all 
points, the first curvature vanishes identically, and the surface is 
a minimal surface Thus the sphemcal representation of a mvrdmal 
surface is conformal. 

Moreover it follows from (14) that the turning values of d^jds 
are given by cos 'v/r = 0 and sin = 0. Thus the greatest and least 
values of the magnification at a point are numerically equal to the 
pmncipal curvatures, 

88. Other properties. It is easy to show that the lines of 
curvature on a surface are orthogonal in their spherical representa¬ 
tion, For if they are taken as parametric curves we have F=M=0, 
hence/=0 which proves the statement. Further if jF= 0 and 
/= 0 we must also have Jf=0 unless J vanishes identically. Thus, 
if the surface is not a minimal surface, the lines of curvature are 
the only orthogonal system whose spherical image is orthogonal. 

Moreover, the ta/ngent to a Une of curvature is parallel to the 
tangent to its spherical image at the corresponding point; and, con¬ 
versely, if this relation holds for a curve on the surface it must he a 
line of curvature. For, by Bodrigues’ formula (Art. 30), along a 
hne of curvature dr is parallel to dn and therefore also to df. 
Hence the first part of the theorem. Conversely if dr is parallel to 
dr it IS also parallel to dn. The three vectors n, n -f dn, dr are 
therefore coplanar, and the line is a line of curvature. 





174 


SPHERIOAL EEPRESENTATTON 


[IX 

Again, if dr and ds are two infinitesimal displacements on a 
given surface, and dn the change m the unit normal due to the 
former, the directions of the displacements will be conjugate 
provided 

dn*ds = 0 . 

And conversely this relation holds if the directions are conjugate. 
But dn = df, where dr is £he sphencal image of dr. Con¬ 
sequently 

dr»ds = 0. 

Thus, if two directions are oorjugate at a point on a given surf ewe, 
each 18 perpendicular to the spherical image of the other at the 
corresponding point It follows that the inclination of two conju¬ 
gate directions is equal, or supplementary, to that of their sphencal 
representations. 

Further, an asymptotic line is self-conjugate. Hence an asym¬ 
ptotic line on a surface is perpendicular to its spherical image at the 
corresponding point 

EjZi 1. Taking the hnea of ourvatura as parametno curves, deduce the 
theorem that a hne of curvature is parallel to its sphencal image at the 
ooiresponding point, from the formulae for ri and r 2 m Art 87. 

Bz. 2. Prove otherwise that the molmation of conjugate hues is equal or 
supplementary to that of their sphencal image. 

Let the conjugate lines be taken as parametric curves, so that J/=0. Then 
equations (11) become 

. FLN EN^ 

Hence the angle O between the parametno curves on the imit sphere is 
given by 

the negative or the positive sign being taken according as the surface is 
syndastio or anticlastio. 

BZa 3. If a line of curvature is plane, its plane outs the surface at 
a constant angle. 

If r IS a pomt on the hne of curvature, n is the oorresponding point on the 
^hencal image. But we have seen that the tangents to these at corresponding 
pomts are parallel; and therefore 

dn .dr 
d5““df- 
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Let a be the (oonstant) unit normal to the plane of the curve. Then 


dr 




n)“ 


c?n ds 


dr da 


di 


But lies in the given plane and la therefore perpendicular to a. Thus the 


last expression vamshes, showing that a • n is constant, so that the plane 
outs the surface at a oonstant angle. 

Moreover, the relation a* 11=const is equivalent to a*r=oonBt. Thus 
the projection of r on the diameter parallel to a is constant, showing that 
the spherical image of a plane Ime of curvature is a small circle, whose plane 
is parallel to that of the hne of curvature. 


89. Second order magnitudes. We may also calculate the 
magnitudes of the second order, £, ilf, Wy for the spherical repre¬ 
sentation. Its unit normal n is given by 

An = f 1 X Fa = nj X Ua = KHn, 

in virtue of Art. 27 (18). But h = eKH, and therefore 


n = en 


(15), 


where e = + 1 
Consequently 


according as the surface is synclastic or anticlastic. 


L = 


n • Fii = en • n^i» e 


;a_ 

du 


(n.Hi) 



= - eni’s —ee. 


Proceeding m like manner for the others we have 

L = — ee' 

M = -ef. . 


...(16). 


Thus only the first order magnitudes need be considered. Also 
the radius of curvature of any normal section of the sphere is given 

ty 

_ edu^ + 2/rfu dv + gdv^ 

^ Ldu^ + 2Mdadv + * 

and ifl therefore numerically equal to unity, as we should expect. 

*90. Tangential coordinates. The tangential coordinates of 
a point P on a given surface are the direction cosines of the 
normal at P, and the perpendicular distance of the origin firom 
the tangent plane at that pomt These are equivalent to the unit 
normal n at P, and the distance p from the origin to the tangent 
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plane, measured in the direction of n If r is the position vector 
of P, we have 

p = r*n 

and, on differentiation with respect to u and it follows that 


i?i = r.ni| 
iia = r.na| ' 


P2 

The position vector r of the current point on the surface may be 
expressed in terms of n, iii, 1 I 3 . For, by the usual formula for the 
expression of a vector in terms of three non-coplanar vectors, 

[n, n„ njr = [r, njn + [r, n,, n]ni + [r, n. n,]n,. 

Now in Art. 27 it was shown that 

[n, ni, Tit] = SK 
til X 11, = HKn, 

[r, Hi, ii,] = HKp. 


Further 
so that 


[r,n„ n] = j^(gp,-Jp,). 


Again 

and therefore 

Similarly [r. n, iii] = ^ (ep, -fp,). 

On substitution of these values in the above formula we have 

r = 2 ® + {(gpj -fp^ m + {ep, -/pi) n.} ... (17). 

Hence, when p and n a/re given awd their derivatives ca/n he cadea- 
lated, the surface is completely determined. 


Minimai. Sdbfaoes 

® ^ properties. A min/imal surface may be defined 

as one whose first curvature, J", vanishes identically. Thus the 
principal curvatures at any point of the surface are equal in mag¬ 
nitude and opposite m sign, and the indicatrix is a rectangular 
hyperbola. Hence the asymptotic lines form an orthogonal system, 
bisecting the angles between the lines of curvature. The vanishing 
of the first curvature is expressed by the equation 

A?N- 2 F’Af+G!i = 0 .(18), 

which IS satisfied by all miTiiirial sur&ces. 
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Minimal surfaces derive their name from the fact that they are 
surfaces of mimmum area satisfying given boundary conditions. 
They are illustrated by the shapes of thin soap films in equilibrium, 
with the air pressure the same on both sides. If this property of 
least area be taken as defining mmimal surfaces, the use of the 
Calculus of Variations leads to the vanishing of the first curva¬ 
ture as an equivalent property. 

We have seen that the asymptotic lines on a minimal surface 
form cm orthogonal system. This follows also from (18). For, if 
these Imes are taken as parametric curves we have 
while M does not vanish. Hence ^ = 0, showing that the para¬ 
metric curves are orthogonal. Conversely, if the asymptotic lines 
a/re orthogonal, the surface is minimal. For, with the same choice 
of parametric curves we have i = == 0 and jF = 0 , so that J van¬ 

ishes identically. 

Further, the null lines on a minimal surface form a conjugate 
system. For, if these are taken as parametric curves we have 
= (J = 0, while F does not vanish. It therefore follows from (18) 
that if = 0, showing that the parametric curves are conjugate. 
Conversely, if the null lines are conjugate the surface is minimal. 
For then, with the same choice of parametric curves, E^Q — 0 
and if = 0, so that (18) is satisfied identically 

Again, the lines of curvature on a minimal surface form an iso¬ 
metric system. To prove this let the lines of curvature be taken 
as parametric curves. Then -F *= 0 and if = 0, and the equation 


(18) becomes 



while the Mainardi-Codazzi relations reduce to 

Thus X is a function of u only, and N a function of v only. Con¬ 
sequently 

a* ^ / i\ . 

showing that the parametric curves are isometna 


w 


12 
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92. Spherical lmag;e. The fundamental magnitudes for the 
sphencal representation, as given by (11), become m the case of a 
minimal surface 

e = g = -KO .(19). 

From these relations several interestmg general pioperties may be 
deduced. 

We have already seen that the ephencal representation of a 
minimal swrface is conformal. This also follows directly from (19). 
For, m virtue of these relations, 

d? = - Kd^. 

Thus ds/ds is independent of the direction of the arc-element 
through the point, and the representation is conformal. The mag¬ 
nification has the value V— if, the second curvature being essentially 
negative for a real minimal surface. The converse of the above 
theorem has already been considered m Art. 87, where it was shown 
that if the spherical image of a surface is a conformal representa¬ 
tion, either the surface is minimal, or else its pnncipal curvatures 
are equal at each point. 

Further, null Unes on a minimal mvface become both null lines 
and asymptotic lines in the spherical representation For, if the 
null lines be taken as parametric curves, we have 

(?- 0 , 

and therefore, by (19), 6 — 0, g — 0. 

Thus the parametnc curves in the spherical image also are null 

lines. Agam, considering the second order magnitudes for the 

sphere, we have _ 

Zf = — ee = 0, 

N = -eg^0, 

and therefore the parametnc curves in the spherical image are 
also asymptotic lines. 

Conversely, if the null lines on a surface become null lines in the 
spherical representation, either the surface is minimal, or else its 
principal curvatures are equal. To prove this theorem, take the 
null lines as parametric curves. Then E=O = 0, and since the 
parametric curves are also null lines in the spherical image, 
e = g==0. But for any surface 

e = JL--KE\ 
g^JN--EQ]^ 
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JL = 0 and J2T = 0. 


Consequently either .7=0 and the surface is muumal, or else 
L = 0 and N = 0. 

In the latter case it follows that 


J= 


2 M 

F 


and K = 


and therefore — 4iE = 0 


which ifl the condition that the principal curvatures should be 
equal. 

Lastly, isometric lines on a minimal surface are also isometric 
in the spherical representation This is obvious from the fact that 
the spherical image is a conformal representation. It may also be 
proved as follows. If the isometric lines are taken as parametric 
curves we have 


jP=0, 


E_U 


where U" is a function of u only and V a function of v only. From 
(19) it then follows that 

/=0 ? = - = - 
^ ' Q Q 7’ 


showing that the parametric curves in the sphencal image are also 
isometric. Hence the theorem. In particular the spherical image 
of the lines of curvature on a minimal surface are isometric curves, 
for the Imes of curvature on a minimal surface have been shown 
to be isometric. 


93. Cartesian coordinates. If we use the form y) 

for the equation of a surface, the diflFerential equation (18) of 
minimal surfaces becomes 



dz d*z 
0^ da; dy desdy 



( 20 ) 


This form of the equation is useful for particular problems. 

By way of illustration we may prove that the catenoid is the only 
minimal surface of revolution If the axis of revolution is taken as 
the 5-axis we may write 


z^f{a^-\ry% 


12—2 
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where the form of the fanction / is to be determined so that the 
surface may be minimal By differentiation we have 

g = 2/+4*./'. • 

and on substituting these values in (20) we have 

+ f)r + 2 (^ + y^) p+f = 0. 

On puttmg = y® we may write this equation 

dr 


d?z L /deV 
^d;^ + Y + [dr) 
which gives, on integration, 


^ dr 




where a is a constant. A second integration leads to 

T 

2r + C=ClCOsh"i 

a 


or 


r = a cosh 


Z+G 


Thus the only minimal surfjEwe of revolution is that formed by the 
revolution of a catenary about its directrix. 

£«Z. 1. The only miDunal surface of the type 

is the sur&oe as ^ log cos asD - log cos ay. 

On substituting the above expression for z m (20) we find 

The first part is a function of a only, and the second a function of y only. 
Hence each must be constant; so that 

_m/k. o-nn — 

i+> 

Integration le&ds to 


■a and 




■■—a. 


y(j;)Bsl.lOgOOSCM7, — - logcos 

a a 

Hence the theorem. 

Ez. 2. Show that the surface 

sm oe ^ Binh oo; Binh 


is mimmAl. 
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EXAMPLES XII 

1M Show that the surfaces 

07=3M cos </>, y=3tosm(^, «=O0, 

and aj*»UQOB<j), y^usin.<j>f «=ocosh**^ — 

0 

are applicabla 

2. Show that, in a star-map (Art. 80), the magnification is least on the 
parallel of latitude sin"i c. 

3 a Show that rhumb lines of the meridians of a sphere become straight 
Laos in MeroaWs projection, and equiangular spirals in a stereographic 
projection 

4. Find the loxodrome curves on the surfaces in Ex. 1. 

5 m Fmd the surface of revolution for which 

d8^^du^+{c^^u^)d(l>K 

0. Show that, for the surface generated by the revolution of the evolute 
of the catenary about the direotm, the linear element is reducible to the form 

cU^^du^+udi^. 

7- Any two stereographic projections of a sphere are mverses of each 
other, the ongin of inversion in either being the origin of projection m the other 

8> Ib any representation of a surface S on another, S', the cross-ratio of 
four tangents at a point of /S' is equal to the cross-ratio of the oorrespondmg 
tangents to S' 

9, Detormme/( 2 ;) so that the conoid 

x~u cos V, y«wsin V, *=»/(v) 
may be apphcable to a surface of revolution. 

lO- If the curve of intersection of a sphere and a surface bo a hne of 
curvature on the latter, the sphere outs the surface at a constant angla 

11. If fl, /, flr refer to the spherical image, prove the formulae 

h^F=eMN-f{L]!^+M^) +gLM, 
h^G^eN^-^fMN+gM^. 

12. What are the first and second curvatures for the spherical image? 

13. The angles between the asymptotic directions at a pomt on a surface 
and between their spherical representations are equal or supplementary, 
according as the second curvature at the point is positive or negative 

14. The osculating planes of a hne of curvature and of its spherical 
image at corresponding points are parallel. 

16. Show that the lines of curvature on a surface are given by 
[eM--fL) dudV'^-^fN—gM) 

and the principal curvatures by 

- (sA^- 2/if+ic -h -0. 
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16. The aBgle B between any direction on a surface and its sphencal 
image is given by 

Nd’^ 

dads 


oos B=* - 


Hence an asymptotic direction is perpendicular to its sphencal image. 

17. The formulae (17) of Art. 27 may be wntten 

aJf) na, 

hhc^^ifN^gM) ni+(/if-aA^) Da. 

18. Show that the hues of curvature of a surface of revolution remain 
isometric in their spherical representation. 

10. Show that the sphencal images of the asymptotic lines on a minimal 
surface, as well as the asymptotic Imea themselves, are an isometric system 

20 . If one system of asymptotic Imes on a surface are represented on 
the sphere by great circles, the surface is ruled. 

21. The nght hehooid is the only real ruled mimmal surface. 

22. The parameters of the lines of curvature of a minimal surface may 
be so chosen that the linear elements of the surface and of its sphencal image 
have the respective forms 


where k is the absolute value of each prmoipal curvature. 

23. Prove that Ex. 22 is still true if we wnte “asymptotic hnes** in place 
of “hues of curvatura” 


24. Every hdiooid is applicable to some surface of revolution, and helioes 
on the former correspond to parallels on the latter 

25. If the fundamental magmtudes of the first order are functions of 
a single parameter, the surface is applicable to a surface of revolution. 

26. Show that the heliooid 

a;*=wooB2;, yt=wBin«;, f=<w+o 
18 a minimal surface 




da 
0® u 


27. Prove that each sheet of the evolute of a pseudo-sphere is applicable 
to a oatenoid. 


28. Prove that the surface 


j?=oos a+sin-w cosh V, 
y=t;+cos a 008 W smh t>, 

^Bsmacosuooshv 

IB a mimmal surface, that the parametno curves are plane lines of curvature, 
and that the second curvature is 

—am® a/(oosh v+oos a cos w)*. 


CHAPTER X 
CONGRUENCES OF LINES 
Rectilineab Congeuences 

94. Congruence of straight lines. A rectilinear congruence 
is a two-parameter system of straight hnes, that is to say, a fiamily 
of straight lines whose equation involves two independent para¬ 
meters. The congruence therefore comprises a double infinitude 
of straight hues Such a system is constituted by the normals to 
a given surface. In dealing with this particular congruence we 
may take the two parameters as the current parameters v for 
the surface. The normals along any one parametric curve u = a 
constitute a smgle mfimtude of straight hnes, and the whole 
system of normals a double infimtude These normals are also 
normals to the family of surfaces parallel to the given surface, and 
are therefore termed a normal congruence In general, however, 
the lines of a rectilinear congruence do not possess this property 
of normality to a family of surfaces. As other examples of con¬ 
gruences may be mentioned the family of straight lines which 
intersect two given curves, and the family which mtersect a given 
curve and are tangents to a given surface. 

A rectilmear congruence may be represented analytically by an 
equation of the form 

R = r + .(1), 

where r and d are functions of two independent parameters w, v. 
The point r may be taken as a point on a surface of reference, or 
director surface^ S, which is cut by all the lines of the congruence. 
We may take d as a umt vector giving the direction of the line or 
ray, and t is then the distance from the director surface to the 
current point R on the ray. 

We may make a spherical representation of the congruence by 
drawing radii of a unit sphere parallel to the rays of the congruence. 
Thus the point d on the sphere represents the ray (1). The linear 
element dc of the sphencal representation is given by 

da^ = (ddy = edu^ + 2 fdii dv + gdv^ .(2), 

where e=d,», /-d^.d,, flf = d,S 
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these being the fundamental magnitudes of the first order for the 
aphoncal representation. And, since d is the unit normal to the 
sphere, we have 

_ dj X dg 

h 

where, as usual, A* = eg —/*. 

Another quadratic form, whose coeflScients play an important 
part m the followmg argument, is that which arises from the 
expansion of dr*dd. We may write this 

dr • cJd = (fi du + r^dv) • (d^ du + d^di;) 

= adit^ + (6 + b') dudv + cdv* .(4), 

where a = ri«di, 6=ra«di, 6' = ri*da, c=ra»d 2 

The rays through any curve G on the director surface form a 
ruled surface % A relation between the parameters w, v determines 
such a curve and therefore also a ruled surface. The infinitude of 
such surfaces, corresponding to the infinitude of relations that may 
connect u and are called the surfaces of the congruence. We say 
that each of these surfaces “passes through” each of the rays that 
lie upon it. Any surface of the congruence is represented by a 
curve on the umt sphere, which may be called its spherical repre¬ 
sentation in the above sense. This curve is the locus of the points 
on the sphere which represent the rays lymg upon that surface. 

96. Limits. Principal planes. Consider a curve 0 on the 
director surface, and the correspondmg ruled surface 2. Let r and 



—^ d + <?d 


d 


r-h dr be consecutive points on the curve, through which pass the 
consecutive rays with directions d and d + dd determmed by the 
parameter values «, v and u + du^v-^dv respectively. Further let 
8 be the are-length of the curve (7 up to the pomt r, ds the element 
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of arc between the consecutive rays, and let dashes denote deriva¬ 
tives with respect to s. Then the distance r from the director 
surface to the foot of the common perpendicular to the consecutive 
rays, as found m Art. 69, is given by 

r'«d'_ dr^dd 

_ ^ ^adu^ + (6 + V)dudv + odlv*^ 

\ edii^-\-2fdudV’\-gdv^ ) .^ 

The pomt of the ray determined by r is the central point of the 
ray relative to the surface 2 

The distance r from the director surface to the central point is 
a function of the ratio du : dvy so that it vanes with the direction 
of the curve G through the point r. There are two values of this 
ratio for which ns a maximum or minimum These are obtained 
by equating to zero the derivatives of r with respect to dujdv. 
This leads to the equation 

[2/a - e (6 + 6')] du^ + 2 {ga — eo) dudv 

+ [^(6 + 6')“2/c]di;* = 0 ....(6), 
which gives the two directions for stationary values of r. To 
determine these values we have only to eliminate du/dv from the 
last two equations, thus obtainmg the quadratic 

AV -h [ec — f{b 4- b') go] r’4-ao-J(6 + 6')* = 0 • 
whose roots are the two stationary values required Denoting these 
by Ti and ra we have 

(n + r^) -^f(b + 6') - eo - ga\ 

4/fcVira = 4ac — (6 + 6'/ J.^ '' 

The points on the ray determined by these values Of r are called 
its limits. They are the boundaries of the segment of the ray 
containing the feet of the common perpendiculars to it and the 
consecutive rays of the congruence. The two ruled surfaces of the 
congruence which pass through the given ray, and are determined 
by (6), are called the principal s^v/rfaoes for that ray. Their tangent 
planes at the hmits contain the given ray and the common per¬ 
pendiculars to it and the consecutive rays of the surfaces. These 
tangent planes are called the principal planes of the ray. They are 
the central planes of the ray relative to the pnncipal surfaces 
(Art. 71). 
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£x. 1. Find the limits and the pnnoipal planes for a ray in the oon- 
gruenoe of straight hnes whioh mterseot a given oirole and its axis. 

Let the centre of the given circle be taken as ongin, its plane as the 
director surface and its axis as the «-axis. Let a ray of the congruence meet 

Z 



the oiroumferenoe of the circle m P, and the axis in Q Denote OQ by u and 
the angle ^OP by and let ^ be taken as parameters for the oongruence 
Then, if is the radius of the circle, the position vector of P is 
r=(Pcos^, Psin^, 0), 

and the unit vector d in the direction PQ of the ray is 
* (- P cos - R sin 0, u) 

From these it is easy to verify that 

_ jRa 

.M. .-0, i-0. y-O, 

The equation (7) for the distance of the limits from the pomt P reduces to 

BO that ^i=0> 

The limits are therefore the pomts P and Q. 

The difierential equation (6) for the principal surface becomes simply 

dud6=0 

Thus the prmcipal plane through the ray correspondmg to is the plane 
POQ contaimng the ray and the ans of the circle. The prmcipal plane • 
correspondmg to du^O is the plane oontammg PQ and a consecutive ray 
through Q, These prmcipal planes are clearly pe^ndicular. The prmcipal 
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surfaces are the planes through the axis, and the cones with vertioes on the 
axis and generators passing through the given circle 

Sx. 2. Examine the congruence of tangents to a given sphere from points 
on a given diameter. 

Take the centre of the sphere as origin and its surface as director surface. 
Let the given diameter be taken as 2 -axis and polar axis, the oolatitude B 
being measured from OZ and the longitude </> from the plane ZOX. If 
a tangent from the point Q on the given diameter touch the sphere at 
P (By <#>), the position vector of P may he expressed as 

r=P(8m5ooB <^, sin^Hiuc^, cos^), 

JZ being the radius of the sphere The umt vector d m the direction FQ of 
the ray is 

d=( —oos^cos<j!)j ^cosdsin^, smd). 

Taking By as parameters, show that 

e=l, /«0, ff=co8^By 

and a=:0, 6-=6'=0, os=-Psmdcos^. 

Hence show that the distances of the limits from P are 

ri=0, 7-2MPtan^, 

so that P and Q are the limits. The equation (6) becomes 

dBdcji^O 

Hence the principal surfaces are the planes through the given diameter and 
the tangent cones from points on that diameter 


96 . Hamilton's formula. Let the parameters be so chosen 
that the principal surfaces correspond to the parametric curves. 
Then the equation (6) determining the principal surfaces must be 
equivalent to dudv = 0. This requires 

2 /a-e{b + b') = 0l 
2/c-ff(6 + 6') = 0r 


and therefore, since the coefl&cients of the two quadratic forms are 
not proportional, we must have 


/=0, b+b'^0 .(9). 


The first of these is equivalent to di*d 2 = 0 Hence the principal 
surfaces are represented on the unit sphere by orthogonal curves. 

The mutual perpendicular to the consecutive rays d and d + dd 
is perpendicular to both d and dd. Hence it is perpendicular to 


d and ^, where da is the arc element of the unit sphere corre- 
cta 

spoading to dd. But these are two unit vectors, perpendicular to 
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each other. Hence the unit vector in the direction of the common 
perpendicular is ^ x d. Now, in virtue of (3) we may write this 
(.du , . dB\ 


/ - aw . - du \ di X dg 


or, since dj and dg are perpendicular (/= 0), 

_ (^d,dt;-fldfldw).(10). 

dar Neg 

The consecutive rays corresponding to the limits are determined 
by dv = 0 and du — 0, that is by the parametric curves. For these 
we have respectively d<r=^^Iedu and da^^gdv^ so that (10) be¬ 
comes in the cases corresponding to the bmits 

and ;^di.(11), 

which are perpendicular to each other. Now the tangent plane to 
the ruled surface of the congruence through the consecutive rays 
IS parallel to d and the common perpendicular Therefore, in 
virtue of (11), the two principal planes for any ray are perpen¬ 
dicular to each other. 

The angle between the common perpendicular (10) in the 
general case and that corresponding to the principal surface dv = 0, 
is given by 

A 1 j (adidt; - edjdw) fedu 

—sr- 


and therefore 


Thus cos® 9= ^ 1 -, 

and therefore sm* 9— , f ,. 

edu^-{-gdv^ 

Further, with this choice of parameters, the distance r from the 
director surface to the foot of the common perpendicular is given 
by 

_ aaw*+cdt;® 
edu^ + gdv* * 

and therefore for the limits (dv = 0 and du = 0), 

a 0 

r.--, r,--. 
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It follows immediately that 

r = ri cos^ d + Vi sin* 0 .(12). 

This is Hamilton's formula connecting the position of the central 
point of a ray, relative to any surface through it, with the inclina¬ 
tion of the central plane of the ray for this surffwse to the principal 
planes of the ray. The formula is independent of the choice of 
parameters. Also, if the director surface is changed, the three 
distances r, ri, are altered by the same amount, and the formula 
still holda 

We may observe in passing that the normal to a surface of the 
congruence through the ray d is perpendicular both to this ray and 

dd 

to the common perpendicular ^ x d to it and a consecutive ray. 


It IB therefore parallel to 


d X 


c2d 


(g-). 


which is identical with ^. Thus the normal to a surface of the 


oongruefnoe is parallel to the tangent to the spher%cal representaUon 
of the surface^ in the sense of Art. 94 


EjX. For any ohoioe of parametrio ourves the unit vector perpendicular to 
consecutive rays is 


da" 


X 


j I ^ ^ di X d2 


97- Foci. Focal planes. The ruled surface 2 of the con¬ 
gruence will be a developable if consecutive generators intersect. 
The locus of the point of mtersection of consecutive rays on the 
surface is the edge of regression of the developable. It is touched 
by each of the generators, and the point of contact is called the 
focus of the ray. 

Let p be the distance of the focus along the ray from the direc¬ 
tor surface. Then the focus is the point 

R = r -1- pd. 

But smce the ray touches the edge of regression at the focus, the 
diffeiential of R is parallel to d. That is to say 

(Vidu -h r^dt;) + dpd -h p (d^du + djdv) 
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18 parallel to d and therefore perpendicular to di and dj. Hence, 
on forming its scalar product with di and da in turn, we have 

{adu •\-hdv) + p {edu + fdv) = 0[ 

(UdU’\-cdv)-\‘p{fdu-^gdv)=^Q\ . ^ 

These two equations determine p and dujdv. On eliminating p we 
have 

adu + bdv Vdu-^^cdv 

edu+fdv fdu^gdv " .^ 

which is a quadratic in dujdvt giving two directions, real or 
imaginary, for which 2 is a developable surface. Thus through 
each ray of the congruence there pass two developable surfaces, 
each with its edge of regression. Each ray of the congruence is 
therefore tangent to two curves in space, the points of contact 
being the foci or focal points of the ray. The locus of the foci 
of the rays is called the focal smface of the congruence. It is 
touched by all the rays of the congruence. The focal planes are 
the planes through the ray and the consecutive generators of the 
developable surfeces through the ray. They are the tangent planes 
/at the foci to the two sheets of the focal surface. 

On eliminating dujdv from the equations (13) we have 
a + ep h -^-fp _ 

&'+/p o + gp 

or + -(6 + 6')/+C€]p+ (ac —66') = 0 . (15), 

a quadratic in p giving the distances of the two foci from the 
director surface. It will be observed that this differs from the 
quadratic (7) only in the absolute term. Denoting the roots of 
(15) by pi and pa we have 

A* (Pi + p.) = (b + V)f-ec-ga\ 

A>p, = oc-W' I.' 

Comparing these with the equations (8) for the limits we see that 

ri + ra = pi + pt 

and . 

From the first of these relations it follows that the point midway 
between the limits is also midway between the foci It is called 
the middle point of the ray; emd the locus of the middle points of 
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all the rays is the middle surface of the congruence. From the 
second, of ec^uations (17) we see that^ since the second memher is 
positive, the distance between the foci is never greater than the 
distance between the hmits. The two distances are e(][ual only 
when 6 = 6. Thus on each ray there are five special points, the 
two limits, the two foci and the middle point. The foci, when they 
are real, lie between the limits. 

We have seen that the central plane, P (through a given ray 
and the common perpendicular to it and a consecutive ray), is 
inclined to one of the prmcipal planes at an angle 6 given by 
r = ri cos® 0 + Ta sm® 6. 


The angle 9 varies from 0 to ^ as r vanes from to rg, the 

principal planes being perpendicular to each other. When the 
foot of the common perpendicular is one of the foci, the plane P is 
a focal plane. At the foci r has the values pi and p^. Let and 
be the corresponding values of 0. Then 

Pi = rj cos® 6i + ra sin® 

Pa = cos® 0a + ain® 0a) ' 

Adding these, £Uid lemembenng that pi + pa = ri + ra, we see 
that 

cos® 01 + cos® 0a =1, 

and therefore, as 0i and 02 are both positive and neither is greater 

TT 1 * 

than ^ , we must have 

01 + ^, = I .(18). 

Thus the focal planes are not perpendicular, but are symmetrically 
placed with respect to the prmcipal planes, so that the planes 
bisecting the angles between the focal places also bisect the angles 
between the principal pla/nes. 

Further, the angle ^ between the focal planes is given by 

<#) = 0b-»i = J-20i 

£[ence sm (f> = cos 20i = cos® 0i —■ cos® 0a 

= .(19). 

r,-rj 
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*98. Parameter of distribution. Consider again the con¬ 
secutive rays d and d + dd corresponding to the parameter values 
u, V and u + du, t; + dv. Then in virtue of the results proved in 
Art. 68 •we see that, if 

-D = [r', d', d], 

the mutual moment of the two T3.ys is Dds^, their shortest distance 
apart is Dd^jda, while the parameter of distribution for the ray d 
on the ruled surface determmed by dujdv is 


jg — — — ('20) 

^ “ d'3 “■ . 


Now Dds^ = [cZr, dd, d] 

= [r-^du + r^d% djdu + d^dv, d]. 

Expanding this triple product according to the distributive law we 
see that the coeflBcient of dw® is equal to 

[r„ di. d] = Tj . di X ^ ^ 



(/di-edj) 


Similarly the coeflBcient of dudv is equal to 
1 1 

^ Ti • dg X (di X da) -I- ^ Ta • dj X (di X da) 

=^1 • (^*^1 ^ **2 * ( y^i “ 

= ^ (a^f + bf- b'f- ce), 
and the coeflBcient of dt;* reduces to 

\ (.h - of). 

We may wnte the result in detenninantal form as 

adu + bdv, Vdu -h cdv 
edu + fdv, fdu ^-gdv ’ 
so that the parameter of distnbution has the value 
adu + idvj Vdu + cdv 
P eda^-fdv, fdu-\-gdv 
h{edu^+2fdudv'\-gd'd^) 



(21), 
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r the developable surfaces of the congruence ^ vanishes identi- 
ly. Equating this value of ^ to zero we have the same differential 
lation (14) for the developable surfaces of the congruence, found 
)ve by a different method. 

•^09. Mean ruled surfaces. The value of )8 as given by (21) 
i function of dvjdv: and therefore, for any one ray, the parameter 
distribution is different for different surfaces through the ray. 
ose surfaces for which it has its greatest and least values are 
led the mea/n surfaces of the congruence through that ray The 
Ferential equation of the mean ruled surfaces is obtained by 
aating to zero the denvative of ^ with respect to dujdv. 

The analysis can be simplified by a suitable choice of the surface 
reference and the parametric curves Let the middle surfisice of 
3 congruence be taken as director surface. Then, by (8) or (16), 
follows that 

/(5 + 5') - 0^ - ce = 0. 

irther, lot the parameters be chosen, as in Art. 96, so that the 
incipal surfaces correspond to the parametric curves Then, m 
'tue of (9),/= 6 + &' = 0. Thus our choice of surface and curves 
reference gives the simplification 

y=:0, 6 + agr + ca = 0 .(22). 

le value of /8 as given by (21) then reduces to 
^ _ hedu^ + 2agdudv + bgd'i^ 


.« 

le values of dujdv corresponding to the stationary values of ^ 
e found by equating to zero the derivative of this expression with 
spect to du/dv. This leads to the equation 

edu*-gd'\? . (24), 


, in virtue of (22), to 

adu* + od'<? = 0 


(24'). 


the differential equation of the mean surfaces. There are thus 
TO mean surfaces through each ray. Now on the sphenoal 
presentation the equation (24) is that of the curves bisectmg the 
igles between the parametric curves, which correspond to the 
nncipal sur&ces. Hence the central planes for the mean surfaces 
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hisect the angles between the principal planeSy and therefore also fche 
angles between the focal planes. Further, it follows from ( 6 ) and 
(240 that the distance r to the central point of the ray, relative to 
a mean surface, is zero Thus the central point of a ray, relative to 
either of the mean surfaces^ coincides with its middle point. Both 
these results illustrate the appropriateness of the term "mean” as 
applied to these surfaces. 

The extreme values of the parameter of distribution, corre¬ 
sponding to the mean surfaces, are obtained by substituting in 
(23) the values of dujdv given by (24). Denoting these values of 
^ by ^1 and jSa we have 

h . 


.(26). 


/Q _ ^ 

P2 - 7 = ^ 7 

Vep 0 , 

The values of ^ for the pnncipal surfaces are found from (23) by 
putting di; = 0 and du = 0 in turn. The two values so obtained are 
equal. Denoting them by we have 

For this reason the parameter of distribution for a principal surface 
is called the mean parameter of the ray. It is the arithmetic mean 
of the extreme values of the parameter of distribution. 

Let <l> be the mchnation of the central plane of a ray for any 
ruled surface, to the central plane for the mean surface ^du = ^^gdVy 
for which the parameter of distribution is /9i. We proceed to prove 
the formula 

/9 = cos® ^ + 782 sin® <f> .(26), 

for the parameter of the ray relative to the first surface. The 
formula is analogous to ( 12 ), and is proved m a similar manner. 
The unit common peipendicular to consecutive rays of the first 
surface is given by ( 10 ), being 

, (g^i dv - ed^du). 

w eg dor 

For the mean surfiawe ^du = 'fgdv this becomes 
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Hence the angle between the central planes for the two surfaces, 
being the angle between these two perpendiculars, is given by 
equating its cosine to the scalar product of the unit vectors. Thus 

JL + 

cos 9 = , 

\/2 {edu^ gdiP) 


Hence 


cos=(^ = 2- 


•^egdudv 
edu^ + gdv^^ 

therefore 

2 edu* 4- gdv^ 

Then, in virtue of (26), 

as required. If A A h-^^ve the same sign, it follows from this 
formula that the parameter of distnbution has the same sign for 
all surfaces through the ray. Such rays are said to be elliptic. If, 
however, A and A opposite signs, the parameter of distribution 

is positive for some surfaces, negative for others. Such rays are said 
to be hyperbolic. If either A or A is zero the ray is said to be 
parahohc 

For the developable surfaces of the congruence ^ vanishes iden¬ 
tically. Hence the inclmations of the focal planes to the central 
plane for the mean surface corresponding to A are given by 


tan <f> 


■v-i 


.(27). 


It follows, as already proved, that the central planes for the mean 
surfaces bisect the angles between the focal planes. If A = ^ 
ray is parahohc, and the focal planes coincide with the central 
plane for this mean surface The two developables through the ray 
then comcide, and the foci coincide with the nnddle point of the 
ray. The two sheets of the focal surface are then identical. When 
this property holds for all the rays the congruence is said to be 
parabolic. 

Ex. 1. Show that, for a principal surface, oos*c^=^. Deduce that the 
central planes for the mean surfaces bisect the angles between the prmcipal 
surfaces. 

Ex. 2. The foci are imaginary when the ray is elhptia 


13—2 
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lOO- Normal congruence. A congruence of straight lines 
is said to be normal when its rays are capable of orthogonal inter¬ 
section by a surface, and therefore in general by a family of surfaces. 
Normal congruences were the first to be studied, especially in 
connection with the effects of reflection and refiraction of rays of 
hght If this normal property is possessed by the congruence 

R = r + id, 

there must be variations of R representing displacements perpen¬ 
dicular to d, so that d • dR = 0, that is 

d • (dr + dd^ + tdd) = 0 , 
or d • dr = - dt 

It follows that d • dr is a perfect differential Also the analysis is 
reversible, and therefore we have Hamilton's theorem that the 
necessary cmd sufficient condition that a congruence he normal is that 
d*dr be a perfect differential We may write 
d • dr = d • ridw + d • radv, 
and if this is a perfect differential it follows that 

i(d.r.) = l(a.rA 

or = d|*rs 

that is b = b' .(28). 

Conversely, if this relation holds, the congruence is normal. 
Further, if & = 6' it follows from (17) that 

p,_p, = ri-r,. 

But Pi + pa = ri + rg, 

and therefore pi = ri and />, = rj. Hence the foci coincide with the 
Imiits. Also the focal planes comrade with the principal planes, and 
are therefore perpendicular to each other. 

The assemblage of normals to a surface 8 has already been cited 
as an example of a normal congruence. The fora for any normal 
are the centres of curvature, and the focal surface is the centro- 
surfriCe of The focal planes comrade with the prmcipal planes, 
and are the principal normal planes of the surface 8. The normals 
to /S are also normals to any surface parallel to 8 This agrees with 
the fact that when we mtegrate df » - d. dr, the second member 
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being a perfect differential, the result involves an additive constant, 
which IS arbitrary Thus a normal congruence is out orthogonally 
by a family of surfaces. 

£iZ. 1. For rays of a normal congruence -jSg and i3=0. 

E3C« 12 ■ TKg taugeirUs to <i sivigly iTiJunitB fo/fniily of geodesics on a sU/Tfcice 
constitute a normal congruence (Ai*t. 81) 

£x. 3. The congruences considered in the examples of Art. 95 are 
normal 

EiX. 4. For the congruence of normals to a given surface, take the surface 
itself as director surface and its hnes of curvature as parametric curves 
(J^= M= 0) Show that, since d=n, 

e^JL-EE, f=0, g^JN^KO, 

and deduce that the equation for the focal distances from the surface is the 
equation for the pnncipal radu of curvature 

lOl- Theorem of Malus and Duplu. If a system of rays 
constitaUng a normal congruence %8 subjected to any number of 
reflections and refractions at the surfaces of successive homogeneous 
media, the congruence remains normal throughout 

Consider the effect of reflection or refraction at the surface 
bounding two homogeneous media. Take this as director surface. 
Let r be the point of mcidence of the ray whose initial direction 
IS that of the unit vector d, and which emerges parallel to d' 
Also let n be the unit normal to the surface at the point of inci¬ 
dence. Then, smce the incident and refracted (or reflected) rays 
ai*e coplanar with the normal, we may write 

d = Xn + //»d\ 

Hence d x n = //.d' x n. 

But, by the laws of reflection and refraction of light, d x n/d' x n 
18 constant for the same two media, being equal to the index of 
lefraction in the case of refraction, or to unity in the case of 
reflection. Hence is constant for the congruence. Now, for a 
displacement dr along the surface, n • dr = 0 and therefore 

d • dr =/xd' • dr. 

But the first member of this equation is a perfect differential, since 
the incident system is a normal congruence. Consequently, g, being 
constant, d' • dr is also a perfect differential, and the emerging 
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system likewise is a normal congruence. Thus the system remains 
normal after each reflection or refraction, and the theorem is proved. 

♦102. Isotropic congruence. When the coeflScients of the 
two quadratic forms 

adv? + (6 + b*) dudv + cd^d^ and edu^ + 2fdudv + gdv* 
are proportional, that is to say when 

a :c = e ,2f:g .(29), 

the congruence is said to be isotj'opio. When these relations hold 
it follows from (5) that the central point of a ray is the same for 
all surfaces of the congruence which pass through the ray. Thus 
the two limits coincide with each other and with the middle point 
of the ray and the limit surfaces coincide with each other and 
with the middle surface The line of striction for any ruled surface 
of the congruence is the locus of the central points of its generators, 
and therefore the locus of the middle points of the rays. Thus the 
lines of striction of all surfaces of the congruence lie on the middle 
surface. 

Let the middle surface be taken as director surface. Then the 
value of r as given by (6) must vanish identically, so that 


a = 0, 6 + &' = 0, c = 0 .... (30) 

Hence dr»dd==0 .(30') 


for any displacement dr on the middle surface. Thus if we make 
a spherical representation of the middle surface, making the pomt 
of that surface which is cut by the ray d correspond to the point 
d on the unit sphere, any element of arc on the middle surface is 
perpendicula/r to the corresponding element on the spherical repre¬ 
sentation. 

Moreover, m virtue of the relations (29) it follows that the value 
of yS as given by (21) is independent of the ratio du : dv Hence 
in an uotropic congruence the parameter of distribution for any ray 
has the same value for all surfaces through that ray. Now, by (31) 
of Art. 71, the tangent plane to a ruled surface at a pomt of the 
generator distant u from the central point, is mclined to the central 
plane at an angle given by 

tan6 = - 5 . 

P 
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Hence, since the central point of a ray is the same for all surfaces 
through it, o/ny two surfaces of the congruence through a given ray 
cut each other along this ray at a constant angle 

£lz. 1. Ou a ray of an isotropic congruence two points P, § are taken at 
a given constant distance from the middle surface in opposite direotions along 
the ray Show that the surface generated by P is applicable to that generated 
by Q 

The points P and Q have position vectors r+^d and r-^d, where t is 
constant. And for the locus of P 

={dr + ^c^d)® = (c?r)®+ (dd)\ 

in virtue of (30'). The same result is obtained for the locus of Q, 

Ex« 2 a Deduce from (27) that, ray a of an zsotropio congruoTioey the foot 

and fooal planes are xmagvmry, 

ESx. 3 a The only normal isotropic congruence is a system of rays through 
a point. 


CXJRVILINBAR CONGRUENCES 


103. Congruence of curves. We shall now consider briefly 
the properties of a curvilinear congruence^ which is a family of 
curves whose equations involve two independent parameters. If 
the curves are given as the lines of intersection of two families of 
surfaces, their equations are of the form 

/(®, y, g, u,v) = 0, g{x,y, g,u,v) = Q .(31), 

in which u, v are the parameters. In general only a finite number 
of carves will pass through a point y,, «()• These are deter¬ 
mined by the values of u, v which satisfy the equations 
/(■I'o, Vo, ■s'o, u, v) = 0, g(x„ g„ u.v) = 0 
The curve which corresponds to the values u, v of the parameters 
is given by 

f(u, v) = 0, g(u,v)’=0 .(32). 

A consecutive curve is given by 

f{u + du, v + dv) = 0, g(u-¥du, v-hdv) = 0, 

or by 

/(u, v) +/idu -t-Zadi; = O') . 

g(v, v)+gidu + g,dv = 0) 

each value of the ratio dujdv determining a different consecutive 
curve. The curves (32) and (33) will intersect if the equations 
fidu +ftdv = 0, gidu -I- = 0 
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hold simultaneously, that is if 

| = | = X.(Bay) .(34). 


The points of intersection of the curve w, v with consecutive curves 
are given by (32) and (34). These points are called the foci or 
focal points of the curve. The locus of the foci of all the curves is 
the focal surface of the congruence. Its equation is obtained by 
eliminating % v from the equations (32) and (34). The focal 
surface consists of as many sheets as there are foci on each curve. 

The number of foci on any curve depends upon the nature of 
the congiuence. The foci are found from the equations 

/=0, .(35) 

In the case of a rectilmear congruence,y=0 and ^ = 0 are planes. 
Hence the above equations are of order 1, 1, 2 respectively m the 
coordinates, showing that there are two foci (real or imagmary) on 
any ray. The two may of course comcide as in a parabohc con¬ 
gruence. In the case of a congruence of conics we may suppose 
that /=0 is a comcoid and g=^0 a plane. The equations deter¬ 
mining the foci are then of order 2, 1, 3 respectively m the 
coordinates, and there are six foci on each conic. 

104. Surfaces of the congruence. As m the case of 
a rectilinear congruence, the various curves may be grouped so 
as to constitute surfaces. Any assumed relation between the 
parameters determines such a surface. Taking the relation 

v = <f>(u) 

and elimmating u, v between this equation and the equations of 
the congruence, we obtain a relation between a, y, z, representing 
one of the surfaces of the congruence Each relation between the 
parameters gives such a surface. There is thus an mfinitude of 
surfaces correspondmg to the infinitude of forms for the relation 
between the parameters. 

We shall now prove the theorem that all the surfaces of the 
congiuence, which pass through a given cwrve, touch one another as 
well as the focal surface at the fod of that curve. Consider the 
surface through the curve u, v determined by the equations 

/“O, g = 0, v^<}>(u) .(36). 
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Then any displacement (das, dy, dm) on that surface is such that 

|‘^ + |‘^2/ + |d.+ [|+|Jf(u)]du = 0| 

|d«; + |dy+|dF + [|+|f(u)]du = 0 
But at the foci 

S'! ’ 

and therefore for any direction in the tangent plane at a focus we 
must have 

Thus the normal to the surface at the focus is parallel to the vector 



which is independent of the assumed relation between the para¬ 
meters, and is therefore the same for all surfaces of the congruence 
through the given curve. Hence all these surfisices touch one 
another at the foci of the curve. 

Again, the equation of the focal surface is the eliminant of w, v 
from the equations (32) and (34). At any point of the focal surfiice 
we have from the first of these 

and therefore, in virtue of (34), 


^das + ^dy + ^dz . , 

das dy ^ dz ^/i 


Thus (dflj, c?y, dz) is perpendicular to the vector (37), which is 
therefore normal to the focal surface. Hence at a focus of the curve 
the focal surface has the same tangent plane as any surface of the 
congruence which passes through the curve. The theorem is thus 
established. It follows that any surface of the congrueme touches 
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the focal surface at the fod of all its curves The tangent plane 
the focal surface at the foci of a curve are called the focal plane 
the curve. 

106. Normal congruence. A curvilinear congruence is £ 
to be normal when it is capable of orthogonal intersection b 
family of surfaces Let the congruence be given by the equati 
(31). Along a particular curve the parameters w, v are conati 
and therefore, for a displacement along the curve, we have 
differentiation 


dx dy dz 



If in this equation we substitute the values of w, v in termE 
x,y,zdi& given by (31), we obtam the differential equation of 
curves of the congruence in the form 

dx _dy dz 

X~' Y~^ Z . 

where X, F, Z are independent of w, v. If then the congruenc< 
normal to a surface, the differential equation of the surface must 

Xdx+Ydy+ Zdz=^0 . (39) 

In general this equation is not mtegrable. It is well known fr 
the theory of differential equations that the condition of integ 
bility IS 



If this condition is satisfied there is a family of surfaces satisfy 
the equation (39), and therefore cutting the congruence ort 
gonally. 

Ez. 1. The oongruencse of circles 
l'c+my-{~nz^u, 
hay for its differential equation 

dx dy dz 
ny—mz Iz-nx mx—ly' 

Hence they are normal to the surfaces given by 

(Tiy - m£) dx-\-{lz — nai) dy'\-{maf - ly)dzrsO. 

The condition of mtegrability is satisfied, and the mtegral may be exprea 

ny - mz^oiTix - fe), 
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where o is an arbitrary constant. This represents a family of planes with 
common Ime of intersection xjl^yjm^zlru 

Ez. . The congruence of conics 

(3^+^)®—4a?«n 

has a differential equation 

It IB normal to the surfaces giveu by 

(y+a) cfa?+(fy+0. 

The condition of mtegrabihty is satisfied, and the integral is 
Ez. 3. Show that the congruence of circles 
has the differential equation 

dx 

^ ™ ~ 2a7« * 

and is out orthogonally by the family of sphei'ea 


EXAMPLES XIII 
Reotilinear Gongrimicez 
1 • The current pomt on the middle surface is 

R=r+«d, 

■where ^ 

The condition that the surface of reference may be the middle surface is 
- eo+ga^f(b-\rh*) 

2. Froye that, on each sheet of the focal surface, the curves corresponding 
to the two families of developable surfaces of the congruence are conjugate. 

3. The tangent planes to two confocal quadnos at the points of contact 
of a common tangent are perpendicular. Hence show that the common tan 
gents to two confocal quadnos form a normal congruence. 

4 . If two surfaces of a congruence through a given ray are represented on 
the unit sphere by curves which cut orthogonally, their hues of striction meel 
the ray at points equidistant from the middle point. 

6. Through each point of the plane a ray (2, n) is drawn, such that 

Show that the congruence so formed is isotropic, with the plane jemO as 
middle surface. 
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6. In Ez. 1, Art 102, prove conversely that, if the surfaces are apphcshle, 
the congruence is isotropic. 

7. If {I, My n) IS the unit normal to a minimal surface at the current point 
«), the hne parallel to (m, ~l,n) through the pomt (^,^,0) generates 

a normal congruence. 

8 . The hues of stnotion of the mean ruled surfaces he on the imddle 
surface. 

9. For any choice of parameters the differential equation of the mean 
surfaces of a congruence is 

— (6 -f- 6 ')/+ ® +( b - hy ) dudv+o 

2A^ "" edu^+2/dudv+^dv^ 

10. The mean parameter of distribution (Ai;;t. 99) of a congruence is the 
square root of the difference of the squares of the distances between the hmits 
and between the fooL 

11. If the two sheets of the focal surface intersect, the curve of mter- 
section IS the envelope of the edges of regression of the two famihes of 
developable surfaces of the congruence. 

12. In the congruence of straight lines which intersect two twisted 
curves, whose arc-lengths are s, s', the differential equation of the developable 
surfaces of the congruence is dsd^^O The focal planes for a ray are the 
planes through the ray and the tangents to the curves at the pomts where it 
cubs them. 

13. One end of an inextensible thread is attached to a fixed point on 
a smooth surface, and the thread is pulled tightly over the surface. Show 
that the possible positions of its straight portions form a normal congruence, 
and that a particle of the thread describes a normal surface. 

14< In the congruenoe of tcungenU to one system of asymptotic Ivrm on 
a given surface, S, show that the two sheets of the focal surface coincide with 
each other and with the surface 3, and that the distance between the hmit 
pomts of a ray is equal to K being the specific curvature of the 

surface S at the pomt of contact of the ray 

Take the surface S as director surface, the given system of asymptotic 
lines as the parametric curves const., and their orthogonal trajeotones as 
the curves const. Then, for the surface S, 


Z=0, 





Also, with the usual notation, and therefore 

A £11 A.^ 

‘ 0 » {sTe) ^ 
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'om these it is easily verified that 


a=0, 6= — 


Wl’ 


5'=.0, c 


i-JE' 


Ei* . EtGi 4jif»0+Gi* 

AEG’ AEG ’ 


A* 


M»E^ 

“aE^G' 


ae equation (15), for the distances of the foci from the director surface, 
duces to p®«=0 ‘Thus the foci oomoide; and the two sheets of the focal 
rface coincide with the surface S The congruence is therefore paraholto 
lit. 99). Similarly the equation (7), for the distances of the limits, reduces to 

2 ^ 1 


hus the distance between the hmits is 1 /n/ -iT. 

15. When the two sheets of the focal surface of a rectilinear congruence 
iinoide, the specific curvature of the focal surface at the point of contact of 
ray is — 1/P, where I is the distance between the limits of the ray. 

1G. in a normal congruence, the distance between the foci of a ray is 
le same for aU rays, show that the two sheets of the focal surface have their 
>ecifio curvature constant and negative 

17. Bays are incident upon a reflecting surface, and the developables of 
le incident congruence are reflected into the developables of the reflected 
mgruenoe Show that they out the reflecting surface in corgugate hnes 

18. When a congruence consists of the tangents to one system of lines 
* curvature on a surface, the focal distances are equal to the radii of geodesic 
irvature of the other system of lines of curvature. 

19. A necessary and sufficient condition that the tangents to a family of 
irvea on a surface may form a normal congruence is that the curves be 
Mjdesios. 

f20. The extremities of a straight hne, whose length is constant and 
hose direction depends upon two parameters, are made to describe two 
irfhces apphcable fco each other Show that the positions of the line form 
a isotropic congruence. 

21. The spherical representations (Art 94) of the developable surfaces 
f an isotropic congruence are null hnes. 

22. In an isotropic congruenoe the envelope of the plane which outs 

ray orthogonally at its middle pomt is a minimal surface. 
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Cui'viliTLear Congruences 

23 . Prove that the congruence 

x~-y—u{z-x) ] 

+«)=«>/ 

IS normal, being out orthogonaJly by the family of surfaces 
yz+zx+xy^c^, 

24 . Show that 

represents a normal congruence, cut orthogonally by the surfaces 

xy^=>oifi 

25 . Four surfaces of the congruence pass through a given curve of the 
congruence Show that the cross-ratio of their four tangent planes at a point 
of the curve is independent of the pomt chosen 

26. If the curves of a congruence cut a fized curve, C, eaoh pomt of 
mteraection is a focal point, unless the tangents at this pomt to all curves 
of the congruence which pass through it, are ooplanar with the tangent to 
the curve C at the same pomt. 

27. If all the curves of a congruence meet a fixed curve, this fixed curve 
lies on the focal surface. 

28 . Show that the congruence 

(20 (x )+60 (y)+ox (b) = u] 

0(a?)-|-0(y)-j-xW=‘vJ 

IS normal to a family of surfaces, and determme the family. 

29 . Fmd the parallel plane sections of the surfaces 

which constitute a normal congruence, and determine the family of surfaces 
which out them orthogonally 

30 . If a congruence of circles is out orthogonally by more than two 
surfaces, it is cut orthogonally by a femily of surfaces Such a congruence is 
called a cyclic system 

Note. The author has recently shown that ourvilmear congruences may bo 
more effectively treated along the same hues as rectibnear congruences. The 
existence of a limit surface and a surface of stnction is thus easily established, 
and the equations of these surfaces are readily found. See Art 129 below. 


•7 



CHAPTER XI 

TRIPLY ORTHOGONAL SYSTEMS OF SURFACES 


106. A triply orthog^onal system consists of three families 
Df surfiaices 


u (oj, y, z) = const. 
V {x, y, z) = const. 
w (fl7, y, z) = const 


( 1 ) 


which are such that, through each point of space passes one and 
only one member of each family, each of the three surfaces cutting 
the other two orthogonally. The simplest example of such a system 
LS afforded by the three families of planes 


X = const, y = const., z = const,, 

parallel to the rectangular coordinate planes. Or again, if space is 
mapped out m terms of spherical polar coordinates r, d, <}>, the 
mrfaces r = const, are concentric spheres, the surfaces 5 = const 
ire coaxial circular cones, and the surfaces ^ = const, are the 
meridian planes. These three families form a triply orthogonal 
jystem. Another example is afforded by a family of parallel sur- 
aces and the two families of developables in the congruence of 
lornaals (Arts. 74, 100). The developables are formed by the 
lormals along the lines of curvature on any one of the parallel 
mrlaces. As a last example may be mentioned the three families 
)f quadrics confocal with the central quadno 


z^ - 

+ r + — 1- 
a 0 0 


t is well known that one of these is a family of ellipsoids, one 
t family of hyperboloids of one sheet, and the third a family of 
lyperboloids of two sheets This example will soon be considered 
n further detail 


107. Normals. The values of u, v, w for the three surfaces 
hrough a pomt are called the curvilinear coordinates of the pomt. 
iy means of the equations (1) the rectangular coordinates x, y, z, 
nd therefore the position vector r, of any point in space may be 
xpressed in terms of the curvilmear coordinates. We assume that 
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this has been done, and we denote partial derivatives with res] 
to w, V, w hy the suffixes 1, 2, 3 respectively. Thus 

ar ^ 

“ 9a9®’ 

and so on. 

The normal to the surface u = const, at the point (a?, y, z 
parallel to the vector 

/du ^ 

ay' aW* 

Let a denote the unit normal in the direction of u increasi 
Similarly let b and c denote unit normals to the surfaces v = co 

o 

>N 



^ Fig 26 . 


and w = const, respectively, in the directions of v increasing a 
w increasing. Further we may take the three families in tt 
cyclic order for which a, b, c are a right-handed system of ui 
vectors. Then since they are mutually perpendicular we have 

a«b = b«c = c«a = 0 

and a = bxc, b = oxa, o = axb 

And, because they are unit vectors, 

a» = b> = c* = l . (3). 

Since the normal to the surface u = const, is tangential to t 
surfaces = const, and «; = const through the pomt considere 
for a displacement ds in the direction of a both v and w a 
constant. In terms of the change du in the other parameter let 

da^pdiL 
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107, 108] 

Thus pdw IS the length of an element of arc normal to the surface 
u = const. The umt normal in this direction is therefore given by 

__ dr _ 19r __ 1 
^ ds pdu 

so that ri=pa . (4), 

and therefore T-? = p\ 

Similarly if the elements’ of arc normal to the other two surfaces, 
in the directions of b and c, are qdv and rdw respectively, we have 

r3 = gb, r8 = 7*c .(5), 

and consequently = K 

Thus Ti, Fj, Fj are a nght-handed set of mutually perpendicular 
vectors, so that 

r,.rfl = F,.rs = r8Ti = 0.(6) 

Further, in virtue of (2), (4) and (5), 

or ' 

raxr8 = ^r, 

P 

r»xri=^r, . .(7), 

pq 

rixra=^r8 

r 

and [Fi, Fa, Fa] ^pqr [a, b, c] =pqr .(8). 

108. Fundamental magnitudes. A surface const, is 
cut by those of the other two families in two families of curves, 
t; = const, and w = const Thus for points on a surface u = const 
we may take v.wba parametric vanables Similarly on a surface 
V « const, the parameters are w, u and so on Thus the parametric 
curves on any surface are its curves of intersection with members 
of the other families On a surface ^ = const the fundamental 
magnitudes of the first order are therefore 

F = r,.F8 = 0 I.(9), 

Q = J 

80 that 

and similarly for the other surfaces Since F=0 the parametric 
curves on any surface constitute an orthogonal system. 


w. 


14 
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To find the fundamental magnitudes of the second order we 
examme the second derivatives of r. By differentiating the equa¬ 
tions (6) with respect to w, u, v respectively, we have 

ria*r9 + riT28 = 0| 
raiT8+raTsi = 0L 
rsg«rj+r3Ti0 = oJ 

Subtracting the second and third of these, and comparmg the 
result with the fiirst, we see immediately that 

r,.ra = r,.r,i = 0| . 

Similarly r® • Tu = OJ 

Again, by differentiating Ti® = with respect to u, v, w, we have 

riTu=jRpn 

riTi9 = RPay. (11), 

Ti • Tib = ppj 

and therefore Tj • = — Ti • Tu = —ppi\ ^^^ 2 ) 

r8Tn*=-ri.ri, = -j3^3j 

with two similar sets of equations. Now the umt normal to the 
surface u = const, is Fi/p, and the parameters are -y, w. Hence the 
second order magnitudes for that surface have the values 
r 1 1 ) 

Jlf=iri.rg,=0 .(13). 

Tvr 1 1 I 

i\r = -ri.r«,=--rri 

P P 

Similar results may be written down for the surfaces v = const, and 
w = const. They are collected for reference in the table* 


and therefore 


Surface 

Parameters 

E 

F 

G 

H 

L 

1 M 

N 

w=const. 

v, w 

S'® 

0 


qr 


0 

1 

--fTi 

P 

const 

Wy u 

r® 

0 


rp 

1 

0 

~PP2 

w=B const 

tt, V 

p> 

0 

if® 

n 

1 

I 

CO 

0 

1 

--SS8 


ForByth gives a similar table on p. 41B of his ^^Leatures.' 
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ESz. EilllptiC coordinates. Consider the quadnos confocal with the 


allipsoid 




1 . 


in which we may aasume a’> i*> 0 *. The oonfocals are given by 

. _yi_ + _!!_1 


for different values of X Hence the values of X for the confooals through 
a given point (j?, y, e) are given by the oubio equation 

(X)s(a^+X) (62+X) (oHX)- (ja+X) (<j«+X)=0 
Let w, v> denote the roots of this equation. Then, since the coefficient of 
X® IS equal to unity, we have 

(X-^0(X-^^)(X-'w) = (aHX)(6S+X)(c»+X)-2^8(6'+X) (fl^+X) 

If m identity we give X the values - a®, — 6 ®, — c® in succession, we find 

(a-'+v) {a^-\-w) 

2 _ (6* + «) (&2 + v) (6® + W) 

2 (o 2 + m)(c® + 1 >)(c®+«^) 

These equations give the Cartesian coordinates in terms of the parameters 
w, V, w, which are called the ellvptxo ooordincUea of the pomt {x^ y, a). 

By loganthmic differentiation of (14) we find 


fdx 


dz\ 

l = i| 

f ^ y 


\5w’ 

0tt’ 

du) 

1 2' 

\a^+u^ + 

d^+u) 


with similar expressions for rg and rs- From these the relations (6) are easily 
verified, and further 

„S_r 9 _ {U-V){U-V1) 

” ^ 4(a®+w)(i®+w)(c®+«)* 

c*=r,»= (»-•“)(«-«) 

" ® 4(a® + i;) (6®+u) (c®+v)* 

,. 8 _ra^ 

® 4(a®+it?)(6®+'w)(c®+t/7) * 

These are the first order magmtudes Ey G for the oonfooal surfaces, i?’being 
equal to zero, and by partial differentiation we may calculate X, N according 
to the above table 



109. Dupln'fl theorem. We have seen that, for each surface 
of a tnply orthogonal system, F=Q and Jif =0. Thus the para¬ 
metric curves are lines of curvature, and we have Dupm’s theorem: 

The Gurves of intersection of the s^urfaces of a tnply orthogonal 
system are lines of curvature on ecuih. 


14—2 
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The principal curvatures on each of the surfaces are then easily 
calculated On a surface w = const, let denote the principal 
curvature in the direction of the curve of parameter v (the curve 
const.), and aTuw the pnncipal curvature in the direction of the 
curve of parameter w (the curve v = const.). Then 

L qA 


~E~ 

P2\ 


- —1 


prj 


Similarly on a surface t; = const the pnncipal curvatures in the 
directions of the curves of parameters w and u are respectively 

_ ra 

„ .( 16 ). 

G qp 

and on a surface «; = const, in the directions of the curves of 
parameters u, v they are respectively 

_JJ.) 

" /1 H\ 


(?" 

Let ACo be the curvature of the curve of pararueter w. Then 
since fCtou flJid are the resolved parts of the vector curvature of 
this curve in the directions of the normals c and b respectively, 
we have (Art. 53) 

/ic„C08iir = /c^, Ar„8int!r = /c«, .... (18), 

where «r is the normal angle of the curve relative to the surface 
«; = const Hence 

and tani!r==-^^ = ^ 

Kwi qpi* 

with similar results for the curves of parameters v and w. Further, 
smce the curve of parameter is a line of curvature on the surface 
= const., the torsion W of its geodesic tangent is zero. Hence, 
by Art. 60, its own torsion t is given by 

dw 19 ®* 

^ d8~ ^ 9u.(^®)' 
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no. Second derivatives of r. Explicit expressions for the 
second denvatives of r m terms of r,, are easily calculated. 
The resolved parts of Tu in the directions of the normals a, b, o 
are respectively 

Til • a, Til • b, • o, 

111 
or r 

which, in virtue of (11) and (12), are equal to 


Hence we may write 


1 1 

Pi> -qPP^> --m- 


P \ 

.X. /n 


ru = -2)ir,-^p,r,-^p,r, 

and similarly Fsa = ^ gar. - ^ j.r, - jiri ^ .(20). 

i Jr 

1 r r 

r p‘ S i 

In the same way we find that the resolved parts of in the 
directions of a, b, c are respectively 

0, q», r*. 

Hence the result 

1 , 1 ' 

*‘33 — ~ S 3 *’» "h ^ 

and similarly rji = ^ rjr,+^i*.**! '>■ .('21) 

r„=^p,ra + i2,r. 

We may also calculate the denvatives of the unit normals 
a, b, 0. For 

aa _ 9 /rA _ 1 1 

du du\p) p*'“ 


'-;;iPs*’a-;5P.r, 


hy (20) 


1 V 1 
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[ZI 


0 7 1 9a 0 /r,\ 1 1 

SiimfeTly r„-^p.r. 


by (21) 


= —fflF, 

pq'i 

1 . 

P 


with corresponding results for the derivatives of b and o. 

Ex. Prove the relations 

rii®=i)i*+^Pa*+^M 

Tii»ri3=piPi-^Piqi, 

p p 

rii«r23« —-^2y3-"^i5sr2, 

ri2« ri3«^ai^) 
r23**=5'8® + ^a®> 

with similar results derivable from these by oyolio interchange of variables 
and suffixes. 


111. Lam^^s relations. The three parameters u, v, w are 
curvilinear coordinates of a point r m space. The length ds of an 
element of arc through the point is given by 

= dr* = {r^du + v^dv + v^dAJoy 
+ q^d'u^ -H r^dv^, 

since r^, Fa, Tg are mutually perpendicular. The three functions 
p, 5, r are not independent, but are connected by six differential 
equations, consistmg of two groups of three. These were first 
deduced by Lam6* ai^d are called after him. We may write them 



* Lemons sur Ut eoordin^a ewvilignes et Uurt diverges appltcatioTUt pp. 7B-79 




Ill] 

and 
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„ _y»?3 Pzr2] 

q T 




(23) 


V i / 

They may be proved by the method employed in establishing the 
Mainardi-Codazzi relations. Thus if m the identity 

9 9 

we substitute the values of Tu and Tj, given by (20) and (21), and 
after differentiation substitute agam the values of the second 
derivatives of r m terms of the first derivatives, we find an equa¬ 
tion in which the coefficient of vamshes identically, while the 
vanishing of the coefficients of and r, leads to the third equation 
of (22) and the first of (23). Similarly from the identity 

9 9 

we obtain the first of (22) and the second of (23); and from the 
identity 

9 9 

the second of (22) and the third of (23). 

Moreover, just as the six fundamental magnitudes E, F, Q, 
L, M, N't satisfying the Gauss characteristic equation and the 
Mainardi-Codazzi relations, determme a sur&ce except as to 
position and orientation in space (Art 44), so the three functions 
p, g, r, scbtisfymg LamSs equations^ determine a triply orthogoruil 
system of surfaces except as to position and orientation in space. 
But the proof of this theorem is beyond the scope of this book*. 

EiZat Given that the family const, of a tnply orthogonal system are 
surfaces of revolution, and that the curves const are meridians on these, 
ezamme the nature of the system. 

On the surfaces const, u and v are the parameters. Since the curves 
i;=const, are meridians they are also geodesics, and therefore JS m & function 
of 14 only (Art. 47), the parametno curves hemg orthogonal Thus pa«0 
From the first of (23) it then follows that either ra^O or pa=0. 

* See Forsyth, §§ 248-261. + OL Eisenhart, S 184. 




216 


TEIPLT ORTHOGONAL SYSTEMS OP SUBPAOES 


In the first case, since Pq—O and ^ 2 = 0 , (16) gives ie„a=0 and ictw=0. Thus 
the surfaces vs= const, are planes; and since they are meridian planes, the 
axes of the surfaces of revolution must coincide. The surfaces 24^=const, and 
u=* const are therefore those obtamed by takmg a family of plane curves 
and their orthogonal trajectories, and rotating their plane about a hne in it 
as azia 

In the second case we have jt?3=0, and therefore, m virtue of (17), Kmt^O, 
Consequently the family of surfaces 1 ^=const, are developables, either circular 
oyhnders or circular cones. Further, since p 2 '^ 0 , kvu=0 by (16), and therefore 
tne surfaces ««const are also developables And we have seen that 

= Kwu* "I" 

SO that Ku also vanishes. Thus the curves of parameter u are straight Imes, 
and the surfaces const parallel surfaces. These parallel surfaces are planes 
when the surfaoes w = const are oyhnders. 

*112. Theorems of Darbouz. In conclusion we shall con¬ 
sider the questions whether any arbitrary family of surfaces forms 
part of a triply orthogonal system, and whether two orthogonal 
families of surfaces admit a third family orthogonal to both. As 
the answer to the second question supplies an answer to the first, 
we shall prove the following theorem due to Darboux 
A necessary and sufficient condition that two orthogonal families 
of surfaces admit a third family orthogonal to both is that their 
curves of intersection he Imes of curvature on both. 

Let the two orthogonal &milies of surfaces be 

y, ^) = ooiist.) . 

V (a?, y, z) — const.] 

Their normals are parallel to the vectors Vu and Vv. Denoting 
these gradients by a and b respectively, we have the condition of 
orthogonality of the surfaces, 

. a*b=>0. 

If there exists a third family of surfaces 

w (a?, y, z) = const.(26), 

orthogonal to each of the above families, then any displacement 
dr tangential to (25) must be coplanar with a and b; that is 

axb*dr=0 

* This Art. IB intended only for readere famibar with the formulae of advanced 
Vector Analysis. The difierential mvanante employed are three-parametrio, and 
should not be confused with those of the foUowing chapter. 
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The condition that this differential equation may admit an integral 
involving an arbitrary constant is 

(axb).Vx(axb> = 0, 
which may be expanded 

a X b • (b • Va — a • Vb + aV • b — bV • a) = 0 ...(26). 
The scalar tnple products from the last two terms vanish, owmg 
to the repeated factor. Further, since a • b = 0, it follows that 
0 = V (a«b) = a«Vb+b* Va + b x(V X a) + ax(V xb). 
Again the last two terms vanish since 

Vxa = VxVii=:0 
and Vxb = VxVf; = 0. 

Consequently a • Vb == — b • Va. 

Substituting this value in (26), we have the condition 

(a X b) • (a • Vb) = 0 .(27) 

for the existence of a family of surfaces orthogonal to both the 
families (24). 

Now consider a curve cutting the family of surfaces = const 
orthogonally, A displacement dr along this curve is parallel to 
the vector a at the point and therefore, in virtue of the con¬ 
dition (27), 

dr X b • (dr • Vb) = 0, 

which may be written 

[dr,b, db] = 0. 

Now the curve considered lies on a member of the family v=const.; 
and, as b is normal to this surface, the last equation shows that 
the curve is a Ime of curvature. Thus the curves which cut the 
surfaces w = const, orthogonally are lines of curvature on the 
surfaces t;= const. Hence their orthogonal trajectories on the 
latter are also hnes of curvature. But these are the curves of 
intersection of the two families (24). Since these are Imes of 
curvature on t; = const., and the two families cut at a constant 
angle, it follows from Joachimsthars theorem that they are also 
lines of curvature on the surfeces u = const., and Darboux’s theorem 
is established. 

We may now proceed to answer the other question, whether an 
arbitrary family of surfaces 

u (a?, y, z) = const. 


( 28 ) 
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forms part of a triply orthogonal system. If there is a second 
family of surfaces orthogonal to the above, their curves of inter¬ 
section must be lines of curvature on w = const Hence, a family 
of lines of curvature on (28) must constitute a normal congruence 
if there are to be three orthogonal families. 

Let t denote the mit tangent to a line of curvature on const. 
Then the necessary and suflScient condition that the hues of curva¬ 
ture of this system should constitute a normal congruence is that 
t«dr admits an integral involving an arbitrary constant. The 
condition for this is 

t.Vxt = 0 .(29). 

As for the direction of t we observe that, if n is the unit normal 
to the surface w = const, the tangent t to a line of curvature u 
parallel to the rate of change of n in that direction; that is to say 
t is parallel to dn, and therefore to dr • Vn. Hence, since dr has 
the direction of t, 

t • Vn = \t, 

where X is a scalar factor. Thus t is expressible in terms of th« 
first and second derivatives of Uy and the equation (29) is therefon 
of the third order in these derivatives. Moreover the above analysii 
IS reversible, and so we have Darboux’s theorem* 

In order that a family of surfaces u (x, y, z) = const, may font 
part of a triply orthogonal system^ it is necessary cmd sufficient tha 
u should satisfy a ceHain partial differential equation of the thin 
order. 

Such a family of surfaces is called a Lame family, 

EXAMPLES XIV 

1 • Show that any family of spheres or planes, whose equation contain 
one parameter, can form part of a tnply orthogon^ system. 

22. Show that a family of parallel surfaces is a Lam^ family. 

3. Prove the existence of a triply orthogonal system of spheres. 

4. A necessary and sufficient condition that the surfaces «=const, o 
a tnply orthogonal system be parallel is that y be a function of u alone. 

5. The curves const, are cv/rvea of equidutanoa on a surface w=aconsi 
between consecutive members of that family. 

6. Examme the existence of a triply orthogonal system of nmnim 
surfaces. 
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7 - Prove that the equations (21), satisfied by r, are also satisfied by r®. 

8- Detenmne a tnply orthogonal system of surfaces for which 

r^Au+Bv’^’O, 

where Ay 0 are functions of w alone. 

9 < Prove that the surfaces 

80*0 a tnply orthogonal system 

10. Prove that the surfaces 

i/z—aXy — 

out one another orthogonally Hence show that, on a hyperbolic paraboloid 
whose pnncipal sections are equal parabolas, the sum or the difference of the 
distances of any point on a hne of curvature from the two generators through 
the vertex is constant. 

11. A triply orthogonal system of surf^es remains tnply orthogonal 
after mversion (Art 83) 

1 2. Putting a, 2 ^ 2 - 5 ^ rewnte the equations ( 20 ) to (23) of the 
present chapter in terms of a, &, c and their denvatives*. 

13. Calculate the first and second curvatures of the surfaces of a triply 
orthogonal system m terms of Pt q,r, also in terms of a, 6 , c, 

14. The reciprocal system of vectors to r^, r 2 , Fs of present chapter 
is 1, m, n, where [Elem. Vect Anal., Art 47] 

l^Tija, m=r9/&, n^ra/o. 

Calculate the derivatives of these vectors m terms of 1, m, n, a 

* For orthogonal systems either of these notations is satisfactory, hut, with triple 
systems generally, it is better to treat the squares and scalar products of the denva- 
tives of r as the fundamental quantities Bee Art. 128, or a recent paper by the 
author “On Tnple Systems of Surfaces, and Non-Orthogonal Ourvilmear Coordi¬ 
nates,*’ Proo, Royal Soo. Edin. Vol, 46 (1926), pp 194—206. 



CHAPTER XII 

DIFFERENTIAL INVARIANTS FOR A SURFACE 

113. Polnt-fanctlons. In this chapter we propose to give a 
brief account of the properties and uses of differential invariants 
for a surface. The “ differential parameters ” introduced by Beltrami 
and Darboux have long been employed in various parts of the sub¬ 
ject. The author has shown, however, that these are only some of 
the scalar members of a family of both vector and soala/r differential 
invariants*, which play an important part in geometry of surfiices, 
and m the discussion of physical problems connected with curved 
surfaces. 

A quantity, which assumes one or more definite values at each 
point of a surface, is called a function of position or a point-function 
for the surface. If it has only one value at each pomt it is said to 
be uniform or single-valued We shall be concerned with both 
scalar and vector point-functions, but in all cases the functions 
treated will be uniform. The value of the function at any point of 
the surface is determined by the coordinates u, v of that pomt, it 
18 therefore a function of these variables. 

114. Gradient of a scalar function. Consider first a scalar 
function of position, <j> (u, v). We define the gradient or slope of the 
function at any point P as a vector quantity whose direction is that 
direction on the surface at P which gives the maximum arc-rate 
of increase of and whose magnitude is this maximum rate of 
increase. There is no ambiguity about the direction; for it is the 
direction of increase, not decrease. 

A curve ^ = const, is called a level curve of the function Let 0, 
O' be two consecutive level curves, corresponding to the values (f> 
and + of the function, where d(f> is positive. Let PQ be an 
element of the orthogonal trajectory of the level curves, intercepted 
between 0, O', and let dn be the length of this element Let PR 

* The theory of these invanants has been developed at some length by the author 
in a paper entitled: “On Differential Invariants in Geometry of Surfaces, with 
some applications to Mathematical Physios,” Quarterly Journal of Matheinatiot» 
Yol. 60, pp. 280-269 (1025). 
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be an element of arc of another curve through P, cutting C in R, 
and let (fo be the length of PR, Then clearly PQ is the shortest 
distance from P to the curve O', and its direction is that which 



Fig. 26. 

gives the maximum rate of increase of at P, Thus the gradient 
of at P has the direction PQ and the magnitude dcjyjdn. This 
vector will be denoted* by or grad <f). If m is the unit vector 
in the direction PQ, orthogonal to the curve <f> = const., we have 

.W 

And from the above definition it is clear that grad ^ is independent 
of the choice of parameters u, v. It is itself a pomt-function for the 
surface. 

The rate of increase of (f> in the direction PR is given by 
d(j) dcj) difh d(^ ^ 

ds'^ dnds dn * 

where 0 is the inclination of PR to PQ. Thus the rate of increase 
of<j>in my direction along the surface is the resolved part of V<j> in 
that direction If c is the unit vector in the direction PR, the rate 
of increase of ^ m this direction is therefore c • This may be 
called the derivative of m the direction of c. If dr is the elementary 
vector PR we have dr = cds; and therefore the change d^ in the 
function due to the displacement dr on the surface is given by 

d<j) = ^ds = d8(G,V<l>) 

or d(j} = dr • .(2). 

From the definition of it is clear that the curves = const, 
will be parallels, provided the magnitude of V0 is the same for 
all points on the same curve; that is to say, provided (V</))* is a 

* We shall borrow the notatloiL and terminology of three-parametno differential 
invariants. 
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function of 0 only Hence a necessary and sufficient condition that 
the curves tp = const, be parallels is that (V<^)® is a function of p only 
The curves n/r = const, will be orthogonal trajectones of the curves 
^ = const, if the gradients of the two functions are everywhere per¬ 
pendicular. Hence the condition of orthogonality of the two sjrstems 
of curves is* 

= 0 . 

Although the gradient of 0 is independent of any choice of 
parameters, it will be convenient to have an expression for the 
function in terms of the selected coordinates w, v This may be 
obtained as follows. If bu, Sv is an infinitesimal displacement along 
the curve cp (u, v) = const., 

<pi8u + = 0. 

Hence a displacement dw, dv orthogonal to this is given by 
(Art 24) 

du _ Qpi — 
dv ~ E<p^^F(pi' 

The vector 

V = {Qp, - Fp,) r, + {Ep^ - Fp,) r, 

IS therefore parallel to Vp, But the resolved paiii of this in the 
direction of Tj is equal to 

* Beltrami’B differential parameter of the first order, Aj 0, ia the square of the 
magnitude of V0, that is 

Ai0 = (V0)> 

Hia mixed differential parameter of the first order, Aj (0, 0), ia the scalar product 
of the gradients of 0 and 0; or 

Ai (0, 0)=V0 • V0. 

Darboux*B function 0 (0, 0) is the magnitude of the veotor product of V0 and V0; 
that IS to say 

0(0, 0)ll = V0xV0 

The Inohnation 0 of the curve 0=const to the curve 0=const, is also the inclination 
of V0 to V0 And, smce cos® 0 -j- sm® d=: 1, it follows from the last two equations, on 
squaring and adding, that 

Ai* (0. 0) +02 (0, 0)=(V0)a (V0)* 

=Ax0 Ai0. 
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Lich is times the denvative of in the direction of Tj. Hence 
VIH^, or 


^ 9 - JJi *^1+ Tj 


( 3 ). 


iich is the required expression for the gradient. 

We may regard this as the result obtained by operatmg on the 
iction </) with the vectorial differential operator 



lat this operator is invariant is clear from the definition of 
iioh is independent of parameters. The operator V plays a funda- 
mtal part m the following argument, for all our invariants are 
pressible in terms of it. When the parametric curves a/re orthogonal 
takes a simpler form. For then F = 0 and if® = EQ, so that 


V = 


1 1 1 A 

Q^^dv’ 


form which will frequently be employed when it is desired to 
nplify the calculations. 


Bx. Prove the following relations: 

(V^)*=± 

V0 . Vl/f =^ [^02 (<^1 l/rj + <^2^l) + 

X ^ (01 1//-2 - 02 n. 


115. Some 

V are given by 


applications. The gradients of the parameters 



F 


Vv = 


E 


F 


that 

d therefore 


Vu X Vv = ^, 

(VuxV«)s=i. 
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Hence 


F 

V«» Vi; = - ■^ = — F(yu X Vt))“, 


(Vi;)> = 




= ^(Vt{x V«)* 


If then it is desired to take as parametric variables any two func¬ 
tions <f), -kfr, the corresponding values E, F, (}, H of the fundamental 
magnitudes are given by 

H'=: ’ ^ 

(V^xVt)* 

and _ 

If the parametric curves are orthogonal we have simply 

W = J, (Vv)> = i 

In order that curves u = const, may be a system of geodesic 
parallels, E must be a function of u only (Art 56). Hence a 
necessary and sufficsmt condvhon that the curves <f> = const, be 
geodesic parallels %s that be a function of <f, only. If the 
parameter ^ is to measure the actual geodesic distance from a 
fixed parallel, we must have (y<j>y = 1 
The following apphcation of the gradient will be required later. 
If (7 18 a curve on the surface joining two points A, B, the definite 
integral from A to B of the resolved part of tangential to the 
curve IS 

Jj.V</,ds =1^ dr. = <f>js-<t>A, 

t bemg the umt tangent to the curve. Thus, if A is fixed, the 
definite mtegral is a pomt-fiinction determmed by the position of 
5. If is single-valued, and the defimte mtegral is taken round 
^losed curve, <j>s becomes equal to and the mtegral vanishea 
When the path of mtegration is closed we denote the fact by 
a small circle placed at the foot of the mtegral sign. Thus 


7 
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Conversely, suppose that the vector P is tangential to the surface, 
and that Jp»dr vanishes for every closed curve drawn on the 

surface. Then J P • dr must be the same for all paths joining A 

and 5. If then A is fixed, the value of the integral is a pomt- 
fiinction 0 determined by the position of B. Hence, for any small 
displacement dr of 5, we have 

P • dr = = V(j) • dr. 

This is true for all values of dr tangential to the surface. Hence, 
since P and V<^ are both tangential to the surface they must be 
equal, and we have the theorem • 

If a vector point-function P is everywhere tangential to the surface, 

and P • dr vanishes for every closed curve drawn on the surface, 

J o 

then P is the gradient of some scalar point-function, 

116. Divergence of a vector- The operator V may be applied 
to a vector function P in different ways One of these leads to a 
scalar differential invariant, which we shall call the divergence of 
P and shall denote by div F or V • P. We define it by the equation 
div P = V • P 



That this is invariant with respect to the choice of parameters 
may be shown by actual transformation from one pair to another. 
But it is unnecessary to do this, as the mvariant property will follow 
directly from another expression that will shortly be found for 
div P, which is entirely mdependent of coordinates. 

To illustrate the importance of the divergence function, consider 
the divergence of the umt normal n to the surface. Thus 

div n Ti • (ff Ill — Fn^ "^ !^“ ***" * 
and, on substitutmg the values of iii and n^ given in Art. 27, we find 
div n = - {EN-2FM+ GL) ^ 

.( 6 ). 

where J as usual denotes the first curvature. Hence: 


w. 
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The first curvature of a surface is the negative of the divergence 
of ike unit normal*. 

If JS is a scalar point-function we may find tlic divergence of JBn 
in the same manner. Then, remembering that n is perpendicular 
to r, and r, we find 

div iJn = jR div n = - .//i .(C). 

The first curvature of a minimal surface vanishes identically. 
Hence minimal surfaces are characterised by the relations 

div n = 0 

or div iJn = 0. 

It will be convenient to have an expression for the divergence 
of a vector in terms of the components of the vector. Suppose, for 
mstance, that 

F » Pr, H- Qr* -t- Tin. 

Then clearly, from the d('finition, 

div P = div (Pr,) H- div (Qr*) + div (Tin). 

The value of the last term has already been found. Consider the 
first term. We have 

div Pr, = r,. [(? (P,r, + Pr„) - P(P,r, -i- i>r„)] 

+ *■« • + Pr,,)- P(P,r, -I- i'r,,)] 

-■f‘+23- [^’ I. ® I W) - Si • ■■■>] • 

* The reader who is familiar with the tlirro-paramoirio divergenoe will reougniiw 
Chat (6) IS tine also for this value of div xl For the two fuuotions difTor only hy the 

term n • ^, where denotes differentiation along the normal. But n in tuirpen* 
on on 

dioular to its derivative, beoanse it is a vector of constant length. Thus the value 
of the extra term xe zero. 

This provides a formula for the drat ourvature of a surface of the family 
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Thus div Pr, = P, + 1 (jE& - P>) 

Similarly we find div Qr» = ^ ^ (-ffQ)- 
Hence the complete formula 

. 

An important particular case is that in which the vector F is 
equal to the gradient of a scalar function The divergence of the 
gradient* of <;f> is V • V<^ and will be written The operator V* 
is analogous to the Lapla<yian of three parameters. Inserting in (7) 
the values of P and Q found from (3), we have 

^ 1 a (Q<i>, - F<I>,\ 1 a /Pc/), - Pc^A .. 

H )-^hTv\ h ) . 

When the parametric curves are orthogonal this takes the simpler 
form 

I) v^D]. 

H7. Isometric parameters. From the last result it follows 
that, when the parametric curves are orthogonal, 


by Art. 116. If then u, v are isometnc parameters, so that 
dsi^ — 'K{du* + dv% 

the quotient O/E is constant, and therefore V*m := 0. Conversely if 
P = 0 and also = 0 it follows from the above equation that 0/E 
is constant, or a function of v only, so that 
ds* = X(du®+ Vdv^), 

We may then take JVVdv for a new second parameter, and our 

parameters are thus isometric. Hence the theorem: 

* The mvanant V“0 is identical with Beltrami’s diferential parameter of the 
second order, 

16—2 
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A necessary and sufficient condition that u he the isomet'ric para- 
meter of one family of an isometno system is that = 0. 

Again, if the square of the linear element is of the form 
ds® = \ ( + F dv% 

where ?7 is a function of u only, and F a function of v only, the 
parametric curves are isometric Imea (Art. 39). Also 

'^du\u)~ 2GU‘~ 2EU 

where f{u) is a function of u only. Conversely if V*m/(Vw)® is a 
function of u only, the curves u = const, and their orthogonal 
trajectories v = const, form sm isometric system. For since 

”“=iWs(l) 

it follows, in virtue of the last equation, that 


d (0\ 2V*m (Vm)' 
(Vv> 


du\E) 






Thus 


and therefore 


/W. 


9* 1 


showing that the parametric curves are isometric Thus: 

A necessary and svjfficient condition that a family of curves 
u — const, and their orthogonal trajectories form an isometric system 
is that Vhij(Vuy he a function of u, 

118. Curl of a vector. The operator V may be applied to a 
vector function T in such a way as to give a vector differential 
mvariant. We shall call this the cfwrl or rotation of P and denote 
it by curl P or V x P. It is defined by the equation 

curl P = V X P 

The invariant property of this fiinction will appear from another 
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expression that will be found for it, entirely independent of co¬ 
ordinates. 

Consider first the curl of a vector Bn normal to the surface 
Then 

curl jRn = ^ Fi X [0 (Bin + Bn^) - F(B^n + JSiij)] 

-f- gjg Fq X [J? (^ 2 ii + Bn^^ — F (iJj n + JZn^)]. 

On substituting the values of and as given m Art. 27 we find 
that the terms involving these derivatives disappear, and the 
formula may then be written 

curl J2n = ViJxn .(9), 

We may notice that this vector is perpendicular to u and there¬ 
fore tangential to the surface. If B is constant, VB vanishes, so 
that the curl of any normal vector of constant length vanishes identi¬ 
cally In particular the curl of the umt normal is zero: or 

V x ii==curln = 0 .(10). 

And we may here notice also that the curl of the position vector r 
of the current point on the surface vanishes identically or 

Vxr=curlr = 0 .(11) 

As in the case of the divergence we may find an expansion for 
curl P in terms of the components of P. For, if 
P = Pfi -h Qra -h Bn, 

we have curl P = curl Pfi + curl Qfb curl Bn 

The value of the last term has already been found The first term 

IS equal to 

carlPri=.^r, x [Q-+Pv,,)-F + Pr^)] 

+ ^ r, X [P(Pari + Pru) - P(Piri + Pr„)]. 

On substituting the values of and ru, as given by Gauss’s formulae 
(Art. 41) we find on reduction 

curl Pr. - 2 [s (PP) - 5 (JP)] u +1 (Jfr. - 

Similarly a T O 

C«il Cr.=H [I; - S (P«)J " + W’- - 
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Taking the sum of the three results, we have the complete formula 

curl P = ^ [A (j-p +OQ)-^ (EP + J'Q)] u + ^(PM+ QN) r, 

.-^iPL+QM)r, + VBxn .(12). 

One important consequence of this may be noticed. If we put 
F = V<^, and substitute the corresponding values of P and Q as 
found from (3), the coefficient of n vanishes identically. Thus: 

The curl of the gradient of a scalar point-function is tangential 
to the surface. 

An equally important converse will soon be proved, viz/ If both 
F and curl F are tangential to the surface, then F is the gradient 
of some scalar function. 


119. Vector functions {cont.). We have seen that o • is 
the derivative of ^ in the direction of the unit vector c. The same 
operator c • V may be applied to a vector function, giving the 
derivative of the vector m that direction. Thus 




IS the derivative of F m the direction of c. As a particular case 
put c = ri/V^ and we find for the derivative of F in this 
direction 

- FF.)+F(EF,-FF,)] 

= JLp -JL?E 

as required Though this interpretation of c • VF as the “rate of 
change” of F in the direction of c is applicable only when c is 
tangential to the surface, we define the function c • VF for all 
values of c by the above equation. 

Similarly the operator V* defined by (8) may be applied to a 
vector point-function, giving a vector ifferential invariant of the 
second order. As illustrations we shall calculate the values of V^r 
and V®n, where r and n have their usual meanings We lose no 
generality by taking orthogonal parametric curves. Then, m virtue 
of (8'), 
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Thus V“r = Jn .(13) 

is the required relation. 

Cor. 1. From this equation and (6) we have 
V. Vsr = - 

Cor. 22. The current point r on a minimal surface satisfies the 
equation 

V»r = 0. 


Next consider the function V^n. For simplicity in calculation 
we shall take the lines of curvature as parametric curves. Then 
0,M=0 and 


ni = 



na = - 


N 

G 


ra. 


Hence by (S') 

^ V U v G *■=■)] • 


Then in virtue of Gauss’s formulae for Fu and r^, and the Mainardi- 
Codazzi relations, this reduces to 


V«n = 


/D N‘\ fl 9,1 


1\ (k E\ 

dv)\E'^ g) 


= -[J‘-2K]n~'7J .(14), 

which 18 the required formula, K as usual denoting the second 
curvature 

Since VJ is tangential to the surface, by forming the scalar 
product of each member of (14) with n we deduce 
2;ir = n.V»n + 

= n • V*n + (V • n)® 

which may also be written 

2^ = n.Vsn-V«V»r .(16) 
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Thus the second curvature is a differential invariant of n of the 
second order. 


120. Formulae of expansion. If 0 denotes a scalar point- 
fiinction, and U, V vector point-functions, we require expressions 
for the divergence and the curl of the functions 0U and U x V, in 
terms of the differential mvariants of the separate functions. The 


formulae required may be expressed* 

V . (<^U) = . U -I- . U .(17), 

V x(<^U) = V(^x + xU .(18), 

V.(UxV) = V.VxU«U.VxV .(19). 


For brevity of expression in the proof of these we may suppose 
the parametric curves orthogonal. Then 

^ • (^U)= jr,. (<^U + <^U0 + ^ r,. ((^,U + 

~ + + • Ui + i r.. U,^ 

= + •TJ, 

which proves (17), and (18) may be established in a similar 
manner. In the case of (19) we have 

V.(TTxV) = lr,.(U,xV + UxVO + ir..(U,xV + UxV.). 

Then since the dot and the cross m a scalar triple product may 
be interchanged, provided the cyclic order of the factors is main¬ 
tained, we have 

V . (U X V) = (ir. X U,+ ir. X U.) . V - U . Qx V. + ...) 
= V.V xU-U.7xV 

a8 required 

As examples, apply (IT) and (18) to the function Rn. Then 
div iZn = ViJ. n + J? div n. 

But VR IB perpendicular to n, and div n = - J. Hence 

div iJn = — JR 


* For other formulae see § 7 of the author’s paper “On Diflerential Invariants 
eto , alread7 referred to, or Examples XV below. 
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as previously found Similarly 

curljBn = VR xn + R curln. 

But curl n = 0, and therefore 

curl Rn = VR x n, 
agreeing with (9). Again 

div curl Rn = div (VR x n) 

= n • V X VjB — ViJ • V X n. 

Now each of these terms vanishes; the first because curl grad R is 
tangential to the surface (Art. 118), and the second because 
curl n = 0 Hence 

div curl Rn =0 .(20). 

Thus if a vector function is everywhere normal to the surface, the 
divergence of its curl vanishes identically. 


ESx. 1. Show that clivr=2. 

XjZ. 22. Show that div./r=r« Vt/+2t/ 
and curl i/r=Vi7 x r. 

Elx. 3. Prove the formulae • 

VXV (<pylr) = 0VX +-vP-V X V(f), 


121. Geodesic curvature. Take any orthogonal S37stem of 
parametric curves, and let a, b be unit vectors in the directions of 
ri and r^, so that 

® ® VO'’ 

Then a, b, n form a right-handed system of mutually perpendicular 
unit vectors, such that 


axb = n, bxn::=:a, nxa = b. 

The vector curvature of the parametric curve v = const, is the arc- 

1 3a 

rate of change of a in this direction, which is equal to 

»jE 
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* by Art. 41. Hence the vector curvature of the curve v — const, la 

E 

The normal component of this, LjE, is the curvature of the 
geodesic tangent, or the normal curvature of the surface m the 
direction of a. The tangential component is the curvature relative 
to the geodesic, or the geodesic ou/rvature (Art 63). Since this is 
regarded as positive when the relative curvature is in the positive 
sense for a rotation about the normal, the geodesic curvature of 
t; = const, is the coeflScient of b in the above expiession, or 


E, 

Now the divergence of b is, by (7), 

■“’(tI) "B s(^) 


2AVG' 


Hence the geodesic curvature of the parametric curve v = const, is 
the negative of the divergence of the umt vector b. But the para¬ 
metric curves = const, may be chosen arbitrarily. Hence the 
theorem; 

Given a family of mrvee on the surface, with an assigned positive 
direction along the cv/rves, the geodesic curvatwre of a member of the 
family is the negative of the divergence of the umt vector tangential 
to the surface and orthogonal to the curve, whose direction is obtained 
by a positive rotation of one right angle (about the normal) from the 
direction of the curve 

The same result could have been obtained by consideiing the 
curve u = const In this case the vector curvature is 
1 ab^J^T G, 

The geodesic curvature of u — const is the resolved part of this in 
the direction of — a, which is the direction obtamed by a positive 
rotation of one nght angle from b about the normal Hence 

* — 

<'~2G>JE‘ 

But this is equal to div a, and is therefore the negative of div (— a)^ 
as required by the above theorem. 



GEODESIC OURVATUBE 


236 


Bonnet’s formvla for the geodesic curvature of the curve 
0 ^;) = const. (Art. 66 ) follows immediately from this theorem. 

For the unit vector orthogonal to the curve is Vc^/ j |, But 

11 = i 

and therefore 

.( 21 ) 

l_p/ G4>,-F<f>, \ 

“ H \du WiE^o - 2F4,^^^ + 

S/ E4>^-F4>^ x"! 

^ bo W(E<Pi^ - 2F<t>^<f>^ + (?<#>!•)/J • 

The sign is indeterminate unless one direction along the curve is 
taken as the positive direction. 

Another formula for the geodesic curvature of a curve may be 
deduced from the above theorem. For if t is the unit tangent to 
the curve, the unit vector orthogonal to the curve in the sense 
indicated is n x t. Hence the required geodesic curvature is 
/Cg = — div (n X t) 

= n*V xt — 1 «V xn 

by (19). But curl n is zero, and the last term vanishes, giving 

Kg = n -curlt.( 22 ). 

Hence the theorem: 

Given a family of curves on the surface^ with an assigned positive 
direction along the curves, the geodesic owrvature of a member of the 
family is the normal resolute of the curl of the unit tangent 

We may observe in passmg that, since the parametric curves are 
orthogonal, the curl of the unit tangent a to the Ime v = const, is, 

by (12), 

curla=- 7 =a-T^b~„ 


M E, 

2AVQ‘“’ 


curl b = ^ a — ■ 


andsimilarly curlb = |a-^U+ 

If now we form the vector product curl a x curl b, the coeflScient 
of n in the expression is equal to (LN — or E. Hence the 

second curvature is given by 

jSC = n • curl a x curl b 

= [n, curia, curlbj .(23). 
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EXi Deduoe from (22) that 

• curl (FiM'+rai/) 


EXAMPLES XY 

1. Prove that div r = 2 and curl r« 0. 


2. Verify the values of curl Fvi and curl given m Art 118. 

3. If is a point-function, and is a function of 0, show that 

Hence, by means of (17), prove that 

y7^F=F''(V(j)y+F^^(l> 

4. If F=F{<l)y ...) is a funobon of several pomt-functions, show that 

5. If , » are geodesic polar coordinates, so that ^=1, -^=0 and 
show that 

V(^=<^i Fi+^ (^2 ^2 


and 


’■♦-isW'l+Bsd)- 


fdhi 

Hence, if is a function of u only, show that / satisfies the equabon 
v®(/)s=0j and also that 

A’=-v21og^. 


e, Ift IS a unit vector tangential to the surface, and b=t x n, show that 
the normal curvature in the direction of t is - (t • vn) • t, and the torsion 
of the geodesic in this direction (t • Vn) • b Deduce Euler’s theorem on normal 
curvature (Art. 31), and the formula [Kb—Ka) sm ^oos d for the torsion of the 
geodesic. 


v. 


1 


1 


7. Show that the directions of c and d on a surface are conjugate if 
(c*Vn)«d=0,' and hence that the asymptotic directions are such that ' 
(d • Vn) • d=0. Deduoe the differential equation of the asymptotic hnes i 

vn)«fl?r=o. 


8 • If t is the unit tangent to a Ime of curvature, show that (t • Vn) x t=0 
Deduoe the differential equation of the lines of curvature ^ *j 

(^^r« vn)xrfr=0. 

9. If a, b are the unit tangents to the orthogonal parametno curves ' 
(Art. 121), show that ^ 

Z=(a • va) • (b • vb)- (b • va) • (a • vb), 
and also that - div (a div a+b div b). 
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10. As in Art 120, prove the formulae 

Vx(UxV)»V*vU-U*vV+U7«V-Vv U, 

7(U« V)=:V*vU+U* vV+Vx7xU+UxVxV. 

Ill If c IS a constant vector, show that 

V (c«U)=* 0 » vU+CxcurlU, 

(cxU)== -c«curlU, 

V x (c X U)«=C div U-c • VU. 

12. If a IS tangential to the surfaioe, show that 

a* vr-a. 

And, if c IS a constant vector, 

v(c*r)=c.vr, v.(oxr)=0, 
vx(cxr)=2c-c» vr. 

13. Prove that U« vU=ivU2-UxcurlU. 

14. If r IS the position vector of the current point on the surface, and 
30 «=r • n, prove that vr* is twice the tangential component of r, and that 

(vr2)^-4(r*-i?®). 

Also show that =■ 2 (2 

15- If i?*IS a function of and deduce from Ex. 4 that 




and that 




16. If y, « are the rectangular coordinates of tbe current point on the 
surface, and m, n the direction oosmes of the normal, show that 

(V^)«+(Vy)»+(V«)*«2 

and (vO®+(Vm)2+( Vti)®=. 7^ - 2ir. 

17. If y —I 1 1 prove that the geodesic curvature of the curve =« const 
is given by 

yV20 —Vy • V(^ 

(Vc/))^ * 

18. Prove that a family of geodesics is characterised by the property 
n • ourl t=aO, t bemg the umt tangent. Deduce that t is the gradient of some 
scalar function yfr, and that the curves const, are the geodesic parallels to 
the family of geodesics, ^ measurmg the actual geodesic distance from a fixed 
parallel 

19. Show that the equation of the mdicatnx at a point is (r« Vn) • r« -1, 
the point itself being the origin of position vectors. 
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20. Prove that the second curvature is given hy the formula 

2 Z’=(V®r)®— 2 (curl grad a?)®. 

Oi v.c 

21. If p=r«nj show that vp=r«vn 

and V2^=^(2 Z-V/ 

-6x7 Jt 

Hence, in the case of a minimal surface, 

22 . Prove the relations 

div curl (^V=» V • V X V<^+0V • V X V, 
v*(0V)=<#)V2V+2v0 • vV+Vv*0. 

Transformation of Integrals 

122. Divergence theorem. We shall now prove various 
theorems connecting line integrals round a closed curve drawn on 
the surface, with surface integrals over the enclosed region. These 
are analogous to the three-parametric theorems of Gauss, Stokes 
and Green, and others deducible from them. Let G be any closed 
curve drawn on the surface; and at any point of this curve let m 
be the unit vector tangential to the surface and normal to the 
curve, drawn outward from the region enclosed by 0, Let t be the 
unit tangent to the curve, m that sense for which m, t, n form 
a right-handed system of umt vectors, so that * 

m = txn, t = nxm, n = mxt 
The sense of t is the positive sense for a descnption of the curve. 
If ds is the length of an element of the curve, the corresponding 



displacement dr along the curve in the positive sense is given by 
dr^tds. 

Consider first a transformation of the surface integral of the 
divergence of a vector over the region enclosed by 0, The area 
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dS of an element of this region is equal to Hdudv. If the vector 
P IS given by 

P = Pri + Qra +jRn, 

then by (7) 

and the definite integral of div P over the portion of the surface 
enclosed by (7 is . ^ 

jJ‘divPd-S = + dudv-jj JRdS 

Nf M being the points m which the curve v = const, meets G, and 
B, A those in which u = const, meets it. If now we assign to du at 
the points B, A and to dv at the points M the values corre¬ 
sponding to the passage round 0 in the positive sense, the above 
equation becomes 

JJdivFdS = J HPdv-j EQdu-jjjRdS. 

Consider now the line integral | F • m c2« taken round 0 in the 

positive sense. Clearly En• m = 0, and nids = txnc2s = c2rxn. 
- Hence 

■'' I P.nids= j (Pti + Qrt) • {ridu + r,dv) x 

In the integrand the coeflBcient of du is 

^ (Pri + Qr,) • (Pr, - Evi) = - EQ 
and the coeflScient of dv is 

g (Pri + QrO. (Gr, - Pr.) = EP. 

so that J P»nids=J EPdv — j EQdu. 

Comparing this with the value found for the surface integral of the 
divergence, we have the required result, which may be written 

Jj'divPdS = j P.mds-jJpP.(24). 
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This is analogous to Gauss’s “divergence theorem,” and we shall 
therefore refer to it as the divergence theorem. The last term in (24) 
haa no counterpart in Gauss's theorem, but it has some important 
consequences in geometry of surfaces, and in physical problems 
connected therewith. 

From this theorem the invariant property of djvP follows 
immediately. For, by letting the curve G converge to a point P 
inside it, we have for that pomt 

/ F«mcb 

divP +.(26). 

Now the second member of this equation, and also the second term 
of the first member, are clearly mdependent of the choice of 
coordinates. Hence div P must also be mdependent of it, and is 
thus an invariant. This equation may also be regarded as giving 
an alternative definition of div P. 


123. Other theorems. From the divergence theorem other 
important transformations are easily deducible. If, for instance, in 
(24) we put P = where is a scalar function and c a constant 
vector, we find in virtue of (17), 




mds 



o^lldS, 


And, since this is true for all values of the constant vector c, it 
follows that 


JJv<f>d£r=J (pmds -~jJj(f)ndS .(26). 


This theorem has some important apphcations, both geometrical 
and physical. Putting (f> equal to a constant we obtain the formula 

J mds = jjjndS . (27) 

If now we let the curve 0 converge to a point inside it, the last 
equation gives 

I mds 

= ^ .(28). 

dS 


Hence we have an alternative defimtion of the first curvature of 
a surface, independent of normal curvature or prmcipal directions. 
We may state it: 
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The limiting value of the line integral J mds, per unit of enclosed 

wrea, w normal to the surface, and its ratio to the unit normal is equal 
to the jwst cv/rvature. 

In the case of a closed surface another important result follows 
fipom (27) For we may then let the curve G converge to a pomt 
outside it. The line integral in (27) then tends to zero, and the 
surface integral over the whole surface must vanish Thus, for 
a closed surface, 

j'fjndS = 0, 


the integral being taken over the whole surface. In virtue of (13) 
we may also write this 

JJv>rdS=0. 


Again, apply the divergence theorem to the vector P x o, whore 
c is a constant vector. Then by (19) the theorem becomes 


c • 


jjcurl Pci£f=c.J mxFda — o^JjjaxFdS. 


And, since this is true for all values of the constant vector c, we 
have 


jjcui-1 FdS = j m X Fds - x FdS 


.(29) 


This important result may bo used to prove the invcuricunt property 
of curl F. For, on letting the curve G converge to a point inside 
it, we have at this point 

I m X Tds 

curl P + Jn X F = Lt*^® . 

do 


Now each term of this equation, except curl P, is independent of 
the choice of coordinates. Hence curl P must also be independent. 
It is therefore an invariant. The equation (30) may be regarded 
as givmg an alternative definition of curl P. 

In the case of a minimal surface, *7=0 Thus (26) becomes 


jjv<f)dj3 J <f>mds, 


w. 


16 
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and from (27) we see that 

J mds = 0 

for any closed curve drawn on the surface. Similarly (29) becomes 
JJcurl Fd8 = I m X Fds, 

In particular if we put for F the position vector r of the current 
point, since curl r = 0 we obtain 

J r X in(is = 0. 

This equation and the equation J mds — O are virtually the equa¬ 
tions of equilibrium of a thin film of constant tension, with equal 
pressures on the two sides. The one equation expresses that the 
vector sum of the forces on the portion enclosed by 0 is zero, the 
other that the vector sum of their moments about the origin 
vanishes 

Analogues of Green's theorems are easily deducible from the 
divergence theorem. For if we apply this theorem to the function 
(f>V^|r, which is tangential to the surface, since by (17) 
div 

the divergence theorem gives 

J <f>Vy/r • mds = • Vylr + (f>V^) dS, 

Transposmg terms we may write this 

|jv<f>•V^|^dS = j .(31). 

On interchanging </> and yjr we have similarly 

jjv<f) •V^frdS =Jylrm •V<l>ds—JJ'\lrV^(l>dS . ..(32). 

These have the same form as the well-known theorems due to 
Green. From (31) and (32) we also have the symmetrical relation 

J i4,V■^|r-^jr'^,j>).mds = |j{4>V*y|r-^frV»<f,)d3 ..(33). 


* For the application ol these theorems to the eqmlibnnm of stretched mem¬ 
branes, and the flow of heat in a curved lamina, see the author's paper already 
referred to, §§ 16-17. 
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If in this formula we put ■^|r = const., we obtain the theorem 

jm*V^d8==jjv»<f>dS .(34), 

which could also be deduced from the divergence theorem by 
putting P = V0. 

Qeodesic polar coordinates and the concept of geodesic distance 
may be used to extend this theory in various directions*. But for 
fear of overloading the present chapter we shall re&ain from doing 
this. 


124- Circulation theorem. Consider next the definite 
integral of n • curl P over the portion of the surface enclosed by 
the curve G (Fig 27). If, as before, P = Pr^ + Qv^ + iZn, we have 
in virtue of (12) 

n . curl P = 1 jl + (?Q) -1 {BP + J-Q) j- . 

Hence, smce d8 — HdAidv, the defimte integral referred to is 
jJn.V xPd>Sf = jj\^{FP + QQ)-l{BP-^FQ)^dudv 

= j[FP + GQfdv ~I[BP + FQfdu. 

If now we assign to dv at -ST, M and to du at B, A the values corre¬ 
sponding to the passage round G in the positive sense, this becomes 

JJii.VxP(i/S' = J (FP + GQ)dv+j(BP + FQ)du. 

But the line integral 


j F»dr = J (Ptj + Qr, + Bn)• (rjdu + r.dii) 


^j(BF + FQ) du + I(FP + GQ) dv. 
The two mtegrals are therefore equal, so that 


//■ 


n • curl TdS = P • dr 




(36). 


This may be referred to as the circulation theorem, and the integral 
in the second member as the circulation of the vector P round the 
curve G. The theorem is analogous to Stokeses theorem, and is 


* hoc, oi£., § 14. 


16—2 
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Virtually identical with it, since the normal resolute of our function 
curlP is equal to the normal resolute of the three-parametnc 
function. 

If we apply the above theorem to the function (f>o, where <;& is a 
scalar function and o a constant vector, we find in virtue of (18) 


xcdS= j <f>c^dr. 


And, since this is true for all values of the constant vector o, we 
have the theorem 


JJn xV<f)dS= j <j>dT .(36), 


which is sometimes useful 

If we apply the circulation theorem to the function V<^, we find 

Jjn* V xVif>dS-J V<f>*dr-0. 

And since this is true for the region bounded by any closed curve, 
it follows that n • curl grad cf) vanishes identically. Thus the curl 
of the gradient of a scalar function is tangential to the surface^ as 
already proved m Art. 118. Conversely, suppose that both P and 
curlP are tangential to the surface. Then, by the circulation 
theorem, 

J P«dr = JJn»ourlFdS=0. 

And, smce this is true for any closed curve, it follows from Art. 
116 that P IS the gradient of some scalar function. Hence the 
theorem* 

If a vector function and its curl are both tangential to the surface, 
the vector is the gradient of some scalar function. 


EXAMPLES XVI 


1 ■ Show that j r • dr^O IS true for any closed curve. 

2. By applying the divergence theorem to the function curl i2n, prove that 
div curl Ra vanishes identically 

3. For a cloaed surface, prove that the mtegrals 


yauish identically. 


J^n^ourlPd^, ljnxV(t>dS 
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4. Prove the relations 

jjv»7(pdS=j <^)V«m£ft-jJ((/>divV+J^n»V)<iS 


and 


lj\r»'7xTJclS=j [U, V, m]tfe+jy(U.7xV-7UxV.n)rf& 

5. If V=V0 and V®0«=O, show tiiat 

jjv*dS==j (j>m*Vdh. 

6> If F=aV<^ and V*<^=> — 2tro-, show that 

—Stto’cM', 

7. Show that J (ftVyjr • dr= ^ j 

8 . ITrom (18) and the circulation theorem deduce the relation 

JJcpu^vxVdS^^J <f>V• dr~JJv(pxV^ndS. 

Putting V*=VT/r m this result^ prove that 

JJv(^ X vV^ • nc?>5= J (pvy/r • c?r « - J yl^vcf^ • dr. 

9. If cp ^=div (pV0), and vanishes over the closed curve O', show that 




10- If • n and S is the area of the surface bounded by the closed 
curve Ci show that 


2S=j r»mds^jjjpd/S. 


11. Prove the relation 


jyVj’cfAS* J Jmds-^jjj^ndS, 


Hence deduce that 2Kn » V*n+Lt 

12. Show that, for any closed curve, 


j Jmds 
‘ dS 


j mxrds^ jjjnxrdS. 


13. Deduce formula (34) from the divergence theorem. 

14. The pole for geodesic polar coordinates is inside the closed curve (7, 
and u IS the geodesic distance from the pole. In formula (33) put 0s=logu, 
iBolatmg the pole with a small geodesic oirde. Lettmg this geodesic circle 
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coDverge to the pole, deduoe the cmaZoguB of Oreen'a formula for the value of 
at the pole, viz. 

STn/rsay^ (^Vlogl^ —logttVt/r)# jj(logUV^‘^—‘\lr^Hogu)dS. 

Hence show that 2ir m • V log - jj 7* log udS. 

15. Show that the formulae of Ex. 14 are true with logH m place of 
log?£. 

16. m Ex. 14) H IS a funotion of u only, the function 

fdu 


^~Ie 


satisfies Using Q in place of logi^ in that exercise, prove the for¬ 

mulae 


27r^=J (yjrVQ —S^V^lt)•^Xld8 + jjaV^yj/dS 


and 




2ir^ / m* 


The latter is analogous to Gauss’s integral for 47r. 

17 Prove the following generalisation of (31): 

VdS=j UWvV» mds - jj U div (Wv V) dS 
•saj VWvl7»md8 - jjvdiv(Wvl7)dS, 


18. A neceascviy <md 8uffi.(yient coTidition that a family of au/rves on a sv/rface 
he pardlleU m that the div&rgence of the unit tcmg&ni vameh identically. (See 
Art 130.) 

19. The ortkogoncd irajectoriee of a famUy of parallds constitute a family 
of geodesics; and conversely. (Ex 18.) 

20. The surface mtegral of the geodesic curvature of a family of curves 
over any region is equal to the circulation of the umt tangent round the 
boundary of the region. Hence this circulation vanishes for a family of 
geodesics. 

21. If Bis a vector povnUfunction for a given surface^ the vector Bi x b^R 
is xThdependenit of the choice of pcurametnc cnirves. (Art. 131 ) 

22. A necessary and sufficierU condition that an orthogonal system of ofurves 
on a surface may he isometric is ihat^ at any pointy the sum of the derwatives of 
the geodesic curvatures of the curves^ each m its ovm directionj be zero, 

23. An orthogonal system of curves cutting an isometric orthogonal system 
at a variable angle 6 vnll itself he isometric provided V*^=0. 
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125. Orthog:onal systems of cunres on a surface. Since 
this book was sent to the press, several important additions have 
been made by the author to our knowledge of the properties of 
famiUes of curves and surfaces, and of the general small deformation 
of a surface. A brief account is here given of the new results es¬ 
tablished, and it will be seen that the two-parametnc divergence 
and curl mtroduced in Chapter XII play an important part in the 
theory. 

We are already familiar with the theorem of Dupin, which states 
that the sum of the normal curvatures of a surface in any two 
perpendicular directions at a point is invariant, and equal to the 
first curvature of the surface (Art. 81). The author has shown that 
this is only one aspect of a more comprehensive theorem dealing 
with the curvature of orthogonal systems of curves drawn on the 
surface—a theorem specifying both the first and the second curva¬ 
tures*. Let the orthogonal system considered be taken as parametric 
curves, and let a, b be the unit vectois tangential to these curves. 
Then the vector curvature of the curve v = const is (Art, 62) 


1 9a_ X/ JS 2 - _ 

n-nfl that of the curve u = const, is 


^n-bdivb 


1 db_2r 

V(? aw “ (? “ 


1 

2G^e' 


^ A- 

^ n — a div a. 


The sum of these vector curvatures has a component /n normal to 
the surface, and a component — (adiva-|-bdivb) tangential to 
the surface. Now the divergence of the latter component, by (7) 
of Art. 116, has the value 

1 r 9 / MI g f 

” 2 19 “ WEG) dv WEG/J 


1 {dfl dVG\ . d / 1 
” TG [9“ du J'^dv \.V^ dv / J * 

* **Soine New Theorems m Geometry of a Surface,” The Mathematical Qojtette^ 
Vol. 13, pp. 1—6 (January 1923). 
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which IB equal to the second curvature K, in virtue of the Gauss 
characteristic equation. Hence the theorem; 

The sum of the vector curvatures of the two curves of cm orthogonal 
system through any point has a normal component whose magnitude 
is equal to the first curvature of the surface^ and a tcmgential comr 
ponent whose divergence is equal to the second curvature at that 
point. 

The normal component of this vector curvature is thus invariant, 
being the same for all orthogonal systems This is substantially 
Dupin’s theorem. The tangential component is not itself invanant, 
but it possesses an invariant divergence. The behaviour of this 
component is expressed by the following theorem*- 

The vector curvature is the same for orthogonal systems that cut 
each other at a constant angle. If however^ the inclination 8 of one 
system to the other is variable, their curvatures differ by the tangential 
vector curl {9n), whose divergence vanishes identically. 

Since the divergence of the normal component Jh is equal to 
— J\ we also have the result: 

The divergence of the vector curvature of an orthogonal system on 
the surface is invariant and equal to K — J\ 

126. Family of curves on a surface. Again the author 
has shownf that many of the properties possessed by the generators 
of a ruled surface do not belong exclusively to famihes of straight 
lines on a surface, but that a family of curves on any surface 
possesses a line of striction and a focal curve or envelope, though 
these are not necessarily real. When the surface is developable, 
and the curves are the generators, the focal curve is the edge of 
regression. 

Consider then a singly infinite fisimily of curves on a given 
surface, and let these be taken as the parametric curves v = const. 
If a curve v meets ^ consecutive curve v + di;, a pomt on the former 
coirespondmg to parameter values {u, v) must be identical vnth 
some pomt on the latter with parameter values {u + v -h dv), or 

r {u,v) = r (w -f dw, + dv). 

* For the proof of this theorem sea § 6 of the author’s paper just referred to. 

t Log, cit., §g 1—4. 
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Hence Ti du + rgdi; = 0. 

Now this is possible only where Ti is pajallel to r^i that is to say 
where 

Fi X ra= Hn = 0. 

Hence the required locus of points of intersection of consecutive 
curves of the family is given by 

£r=o. 


This may be called the focal curve or envelope of the fomily; and 
the pomts in which it is met by any curve are the fod of that 
curve. A curve touches the focal curve at each of its foci Also 
this focal curve is clearly the focal curve of the family u = const., 
and of the family 0 (w, v) = const. 

Consider next the possibility of a normal to a curve of the 
family v = const being normal also to a consecutive curve. The 
author has shown* that this is possible only where 


Now jH' = 0 18 the equation of the focal curve. Hence the locus of 
points possessing the required property is 


li'iv 

d>iwel 


s 0, or div a = 0. 


This locus may be called the line of striotion of the family of curves, 
the line of striotion of the generators of a ruled surface being a 
particular case. Hence the theorem: 

Given a one^parameter family of owrves on a surface^ with t as 
the unit tangent, the equation of the line of atriction of the family 
may he ewpreased 

divt = 0. 


Or, since divt is the geodesic curvature of the orthogonal 
trajectories of the family of curves, we have the result* 

The line of atriction of a family of curves is the locus of points a;t 
which the geodesic (yurvature of theur orthogonal trajectories is zero. 

An important example is that of a family of geodesics; and for 
such a family the author has proved f the following extension of 
Bonnet^s theorem on the generators of a ruled surface (Art. 72): 


* Loc cti , § 2 . 


t Loc, oit, §8. 



260 


PUETHEB BBOBirr ADVANOBS 


If a curve is drawn on a surface so as to cut a family of geodesics, 
then provided it has Iwo of the following properties it will also have 
the third: (a) that %t is a geodesicy (6) that it is the Une of stricUon 
of the family of geodesics, (c) that it cuts the family at a constant 
angle. 

Another theorem is connected with the curl of the unit tangent 
to the family of curves. Since 

, M L. 

it follows that a •curl a is equal to the torsion of the geodesic 
tangent to the curve v=: const. (Art. 49), n • curl a to the geodesic 
curvature of the curve (Art 64), and -b•curia to the normal 
curvature of the surface in its direction. Hence the theorem- 

i/t is the unit tangent at any point to the curve of a family, the 
geodesio curvoMire of the curve is n* curlt, the torsion of its geodesic 
tangent is t* curl t, and the normal cvrvature of the surface in the 
direction of the curve t x n • curl t. 

Since these three quantities vanish for geodesics, lines of curvature 
and asymptotic lines respectively, it follows that- 

A family of curves with a unit tangent t will he geodesics if 
n • curl t vanishes identically • they will he lines of curvature if 
fc • curl t is zero, and they will he asymptotic lines iftxn* curl t 
varnishes identically, 

127. Small deformation of a surface. The differential 
invariants of Chapter XII have also been employed by the author 
in the treatment of the general problem of small deformation of a 
surface, involving both extension and shear* A surface S under¬ 
goes a small deformation, so that the point whose original position 
vector is r suffers a small displacement b, which is a point-function 
for the surface; and the new position vector r' of the point is given 

r' = r + B. 

It is shown that the dilation 6 of the surface, being the increase of 
area per umt area, is given by 

0 = div 8 

* small Daformation of Sarfaoes and of thin elastic Shells,” Quarterly 
Journal of Mathematusa, Vol 60 (1925), pp 272—296. 
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and that the unit normal n' to the deformed surface /S' is expres¬ 
sible as 

n' = n - n X curl s, 

the change being due to a rotation of the element of surface repre¬ 
sented by the vector 

curl B — J (n • curl s) n. 

The first curvature J' of the deformed surface is found to have the 

value __ 

V»b- 2V .s 

and the second curvature K' the value 

Z' = (1 - 2(9) Z + Z(V* • Vs). n, 
where V and V* are two new mvanant operators with properties 
similar to those of V. Inextensional deformation, in which the 
length of any element of arc remains unaltered, is considered as a 
particular case. 

The above relations are proved at the outsets and the paper 
then goes on to examine in detail the geometry of the strain. The 
ecdension in any direction at a pomt, or the increase of length per 
unit length of arc, is shown to be t • Vb • t, t being the unit vector 
in that direction; and the sum of the extensions m two perpendicular 
directions on the surface is invariant, and equal to the dilation 0. 
The values of the “components*’ of strain, the existence of principal 
lines of strain, and a geometrical representation of strain are also 
examined. 

The last two divisions of the paper, dealing with the stresses in 
a thin shell and the equations of equilibrium, do not belong to the 
domain of Differential Geometry. 

1228. Oblique curvilinear coordinates in space. Much of 
the theory of Chapter XI has been extended by the author to triple 
systems of surfaces which do not cut orthogonallyf. Let the three 
systems of surfaces be 

u = const, V = const., w — const., 
the position vector r of a pomt in space being a function of the 
oblique ourvilmear coordinates u, v, w. A set of fundamental 

t * * On triple Systems of Surfaces and non-orthogonal Oumlinear Gooidiiiates, 
Ptoc, Noy. Soo, Edinburgh^ VoL 46 (1926). 
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magnitudes for the system of surfaces may be defined by the 
equations 

a = ri^ 6 = rfl^ g = 

/=r,.r„5r = r,.r,. A = ri.r„ 

the suffixes 1, 2, 3 having the same meanings as m Chapter XI. 
In terms of these quantities the unit normals to the parametric 
surfaces are 

r, X Ta rs X Fi Fi X Fa 

Vca —V^afe —A* 

Expressions are then determined for the three-parametric gradient 
and Laplaoim of a scalar function m space, and for the three- 
parametnc divergence and curl of a vector function. 

A formula is also found for the first curvature of any surfiEice 
0 (w, V, w) = const. 

and the properties of the coordinate surfaces are examined m some 
detail. The intersections of the parametric surfaces constitute 
three congruences of curves, which are studied along the lines 
explained m the following Art. Lastly, a simple proof of Gauss's 
Divergence Theorem is given in terms of the oblique curvilinear 
coordinates. 

129> Congruences of curves. The method of Arts 103-5, 
in which a congruence of curves is defined as the intersections of 
two two-parametnc fiimihes of surfaces, is not very effective. The 
author has shown* that a curvilinear congruence is most advan¬ 
tageously treated along the same lines as a rectilmear congruence. 
Any surface cutting all the curves of the congruence is taken as 
director surface^ or surface of reference. Any convenient system of 
curvihnear coordinates u, v on this surface will determine the 
individual curves of the congruence, and the distance s along a 
curve from the director surface determines a particular point r. 
Thus F is a function of the three parameters u, v, s, or 

r = r(w, v,8) 

and the fundamental magnitudes a, 6, c,/, gr, h mtroduced in the 
preceding Art. are again employed. 

* ‘‘On OongmenoeB of OurveB.” Tdliohu Mathematiedl Jov/mal, Yol 28 (1927), 
pp. 114—126. 
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By this method the existence and properties of Jod and 
focal surface are very easily estabhshed, the equation of the focal 
surface being 

[fx, ra, ra] = 0. 

Moreover, corresponding to the developable surfaces of a rectilmear 
congruence, are here introduced what may be called the envelope 
surfaces of the congruence. The number of these to each curve is 
equal to the number of foci on the curve. 

Hitherto nothing was known of pomts on a curve coirespondmg 
to the lirmts of a ray in a rectilinear congruence. The existence 
of such pomts on a curve is here proved by the following method 
First it is shown that 

Of all the normals at a given pointy to the curve of the congruence 
through that point, two are also normals to consecutive curves 
It IS then an easy step to the theorem: 

On each curve of the congruence there are certain points {called 
'limits’*) for which the two common nor^nals to this curve and 
comecuhve curves are coincident, and the feel of these normals are 
stcUnona/ry at the limit points for variation of the consecutive curve 
This theorem then leads directly to the definition of principal 
surfaces and pinncipal planes for a curve 

The divergence of the congruence is then defined as the three- 
parametric divergence of the unit tangent t to the curves of the 
congruence. The surface 

divt = 0 

may be called the surface of stricUon or orthocentric surface of the 
congruence. It is shown to have important properties, being the 
locus of the points of si/riction or orthocentreSy which are the points 
at which the tw 9 common normals to the curve and consecutive 
curves are at right angles The orthocentre of a ray of a rectilinear 
congruence is the “middle pomt” of the ray. 

The properties of surfaces of the congruence (Art 104) are 
examined m some detailj and an expression is found for the first 
curvature of the surface 

V = {u)y or {u, !;) = const. 

In terms of the fundamental magnitudes the necessary and suflBcient 
condition that the congruence may be normal is 
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which for a rectilinear congruence is simply — The first 
curvature of the surfaces, which are cut orthogonally by the curves 
of a normal congruence, is given by 

/ = — di V t, 

or, if jj denotes the value of the product [ri, Tg, Tj], 

p 

The common focal surface of the congruences of parametric curves, 
for the triple system of the preceding Art., is given by 

p = 0. 


EXAMPLES XYII 


1. If, ■with the notation of Chap I, the one-parametno operator V for 
a ouiwe m space is defined by 

V=t#, 

as 

prove that V*r=l, v«t=*0, v«ii=-k, v-»b=0, 

vxr*=0, vxt=Kb, Vxn-=-rn, vxb=-rb. 

Also calculate the one-parametnc divergence and curl of <j>ty </>n and 0b. 


22. for a given surfiace, 1 and m are defined by 


r2xn 

E 


m= 


nxri 


show that 1, m, n form the reciprocal system of vectors to ri, r 2 , n, satisfying 
the relations 

l«ri«=l, m*r2=l, 

and l«r 2 =m*ri>=l»n«m*ii =0 

Prove also that 

jEr*l=6‘ri--?'r2, Ar2m=^r2~.^ri, 

and similarly that 

ri-Al+^m, r2=i?l+<ym, • 

and show that 


3. 


[1, m, n]=i/5. 

In terms of the vectors 1, m of £z 2, show that 


v«-lg+ 


m 


90 


so that 


1—vti, m=Vv 


4tm Prove that the focal curve of a family of curves on a surface (Art. 126) 
IB the envelope of the family, being touched by each member at the foci of 
that curve. 
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fia Show th&t the focal curve of tho fonulies of parametric curves is also 
the focal curve of the family 0 (w, v)™ const. 

6. Prove that consecutive parametno curves const on a surface can 
possess a common normal only where 

and deduce the equation div a=0 for the line of stnction of the family. 

T*. Show that the foci on a generator of a skew surface are two imaginary 
pomts eqmdiatant from the central point, or point of stnction. Prove that, 
as the specific curvature of the surface tends to zei'o, these pomts tend to 
coincidence, and deduce the dual nature of the edge of regression of a de¬ 
velopable surface, as formed by the coalescence of the focal curve with the 
line of stnction. 

8 . The parametno curves are orthogonal, and the curves const, ore 
geodesics (divb=0). If a curve C outs these at a vanable angle its umt 
tangent is a cos 6 -|-b sm and its geodesic curvature is div (b cos d - a sin d). 
Show that this latter expression is equal to 

where ddida is the arc-rate of increase of d along C. Deduce the theorem of 
Art. 126 on a family of geodesics 

9. An orthogonal system of curves on a surface is inclined at a vanable 
angle d to the orthogonal parametno cuiwes. Show that the unit tangents to 
the curves are 

(a cos d-l-b sm d), (b cos d - a sin d) 

Deduce the value of the tangential component of tho vector curvature of this 
orthogonal system, and show that it may be expressed in the alternative forms 
- (a div a-hb divb)+n X vd, 
or - (a div a+b div b) - ourl (dn) 

10. A surface S undergoes a small deformation as descnbed m Art. 127, 
the displacement 8 bemg of the first order, while small quantities of higher 
order are neghgible. Show that the fundamental magnitudes for the deformed 
surface ore 

2ri • si, t?'=O'+2r2 • 82 , (Fi • 82 +r 2 • Si). 

Deduce that (1 + div B), 

and hence that the dilation d is equal to divB> Also show that the umt 
normal can be expressed as 


n'=n-nx curia 
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1 Ig If % Iff are (oblique) curvilinear coordinates in space, prove that 
the normal to the surface cp ({«, v, w) ^ const, is parallel to the vector 
01 r2 X Ta+^ars X Ti + X Fa, 

and show that this vector is p times the rate of change of 0 in the direction 
of the normal, where ^o=[ri, Fa, Fa] 

12. If the position vector F of a point in space is a function of the three 
parameters w, v, w, while a, o,/, h are the magnitudes of Art 128, and 
A, £, Cj Fj G, H are the co-factors of these elements m the determinant 

i>« a k g 
h h f 
9 f 0 

prove that jorsXrj=<^ri+5rj+G‘ri, 

With two similar formulae. Also show that the umt normals to the parametric 
surfaces are FjX Fs/^, etc. 


13. With the notation of Ex. 12, if 1, m, n are the reeiprocal system of 
vectors to Fi, Fa, Fg defined by 


V p 


n 


rixr, 

' "Zi • 

p 


show that l^Fi—m»ra=ii*r8=l, 

while l«Fa=»m«Fi=eto =0. 

Prove that Fi^al-f-Am+^n, 

2)l«Ari+jffFa+6‘F8, 

and write down the corresponding formulae for Fs, Fg, m and n. Also show that 

l»m=*ir/i) 


14. If, with the same notation, the three-parametno V is defined by 


prove that 


, a a a 


v.(Zr,+7r,+^r,)=lg(pX)+i(pZ)+|^(,,^)], 

vx (Pl+§m+.fin)=-s (if,- Qt) Ti. 

V 

Deduce from the former that the first curvature of the parametric surface 
f^Bsoonst. IS given by 

-III {^) (^z)]- 

Also prove the identity V • V x P=0, where P is any vector point-function. 
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15. If a, 6, fl,A are the magnitudes of Art 128, prove the relations 

r2*r28=i&3j Ti*ra2“=A3 —JAi, ri®r28=iC^2+As—/i), 
and Tprite down all the corresponding formulae 

16. With the notation of Exx 12—16, show that, for a trvply ortJiogonaX 
system oi surfaces (/=^=A=0), 

F^O=J2=^0^ 

A=6fl, B=^cay C=ah, 
l-Ti/a, m=T2/h, n=r3/o, 

a du b di; 0 d^a* 

The first order magnitudes for the surface u=const are 6, 0, c; and the 
second order magnitudes are - 6i/2\/^ 0, - Ci/2\^ The first curvature of the 
surface is 

“ ~r-r ^ ^ho, 
vaoc ou 

The second denvatives of r are given by 

rii=i(ail-aam-a8n), r23“i(&3m+C2n), 
and similar formulae, and the denvatives of 1, m, n by 

li=-^(«il+«2m+asn), U*- 

and so on. Lam4*s relations are equivalent to 

^2^ O^CLs I 

“““IS'“•2?' +IT' 

E (:e) ^ ^ (^)] ^ 

with similai' formulae 

17. With the notation of Art. 129, show that consecutive curves of the 
congruence can meet only where [Pi, r 2 , Tsl^O. This is the equation of the 
■focal surfoLce. 

18. For any vector point-fmiGtion %n space, the scalar triple product of its 
derivatives vn three Ttovrcoplanar directions^ divided by the scalar triple product 
of the unit vectors in those directions, is an invariant, 

19. For a family of parallel surfaces, the three-parametric function 
curl n vanishes identically. 

20. If a family of curves on a surface outs a family of geodesics at an 
ingle which is constant along any one curve, the geodesic curvature of any 
aiember of the former vanishes at the line of striotion of the latter. (Ex 8) 
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130. Family of curves (continued) Some further im¬ 
portant properties of families of curves on a surface should here be 
mentioned. Consider first the arc-rate of rotation of the tangent 
plane to the surface, as the point of contact moves along one of the 
curves We have seen that the direction of the axis of rotation is 
the direction conjugate to that of the curve at the point of contact 
(Art. 35). The author has shown* that 

If t IS the unit tangent for a family of curves on a surface, the 
tangential component of curl t gives both the direction of the oasis of 
rotation of the tangent plane, and the magnitude of the arc-rate of 
turning, as the point of contact moves along a cwnse of the family. 

In the case of a family of geodesics n • curl t vanishes identically, 
and curl t is therefore tangential to the surface. Thus: 

Iftisthe unit tangent for a family of geodesics, curl t gives loth the 
direction conjugate to that oft, and also the arc-rate of rotation of the 
tangent plane, as the point of contact moves along one of the geodesics. 

The moment of a family of curves may be defined as follows. 
Consider the tangents to two consecutive curves at two points 
distant ds along an orthogonal trajectory of the curves. The quotient 
of their mutual moment by d^ is the moment of the family at the 
point considered. It is a point-function for the surface; and the 
author has shown thatf the moment of a family of curves with unit 
tangent t has the value t • curl t. This is equal to the toision of the 
geodesic tangent, and vanishes wherever a curve of the family 
IS tangent to a line of curvature (Art 49). The locus of such 
points may be called the line of zero moment of the family. Its 
equation is t • curl t = 0. Similarly the line of normal curvature of 
the family is the locus of pomts at which their geodesic curvature 
is zero Its equation is n • curl t = 0 And the line of tangential 
curvature is the locus of points at which the normal curvature 
vanishes. It is given by n x t • curl t = 0. 

In connection with a family of parallels the author has proved 
the theorem J. 

A necessary and sufficient condition that a family of curves with 
unit tangent t he a family of parallels is that div t vanish identically, 

* “OnFamiheB of Curves and Surfaces.*’ Quarterly Journal of Mathematics, 
Vo] 60 (1927), pp 350—361. 

+ Loc, cit., § 6. 

X Loc ciU, § 7. 
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The quantity div t may be called the divergence of the family. 
Thus the characteristic property of a family of parallels is that its 
divergence is everywhere zero. Further, — divt is the geodesic 
curvature of the orthogonal trajectories of the family, and, if this 
IS zero, the orthogonal trajectories are geodesics. Thus: 

The orthogonal trajectories of a family of parallel curves constitute 
a family of geodesics. And conversely ^ the orthogonal trajectories of 
a family of geodesics constitute a family of parallels 
Thus to every family of parallels there is a family of geodesics, 
and vice versa. The expression “geodesic parallels” is therefore 
tautological, as all parallels are of this nature. And, in connection 
with the properties of geodesics, the following theorem may also be 
mentioned*: 

If a family of curves on a surface cuts a family of geodesics at 
an angle which is constant for each cum, the line of normal cur¬ 
vature of the farmer is the line of striction of the latter. 

With the notation of Art 122 we may define th.Q flux of a femily 
of curves across any closed curve 0 drawn on the surface, as the 

value of the line integral J* t • m ds taken round that curve. Simi¬ 
larly the value of the integral J t •dr may be called the ciroulation 

of the family round G. Then from the Divergence Theorem it follows 
immediately that: 

The surface integral of the divergence of a family of curves ever 
any region is equal to the flux of the family across the hoimdary of 
the region. 

Similarly from the Circulation Theorem we deduce that: 

The surface integral of the geodesic curvature of a family of 
curves over cmy region is equal to the circulation of the family round 
the houndary of the region. 

And since the divergence of a family of parallels, and the geodesio 
curvature of a femily of geodesics vanish identically, it follows that' 
For any dosed curve drawn on the surface, the flux of a family 
of parallels and the circulation of a family of geodesics vanish 
identically. 


hoc. at., §7. 


17-a 
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Again, if a, b are unit tangents to the orthogonal parametrio 
carves, we have seen that 

A" = — div (a div a + b div b). 

Hence the total second curvature of any portion of the surface is 
given by 

J'jK’dj8= — J (adiva + bdivb)«mds 

provided the parametric curves present no singularities within the 
region. We may take a family of geodesics as the curves v = const. 
Then div b = 0. And since the geodesics may be chosen arbitrarily, 
subject to possessing no singularity within the region, we have the 
theorem: 

The integral i t • m divtcfe rov/nd a closed curve has the seme 
J o 

value for all famihes of geodesics, being minus the total second cur¬ 
vature of the region enclosed. 

If, however, the geodesics of the family are concurrent at a pole 
withm the region enclosed by 0, we must isolate this pole with 
(say) a small geodesic circle 0\ and take the line integral round both 
curves. Then, letting the circle G' converge to the pole, we find 
the limiting value of the line integral round it to be 27 r, and our 
theorem becomes 

jjKdS==27r ‘-J t*mdivt<Zff. 

This formula expresses the total second ewrvatwre of a portion of 
the surface, with reference to the bounda/ry values of the divergence 
and the dvrecUon of a family of concurrent geodesics, with pole in 
the region considered. 

This theorem is more general than the Oauss-Bonnet formula 

jjKdS = 27r^J Kgds 

for the line integral of the geodesic curvature Kg of a closed curve, 
which may be deduced from the above theorem as a particular 


131- Family of Burfkces. We have shown in Art, 119 that, 
if V is the two-parametrio operator for a surface, the second our- 

* Loc, ett, § 8. 
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ature of the surface is given by the formula 
2Z' = n • V*n + (V • n)*. 

/hen we are dealing with a family of surfaces, n is also a point- 
motion in space; and it should be possible to find a similar formula 
i which V is three-parametric. The author has shown* that, m 
jrms of this operator, 

2-2^ = n . V*n + (V . n)*-|- (V x n)®, 
formula expressing the second curvature of the surface of a family, 

\ a space differential mvanant of n This may be transformed and 
ntten 

2K = div (n div n -F n X curl n), 

hioh expresses K as the divergence of a certain vector. 

By analogy with the line of striction of a family of curves, we 
ay define the hne of parallelism of a family of surfaces as the 
cus of points at which the normal to a surface is normal also to 
consecutive surface. In terms of three-parametric differential 
variants, the equation of this line may be expressedf 

n • Vn = 0, 
curl n = 0, 

ther of which is equivalent to two scalar equations. With the 
)tation of Art. 128, if the given family of surfaces is the family 
= const., the scalar equations are 

du\>jo) ’ dvK^o) 

lese conditions are satisfied identically for a system of parallel 
rfaces. Thus: 

A necessary and sufficient condition that a family of surfaces be 
vrallels is that curl n vanish identically. 

In closing, we may mention certain other differential invariants 
point-functions in space, and point-functions on a surface. In 
onection with the former the author has proved the theorem^. 
For any vector point-function in apace, the scalar tnple product 
its derivatives in three non-coplanar directions, divided by the 
liar tnple product of the unit vectors in those directions^ is cm 
variant. 

* Loc. oit., S2« t cit , §8. % Loo. eit., §4, 
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If the vector is of constant length, this invanant vanishes. For 
then the three derivatives are perpendicular to the vector, and are 
therefore coplanar. 

There is a similar differential invariant for a point-function on a 
given surface; and, in this connection, the author has proved the 
theorem*: 

For the vector point-fmction b on a given surface^ the cross-product 
of the denvaUves of Bin the directions oftfwo unit vectors a, b tan- 
gential to the surface, divided by the triple product [a, b, n], is 
independent of the directions chosen. 

Taking the two directions as those of the parametric curves, we 
see that the value of this invariant is Bj x bJH, This function is 
therefore independent of the choice of parameters on the surface 
We have already seen that this differential invariant of the position 
vector r of a point on the surface is equal to the unit normal n 
And it is easily verified that the same differential invanant of the 
unit normal has the value Kn, If this invariant of any point- 
function B IS denoted by A (b), we have the formula 

AT = n • A (n) 

for the second curvature of the surface. 

Finally, considenng the same invanant of where is a scalar 
pomt-function, we easily deduce that the value of ((/>ina — 
is independent of the choice of parameters. And, if b is a vector 
point-functon, by considering A (<pB) we find that b x ((^Bj — 
is a differential invariant of and s. 

• JjOC, ci«., §4. See also the author's paper “On laometrio Systems of Ourvep 
and Surfaces**. Atmt, Joum, of Math,, Vol. 49 (1927), pp. 627—634, 
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NOTE I 

DIRECTIONS ON A SURFACE 


The explanation of Arts. 23, 24 may be amplified as follows, so 
as to attach a definite sign to the inclination of one direction to 
another on a surface. We define the positive direction along the 
normal as that of the umt vector 


n = Ti X Tj/// 

which we have seen to be a definite vector (p. 4). Then the positive 
sense for a rotation about the normal is chosen as that of a right- 
handed screw travelling in the direction of n. Consequently the 
angle © of rotation from the direction of Ti to that of m the 
positive sense hes between 0 and tt, so that sm is positive. For 
any other two directions on the surface, parallel to the unit vectors 
d and e, the angle yjr of rotation from d to e m the positive sense 
IS then given by 

Bin n = d X e, cos = d • e. 

In the case of the displacements dr and 3r, of lengths ds and 
corresponding to the parameter variations (du, dv) and (Sn^, 8v) 
respectively, the angle of rotation the first to the second is 
such that 


(isSssun/rxi = dr x Sr 

= (ri du + Fa dv) X (ri Su + Fa Sii) 
= JBT (du Sv — SiA dv) n. 


Consequently 

deSsBrnyfr^H (dw Sv — Sw dv). 

Similarly 

dsSscos ylr = Edu Bu + F (duEv Sudv) -h GdvSv. 

In particular the angle 0 from the direction of to that of 
{du, dv) is given by 


ds)' 

Similarly the angle from the direction of {du, dv) to that of r^ 
(Fig. 11, p 65) satisfies the relations 


H du 


COS^c 
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NOTE II 

ON THE CURVATURES OF A SURFACE 

In the preceding pages we have avoided the use of the terms 
mean curvatwre and total curvature for J and K respectively, because 
we consider them both unsuitable and misleadmg. If any justifica- 
bion is needed for the course we have taken it will be found in the 
following considerations, which show that J is the first curvature 
of the surface, being exactly analogous to the first curvature tc of 
a curve. 

It was proved in Arts. 116 and 119 that, for a curved surface, 


V.n —/.(1), 

V*r = Jh .(2), 

n • V*n H- (V • n)* = 2ir . (3), 


the symbols having their usual meamngs. If now we wish to 
mtroduce a one-parametric V for a twisted curve, it must be 
defined by 



Then, with the notation of Chapter I for a curve, 

= = (rb — /ct).(4), 

which corresponds to (1). Further 

= V . (t0O = t +1(^") = (/)" 

and therefore 

Var = r"x=itfn .(6), 

correspondmg to (2). Similarly 

V®n = n" = r'b — >1- T®) n — tct 

and therefore 

n * V*n = — (/£* + T*), 

so that 

n • V*n -h (V • n)» = - T* .(6), 

which corresponds to (3). These formulae show that J is exactly 
analogous to a: as a first curvature, and that 2JK' corresponds to 
— 'H. Thus, as the torsion of a curve is firequently called its second 
curvature, so the quantity jS!* is a second curvature for the surface. 
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This terminology is also justified by the order of the invariants 
involved. For, on comparison of (1) and (3), it is seen that ^ is a 
difierential invariant of n of higher order than J", just as t is of 
higher order than k. And these conclusions are also confirmed by 
the theorem of Art. 126 on the vector curvature of an orthogonal 
system. For this theorem shows that J is determined by the 
curvatures of the orthogonal curves; whereas to find AT, it is 
necessary to take the divergence of the tangential component of 
this curvature. Hence A” is of higher order than J 
The quantity J is not a “mean*' at all. The half of /, which is 
the mean of the principal curvatures, does not occur naturally in 
geometrical analysis And K is not the “total*' curvature of the 
surface, any more than t is the total curvature of a curve* The 
relation which exists between the areas of an element of a surface 
and its spherical representation (Art. 87) is not sufficient to justify 
the title; for the theorem expressed by (48) of Art 123 shows that 
J has at least an equal right to the same title. Thus the terms 
first and second are more appropriate, and the author believes they 
will meet with general approval. 



INDEX 


The rvumberi refer to the pages 


Amplitude of oarvatare, 70, 74 
AntiolABtio surlaoe, 67 
Applicable Burfaoes, 168 
Asymptotic directions, 83, lines, 88,144, 
250 

BeUrami^ 85, 220, 222, 227, theorem, 
114 

Bertrand curves, 84 
Bianchi, Preface 
Bmormal, 18 

Bonnet, 95, 105, 112,148,169, 285, 249, 
260 

Oanal surface, 50 
Oatenoid, 78, 179, 180 
Oentral point of generator, 188 
Central quadnos, 124 
Centre of curvature, droular, 18, 17; 
BphenoaJ, 21, 28; for Buifaoe, 67; 
surface of, 148 
Centres, surface of, 148 
Centro-Burlaoe, 67,148 
Oharaoteristio points, 48 
OharactenstiOB of Buriaoefl, 40 
Ohristoffel, 91 
Cirde of curvature, 18 
Circular curvature, 11 
Oiroular helix, 16, 28 
Circulation, 259; theorem, 243 
Clairantf 102 
Oodaezi relations, 94 
Oomheeeure transformation, 86 
Complementary surface, 1 d 1 
OoncluBion, 247 

Oonfooal quadrics, 124; paraboloida, 181 
Oonfonual representation, 167-171, 178 
Congruences; of straight Imes, 188- 
199; of curves, 199-208, 262 
Conjugate directionB, 80; systems, 81 
Conoid, 146 
Coplanar vectors, 5 
Cross product, 4 
Curl, of a vector, 228 
OuTvaturo; oiroular, 11; spherical, 21, 
28; of surfaces, 68-70; normal, 61, 
62 

Ourvihnear coordinates, 51, 207, 251 
Oyoho system, 206 
Oyolides, 158 
^lindroid, 78 


DarhouXf 216, 220, 222 
Deformation of surfaces, 250 
Degenerate evolute, 156, 157 
Derivatives, of vectors, 7; of unit normal, 
60, of point-functions, 221, 280 
Developable surfaces, 43-47, 76,187 
Differential mvanants, 220 
Differentiation of vectors, 7 
Dilation, 250 

Directions on a surface, 55; principal, 
66, 67 

Director surface, 183, 262 
Directrix, 136 
Distributive law, 2, 4 
Divergence, of a vector, 225, 252, of 
a congruence, 258, of family of curves, 
259, theorem, 238 
Dupin, 73, 74, 168, 197, 211, 248 

Edge of regression, 42 
Eiaenharti Preface, 215 
EUiptio pomt, 75, ray, 195; coordinates 
211 

Bnnepeft 85 

Envelope, 40, 48, 248; surfaces, 258 
Equidistance, curves of, 218 
EtiZer, 72, 78 

Evolute, 80, 82; of surface, 149; de¬ 
generate, 156-167, middle, 165 
Extension, 261 

Family; of surfaces, 40, 48, 260, of 
curves, 248, 258 

First curvature of surface, 69, 226, 240, 
241, 248 

Flux, across boundary, 259 
Fooid curve, 248-249 
Focal planes; of ray, 190; of curve, 202 
Focal surface of congruence, 190, 200, 
258, 254 

Foci, of ray, 189, 190; of curve, 200, 
268 

Forsyth, Preface, 144,166, 210, 215 
Frenet-Serret formulae, 15 
Fundamental magmtudes; first order, 
58; second order, 58 

Qauss\ curvature, 69, formulae, 90; 
oharaoteristio equation, 98, theorems, 
117, 288, 240, 246, 252, 260 
Generators, 26, 44,185-144 



INDEX 


267 


teodesio ourvatnre, 108, 288; distance, 
118, ellipses and hyperbolas, 119, 
form of dff’, 118, paroUels, 113, 259, 
polar coordinates, 115; tangent, 103; 
tnangle, 116 

leodesics, 99, torsion of, 108; ouiva> 
tore of, 104, family of, 249 
Hrard, 118 

Gradient of function, 220, 252 
Ireen, 288, 242, 246 

lamilMa formula, 187-189; theorem, 
196 

lelioes, 16, 26, 28 
lelicoids, 66, 79,146 
lyperbohc, point, 75, ray, 105 

mage, spherical, 172 
[ndioatrix; of Dapm, 74,79; sphencal, 
28-30 

[nextensional deformation, 251 
[ntrmsio equations of curve, 26 
[nvanants, differential, 220 
[nverse surfaces, 162 
[aversion, 162 

[nvolutes, 80, of a surface, 160,161 
[sometno parameters, 85, 86, 1C6, 227; 

representation, 168 
[sothermal, isotheimio, 168 
Lsotropio congruence, 108 

Joachimthal, 68,106,107,180 

Lam6 family of surfaces, 218 
Lavi&B relations, 214, 257 
haflacian^ 227, 252 
Level curves of a function, 220 
Limits; of a ray, 185, of a curve, 258 
Lme of curvature, 67, 69, 72 
Lme of strlction, 138, 248, 249 
LiouviUe, 92, 111, 120 
Lozodrome, 169 

Magnification, linear, 168 
Magnitudes; first order, 5B{ second 
order, 58 
Mainardif 94, 95 
Malua^ 197 
Mannheim^ 86 
Maps, 171 

Mean curvature, 69, 70, parameter, 194; 

surfaces of oon^/ruence, 193 
Measure of curvatuie, 69 
Mercator^a projection, 171 
Meridians, 77 
Maimter'a theorem, 62 
Middle evolute, 165, point of ray, 190; 

surface of congruence, 101, 198 
Minimal surfaces, 70, 170-180, 241; 
lines, 87 


Modulus, 1 

Moment, 6, 6; of family of curves, 268; 
mutual, 6, 187 

Monge, equation of surface, 44, 52, 76, 
76, 102 

Mutual moment, 6, 187, 268 

Normal; to curve, 11; to surface, 88, 
67; angle, 105; plane, 11; congruence, 
188, 196, 202, 268; curvature, 61, 62, 
70 

Null lines, 87, 177 

Oblique curvilinear coordinates, 261 

Orthooentres of curve, 263 

Ortbooentno surtace, 258 

Orthogonal ouives, 62, 64; surfaces, 
207, trajectories, 66; systems of 
curves, 247 

Osoulatmg plane, 12, developable, 46, 


Parabolic point, 76; ray, 196 
Paraboloids, 131-183 
Parallel vectors, 4, curves, 77, 269; 
surfaces, 168, 261 

Parallelism, of vectors, 4; of surfaces, 
261; hne of, 261 

Parallels; on surface of revolution, 77, 
geodesic, 118; on any surface, 269 
Parameters, 88, 40, 48, 61; of distri¬ 
bution, 188, 192-195; diffeientioL 
220,222 ^ 
Parametric curves, 51 
Point-function, 220 

Polar lines, 46; developable, 46, 112, 
142; coordinates (geodesic), 115 
Pole, 115 
Position vector, 1 

Principal normal, 12; curvatures, 67- 
70; surfaces of a ray, 186, surfaces 
of a curve, 268; planes, 186, 268 
Products of vectors, 2 
Pseudo-sphenoal surface, 166 

Quadno surfaces, 124-186 

Badins, of ouzvature, 18, 67; of torsion, 
16 

Beotifying developable, 46, 112, 142; 

Imes, 46; plane, 19 
Befieotion of light, 167 
Befraction of light, 197 
Begression, edge of, 42 
Belative curvature, 108 
Bepresentation of surfaces, 167 
Bovolution, surface of, 77, 86, 87, 102, 
168 

Rihaiicour, 156, 166 
Rtcaatt, 144 
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Bight-handed Borew, 8 

Bight hehooid, 59, 65, 146, 147, 182 

Rodriguest 68 

Botation, 6; of a vector, 228 
Buled snrfaoeB, 135-144 

SamUVenanty 84 
Scalar prodaot, 2 
Screw ourvature, 17 
Scroll, 135 

Second curvatare of a surface, 69, 281, 
232, 248, 260, 261 
Second order magnitudes, 58 
Self-conjugate directions, 88 
Skew snrface, 185 
Slope, 220 

Speicido onryatare, 69 
Sphere of curvature, 21 
Spherical curvature, 21, 28; indioatriz, 
28-80, image, 172, 178, representa¬ 
tion, 172 

Square of a vector, 2 
Stereograph 10 projection, 171 
StokeSf 238, 248 
Strain, 251 


Stnotion, line of, 138, 248-249, pomts 
of, 253, surface of, 258 
Surface, 88, of centres, 67 ; of revolu¬ 
tion, 77, 86, 102, 168; of congruence, 
184,193, 200 

Byrmnetno parameters, 87 
Synclastio surface, 67 

Tangent, 1; plane, 88, 89 
Tangential curvature, 109; coordinates, 
176 

Torse, 136 
Torsion, 14, 264 

Total curvature, 69, 264; differential, 8 
Transformation of mtegrals, 288 
Triple products, 5, 6 
Triply orthogonal system, 207 

Umbiho, 70, 127, 182 

Unit normal, 12, 58, tangent, 11 

Vector onrvature, 108, 247 
Vector product, 4 

JFeingarterif 164 
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